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Introduction

In the theory of operator interpolation, the construction and investigation of
interpolation polynomials in abstract linear spaces plays an important role, among
which Newton-type operator interpolation formulas occupy a significant place.

We derive three fundamentally new constructions of interpolation operator
polynomials, using the traditional technique for this problem. The first construction is
obtained in subsection 1 for an abstract Banach space using a specially chosen
countable sequence of nodes associated with the basis of the space. The constructed
interpolation polynomials have the property of uniqueness and invariance.

The second construction is described in subsection 2 for a specific Banach space

C[O,oo)

using a finite sequence of continuum nodes. Here, we also construct
interpolation polynomials (of integral form) that have the property of uniqueness and
invariance with respect to all integral polynomials of the same degree.

In subsection 3, the problem of the existence of a unique, invariant interpolation
operator polynomial in Hilbert space, defined by its values on a continuous set of
nodes, is formulated and solved. For the polynomial obtained there to be interpolable,
it is necessary and sufficient that the discrete analog of the substitution rule is fulfilled.
However, the substitution rule imposes significant restrictions on the interpolated
operator. Therefore, in subsection 4, we construct and investigate a third-degree
polynomial that does not require the substitution rule.

The results of this chapter have been published in [1 — 5].

" Authors: Demkiv Thor Ivanovych
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11.1. Polynomial interpolation in a Banach space with a basis

Let us assume that > — linear spaces, "» — a set of polynomials of XY

, N —degree of the form

7, ={P:P(x)=L,+Lx+..+Lx"} 0

LeY, Lx'=L(x..x):X>Y k=12,...n—k

where are the operator degrees

obtained from symmetric X -linear operator forms IAUNAINATED G ¢ at

Vi=v,=...V, XisXyseoes X, (mZn)

~X. Assume that the elements are linearly

Z(m)=1z,j,» N=N(m)

independent from X . We construct the set as follows:

z z

i i m+12

ZO=O, z.=x, i=12,....m

, and the rest mi2>EN as all possible sums

X5 Xy

(including repetitions) of elements >*n by two, three, and so on to the 7 terms

N = ancfwk—l
k=1 . Let F': X =Y some, generally

nonlinear, operator be given by its values r (Zi), i=0,12,...,N . Then, based on [6],

in each. It 1s easy to show that

the following result holds.

' (Fix)en

Theorem 1. Let the polynomial B ", the values of the k-linear

1
L (x. X ...
operator forms ~ kX770’

Xy, ), k=0L...n 1<i<m, defined by [6]

1
[ _
Ln(xil,xl.z,...,xl.n)——{gzﬁ(x.1 +x, +...+xl.n)_
—[¢5(in +x, +...+xl.7l)+¢(xi1 +x, FtX  tX )+...+
+¢(xl.2 + X, +...+xi”)]+[¢(xil +x, +"'+xi,,72)+
+¢(in +x, X +Xi,,)+---+¢(xi3 +x, +'°'+xz;,)]+“'+

(1) "olx, )+ olx, )+ + o, ) @)

)

MONOGRAPH 179 ISBN 978-3-98924-038-4



HAS
s

Heritage of European science ‘ 2024 Part 3 %

1

where (p(x ) =F (x )_ K (O), and for the definition Ly (x"l Kigree o by, ) we need to replace

n 1
in (2) " by n—1, #lx) by olx)-Lx , for the definition Ln_z(xl-l,xl.z,...,xl.H)_ n by

I _n-1 I n I .
n—-2 (o(x) by (p(x)—Ln_lx ~LX" ete. Then it Pm’”(F’x) is interpolable for F' on
the set of nodes 4 (m ) which means that the conditions hold

Pni,n(F;Zi):F(Zi)’ i:071923“'3N (3)

I (g
Note that the interpolant B (F,x) does not have the properties of uniqueness and

invariance on the set 7». Let us explain this fact, and the construction of the polynom

5
P';’”(F;x) using the example 7 =7=2_We note that Z(2)= {Z"}izo (N :5), %= 0,

=X L =X (0% —2xl, z4—2x2, Zs =X +X% From

— linearly independent), 3

the conditions (3) we obtain

le,z(F;Zo):L{) :F(O)

5

PZI,Z(F;ZI): L{xl + Lgxlz = @(xl)

b

Pz[,z (FQZz): L{xz + lexzz = @(xz)

b

P, (F;z,)=2Lx, +4L\x] = p(2x,)

5

le,z (F; Zy ) = 2L{x2 + 4L]2xz2 = ¢(2x2)

9

P2[,2 (FQZs ) = L{xl + Lixz + Léxlz + 2[’2 (xpxz)"' L;xzz = (P(xl + xz)

From this system of linear equations we find

L) = ol +3)-olx) - ole)} L) = {pl2x)-20(x)}

2 5

Lt = o) -20())  Lix = fagls)- p(2x,)

b 9

ﬁ%=%@d%%w@%»’%:le (4)

I (.
which is consistent with formulas (2). As mentioned above, the interpolant PZJ(F’X)
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with the found values of # -linear forms is not unique and invariant on the set of

polynomials of the second degree. For example,

IK ()t Lx* =

b

cc—._

1
Lokl R !Kz 1,1, (¢, )x(2, )dt,dt,

Then according to (4) we obtain

.I[Kl’ (¢ )x.(¢)dt = %{4(0(1@ )-(2x,)}

b

K =F(0)

j.,l[K tl’t ( )dtdt 1{¢(xi+xj)_§0(xi)_¢(xj)} ..
00 2 ,l,]=1,2. (5)

We have a system of linear integral equations (5) for determining the kernels

Kl.K, . Obviously, this system has many solutions and, therefore, the interpolation

I . =
polynomial stz(F’x) is not unique. Let us assume PZ(x ) a fixed polynomial of the

form

<) S——
o'—.~

1
+ [ [ (6t (e (e, et e
0

Then we use formulas (2) to determine the formula 5 2(]’2,x) and obtain

K, =Ko 0

b 5

K2 (e, )%, (2, )x, (1, ), _“Kz o, )%, (), (8, )t it

(<) S——
<) S——

i,j=12

b

I _ .
In general, these inequalities do not imply the inequalities K/ =K 1_0’1’2,

b

Pz{z(F;x)

which does not provide the invariance of the interpolant with respect to

polynomials of integral form of the second degree.

Let X1>%25-->% be the linearly independent elements of X . We construct the set

p— N J—
of elements corresponding to these elements.Z (m)_ {Zi }i=0 , N=N (m ) It is known

from [7] that in the space X adjoint to X there exists a system of linear functionals
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L (x), i=12,...m biorthogonal (adjoint) to the system Y i=12,....m , SO L (xj)z 5@/,

ij=12,....m , % is the Kronecker symbol. We consider the set of operator

polynomials of the 7 degree of the form

(6)

a. . : : e
where i are symmetric elements from ¥ with respect to their indices.

7 1
. a. .
Theorem 2. We let the operator polynomial B Swn | where “i-is defined

m

Z al.fml.k l,.1 (x) . .ll.k (x)

Ik I I
by (2), when replacing Lyx by il Lk(xil’“"xik) by ail...z‘k’

b

— <i. <
k=0.1.. L I<i;< ™ Then this polynomial will be interpolating for F on the set of

Z(m) P,

nodes with interpolation conditions (3). The interpolant = " (F;x) is unique and

invariant with respect to polynomials of degree " on the set "mn.

1
Proof. Since iiy , defined by (2), are solutions of a linear system of equations

1
equivalent to (3), the interpolativity of the polynomial B (F,x) is obvious. Since this

I (.
solution is unique, the corresponding interpolant B (F,x) is also unique on the set

T Let (x)E P (x)e”m’". Then from formulas (2), taking into account the
algebraic identities

(x1+x2+...+xn)m—[(xl+x2+...+xn_l)m+...+
+(x2+x3+...+xn)m}+[(xl+x2+...+xn_2)m+...+

+(x3+x4+...+xn)m}+...+(—1)m_l[xlm+x§"+...+x}’f]:0

; (7)

Vm=12,....n =1 ‘that are applied to the operator polynomial £ (x ), we obtain
aif...ik :Eil---ik k=0,1,...,n ISij <m (8)
where %i-i are the elements of Y, corresponding to the polynomial P (x) The
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equalities (8) mean the invariance of the interpolant P'"’"(F;x) with respect to all

I [p .. .\l—p
polynomials of the set "m B (P’”’"’x) = Lo (x) The theorem is proved.
Remark 1. If X is a pre-Hilbert space with scalar product ("'), then, according
Zi('x): Zai,j(’x’xj) :
J=1 l=1,2,...m

5

to the results of [8], % (x) we can write it in the form

where %/ are the elements of the inverse Gram matrix constructed by the system of

linearly independent elements *1>X2>++> X,

Remark 2. It follows from [8] that in a pre-Hilbert space X for the invariant

solvability of an interpolation problem with conditions (3) (for the existence of an

operator polynomial interpolant on the set of nodes Z (m) at any values of F (Zi),

i=0L...N ) it is necessary and sufficient to fulfill the condition Z =0, where Z is a
matrix whose rows are the coordinates of the orthonormal eigenvectors of the matrix

N

I=

Zn:(zwzjy

k=0

0 . .
j=0 0" =11t is obvious that

7=0 <:>rankF:N+1.

But, since the interpolation problem on the set of nodes 4 (m) (with the
interpolation conditions (3)) is invariantly solvable according to relations (2), then

N

n

Z(Zi’zjy

k=0

=N+1

i,j=0

rank

11.2. Polynomial interpolation in C[O’OO)

Let X>¥ _ Banach spaces, "“» be the set of continuous polynomials of the

form (1). The following problem is to define a sequence of nodes and an interpolation
polynomial of degree 7 for an operator £ : X =Y on this sequence that would have

ISBN 978-3-98924-038-4
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the properties of uniqueness and invariance with respect to polynomials of the same

degree over the whole set 7». Let {x" }i:1 be the basis of the space X . We construct the

Z(m)z{zl.}lzo, N:N(m) 0 z,=x,i=12,....om

set of nodes , where “0 =V % =% are the first

m elements of the basis. Based on [9], in a space X' conjugate to X there exists a

o0

system of linear continuous functionals 4 ()i biorthogonal (conjugate) to the system

of elements 7 }i=1 , thus l (xf ) =9 , ij=12,. ". We consider a sequence (by index 7

I (-
) of interpolation polynomials B (F:x) on the set of nodes £ (m) of the following

form

P, (F;x)

Il
T~
)::-.
T~
—~~

w
~—
NN
-
—~

w
A —

k=0 ij,..i =1 , (9)

1
where % are the elements of ¥ , which are symmetric with respect to their indices

and are defined by formulas (4.2). Without reducing generality, we assume that fo H =1

[

4

=1 ,1=12. The following theorem holds.

Theorem 3. Let

<M, =const

] k=0L....n (10)

P! (Fix)= lim P!, (Fix)e x,

Then the limiting polynomial -3 , exists VXE€X s an
interpolation polynomial for the operator F' on a countable sequence of nodes Z(OO),
unique on the set of " continuous polynomials of the form (1) and invariant with

respect to all polynomials of degree " from "n.

Proof. Existence of the [imit. From condition (10) of the theorem it follows that

Sl a0t o)< S,
1 i =1

L2 P B yee sy =

kSM k
of<mbl )

P! (F;x)

The latter means that the series in =~ == converge, and the kK operator degrees of
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I (.
this polynomial are continuous. Thus Fon (F:x) exists, is continuous and belongs to 7

I (-
Interpolation. Since for every fixed ™, m=n the polynomial va"(F’x) is

interpolative for £ on a set of nodes Z(m), m=n,n+l,..

Z(n)c Z(n+1)c

and there is an embedding

, the limiting polynomial will be interpolative on a countable

sequence of nodes Z(OO).

F;x) |

The uniqueness of the polynomial £ "( is obvious, since each element of the

I (.
sequence B (F:x) is determined by formulas (2) in the unique way.

F=P =L +Lx+..+Lx"ern

Invariance. Let n. Taking into account the

algebraic identities (7), applied to the polynomial Pn(x ) and based on formulas (2), we

obtain
PLE=Y 3 Ll 04 ()
Then
Pl (Pix)=lim P (P ):EL&; Zmll Ly, oo, N, (30)-0, (x)=

the form of i=1 , and the possibility of a limit transformation, since the -

linear operator forms of the polynomial Pn(x ) are continuous. The theorem is proved.
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Let us consider the set of polynomials of integral form defined on the space

C[()’oo) of continuous functions with a domain of values on the real axis. We will
construct a new type of interpolation polynomial with continuous nodes, which has the
properties of uniqueness and invariance. The interpolation formula does not contain
either the operation of differentiation of the interpolated functional or Stieltjes
integrals, and does not require the "substitution rule", about which we will discuss
below. In [10], the existence of an interpolation functional polynomial of the form is

proved

+ j K, (tl 1 )(x(tl)_ 20 (tl ))(x(t2 ) —® (tz ))dtzdt1 +...t

b

1

oo (Kt o)~ 0 ))) - 16,

04 n-1

X (x(tn ) o (Dn—l (tn ))dtndtn—l te dtl s (1 1)

with kernels KiEQ(Qi), where ¢i(t)€Q[0’1], i:O»---o”—l, Qi:{(élﬁfzﬁ'“’éi):

SELSE L. SEL : : : : :
0sg <6 <54 _1}, Q(Qi ) i1s a set of piecewise continuous functions for each
variable with a finite number of discontinuity points of the first kind. Moreover, the
interpolation continuum node is the function

x”(t,&")=%(t)"‘ZH(t_é)((D"(t)_(p"‘l(t)) ﬁ"EQn, k

b

=1,2,....n
H is the Heaviside function, and the sufficient conditions for the existence of such an
interpolant are as follows:

ll[[fpi (ggi)_wi—l (51 )]_1 P <
], -

WF(X(i))E oe,)

; (12)

2. "substitution rule"

Rz s

0z, L(’BZIGZZ .0z,
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+H ( T2k )((Dkﬂ () ~ P (')))]}zk+l=zk =

_ §0k(Zk)_¢’k—1(Zk) 0 |: 0" F(xk—l(_,gk—1)+
P (Zk)_ (Pk-l(zk) 0z, | 02,0z, ...0z;_,

FHE=2 X000, k=121 .
Here @(t)eQ[O,l], ¢i(t)_¢i—1(t)¢¢./(t)_¢j—1(t), ] 1f 8,(c)=4,(t) then the

"substitution rule" (13) is always satisfied.

Let us construct an interpolation functional polynomial of integral form with the

above properties of uniqueness and invariance. We denote by "» the set of functional

polynomials of the degree 7 of the form

_— {p,, B(¥)= K+ [ K (e + [ [ K, 10, (e (et + .+

+1..

S 38

A K, (st (8, )x(, ). .. x(2, )dtdt, ... dt,
[t WOt g e

b

where K are symmetric functions of their variables,

Q.= [O,oo)x...(i)...[O,oo), x e C[0,00)

Ki ELI(Qi)

Let us introduce a system of linearly

independent functions at different S ;
x(1.8)=9)sineg,  i=12....n ¢(t)eC[0,), (15)

N
We construct a set of continuum nodes Z(n)=1z }i=0 , N=N (m), depending on

the real parameters S :

K!

(.
en £, (F’X)E”n with kernels i ,

The problem is to find a polynomial of degre

that satisfies the interpolation conditions
})nI(F;Zi(.’g)):F(Zi("é:)), i:051927”-aN, VgEQ” (16)

Note that instead of the conditions (4.16), we can set one interpolation condition

z"(r,«:)=¢(r)§sin(ré)

on the continuum node , so that, instead of (16), we require the
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fulfillment of the identity (Fiz'()=F (Z”(-,é)), VEe, fom which, at the
corresponding values of S , as particular cases, the conditions (16) will follow. The

choice of continual interpolation nodes in the form of a set Z (n ) based on (15) is

convenient for further description.

1
Thus, we have the following problem. We need to define the kernels K,

b

. 1 *
i=0L....7 s that the corresponding polynomial P/(F;x) 1s interpolative on a

0,1,...,.N

continuous set of nodes i (t ’5), ! , which depends on a continuous vector

parameter ceQ, with interpolation conditions (16). According to (14) the operator

(.
degree P of the polynomiaan (F X ) will have the form

0 = oo [ K2t Wl ().l Mty
0

From the conditions (16), we find the values of 7 - linear operator forms

O'—;S

1
L, (Zl (.6)2505)- o Zp ("EZP )) as the right-hand sides of inequalities (2). On the other
hand

L;(Zl(',fl),zz(-,fz),...,zp(-,fp)):
TK Zl(la§1)zz(2»§2 (p, )dtdt

Il
O'—.S

K

][7 )H¢ s1n tf)dt

O'—;8

0 p=1,2,...,n‘ (17)

Applying the inverse sine transformation, we obtain from formula (17)

K& & )=( Mm }

p

TE (@62t bz, ot )] Tsin(e e

i=1 p=1,2,...,n. (18)

o0
"
0

1 1
Thus, if the conditions (16) are met, then the kernels K, of the polynomial
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are determined by formulas (18). On the contrary, if the kernels are calculated by

formulas (18), then the sine transformation determines the values of the 7 -linear

operator forms

Lz (& )z e, )z (-,;p ) p=12...n 1<i<n

5 2 5

which, are the solution of a system of linear equations equivalent to the interpolation

conditions (16).
Theorem 4. Let the functional K (x()) satisfy the conditions

L;(Zl(-,tl),...,zp(-,tp))e Ll(Qp)’ p=L2,...,n

(.
Then, in order for the operator polynomial £, (F ,x)

set of nodes Z(n)=1z  N= N(")
defined by formulas (18).

to be interpolative on a continuous

it is necessary and sufficient that its kernels are

We also note that the interpolant “» P/ (F;x)

on a continuous set of nodes is unique.
This fact is obvious as a consequence of the result of the previous theorem.

Furthermore, the following statement holds

[(F;x)

Theorem 5. The interpolation polynomial £ on a continuous set of nodes

4 (n) is invariant with respect to all polynomials of the form (14).
Proof. Let the interpolated operator /', be a functional polynomial FL €70 of the
form (14), so F=F . Then, using the algebraic identities (7) applied to the polynomial

L, , and the conditions

P/(Fiz)=¢(z) ¢lx)=Px)-P(0) i=12,...N

we obtain by formulas (2) the values

L;(Zl ('»51 )922(352 )9' . "Zp("gp )):

[l
O'—;8

.[K Z1(1s‘§1)zz(2s§2 (p,§ )dtdlf dt .
0 l:1,2,...,1’l, (19)

where K, are the kernels of the polynomial Pn(x ) From (19), by the inverse sine
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transformation, we obtain

6 o 2] 1060

XI...IL;(ZI(-’tl),ZZ(-’tz),...,Zp(*)tp))]:[sin(tié‘)dti = Kp(é)ép‘__’fp)

5

p=12,...,n

PI

Thus, the polynomials “» and £,

Ral(Pn;x):Pn. The theorem is

coincide, so
proved.

Remarks 3. Instead of the sine transformation, any other integral transforms for
which the inverse formulas are known (cosine, Hankel, Kantorovich-Lebedev, and
others) could be used. Such an approach to the construction of interpolation functional
polynomials was used by Yanovich L.A. and his students [8], but their constructions
contained Stieltjes integrals by the operator of the scalar argument and are not

interpolative at the continuum nodes.

11.3. Existence of a unique, invariant interpolation operator polynomial in

Hilbert space

Let H be a separable Hilbert space with an orthonormalized basis {e" }i‘l"”,

(e"’e/):é"'f’ z,]:1,2,..., where (’) is a scalar product in H, is the Kronecker

symbol. The interpolating operators act from H to the Banach space Y. The norm

generated by the scalar product in # | is denoted by I , and the norm in Y is denoted

oy

. e L
Let us fix any 7+1 elements of H . Let them be %> 1=07 and 57 % i# /.

b

We introduce a countable set of points
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n 0
X&tpent,) = Xo T ZZ(XS X156 )ep
s=1 p:§ , (20)

g =) et =0 1Sy <n <<, <o, meygi=lnj=Q,

b

which we will later use as interpolation nodes. Here N is a set of positive integers.

Let us introduce a set of continuous operator polynomials of degree 72

IT, :{Pn :H—>Y|Pn(x)=b+ib(l.l)(x,eil)+...+
ip=1

+ oy b (x,e. Xx,e. )...(x,e. )
S Sh e e )obee) g

N,

k:l,n,beY, =l =l ”ik=1 (21)

and formulate the following interpolation problem.

Problem I. For the operator K (x), given its values on the set of nodes (20), find

(x)eH

1
an operator polynomial £, n, that satisfies the interpolation conditions

P (x(él,fz,...,én)): F (x(«;,fz,...,fn))’ e, (22)
The following notations we will use:
Ao i Fl o )=V i Flr )=
=i PO )= B FG ) )

k=12,...n+1  AF ()= F(x( +1))- F(x(i)) (23)

5

(recurrent definition of mixed differences forward of any order).

F(x)

Theorem 6. Let the continuous operator satisfy the conditions

2 2
i=l i=i+1 iy=ig_y+1 (‘xl _‘x09ei1) "‘(‘xk _‘xk—l’eik)

< 00

: (24)

k=1Ln+1
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=0 x,eH,i=0,n+1

where 0 , a set of arbitrary elements. Then, in order for the

operator K (x) to have a representation

o \X — X0, €;

L

s g el A

P L I (xl — %06, ) (xz —X,6, ) (xn X106 )
’ Ailiz...i”Fv(x(il > i2 L in )) + Rn (X) = P}’ll (.X) + Rn (X)’ (25)

where

RE)=C1'S TS (( e )) ((x )),()Ex 56,.)

0=l =i+l i, =i, 41 —X, el 1)
' Ai1i2~~~l'n+1F(x(llalz" sl ))’ Ynet = X’ (26)

is necessary and sufficient for the discrete analog of the substitution rule to hold

bt ke,
A F(x ): (X - ) . Wt x(il iy liolgn) i1 =iy +1
Iy i (il sby 5wl sl ) k

k= 1,1’1. (2 7)
Proof. Sufficiency. Let (27) be satisfied. Then, considering (24), the following

transformations will be valid

&@*Wﬁéuiﬁilﬁfff3
y

X —X,,e, ) (x xnl,el.n)

T i iy e, _
iy =i, +1 o=l hL=i+l  i,=i (‘xl Xo->€ ) ( Xn-1 ’el',, )

b P i) =B P (xoa e )= R )=
_(_l)ni i i (x_xozei]) (x_xn—laein) A F(x )
... ... iy i, (itsiz e i)

Q=1 =i+l Q=i+ (xl - xo,el.l) (xn - xn_pe,-n)

Substituting the last expression in (25), we obtain

P/(x)+R,(x)=P(x)+R,,(x)
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where on the right-hand side, instead of *» we substitute .

Continuing on, we come to a chain of equalities

Pl(x)+R (x):Pl_ (x)+R . (x)z...zP(f(x)+R0(x)=

1(%) ( ) (xo) ;AilF(x(il)):
= F(x,)+ Flay) )= Flx,)=F(x)

0
+Z:(xl —xo,ep)ep =X, =X, X,=X,

X(1) = %o + el

Here, in the last step, we used that

and the continuity of the operator F (x) The sufficiency is proved.
Necessity. Let representation (25) be true. The conditions (24) guarantee this

statement. We substitute " @&-&40) into (25) and take from both parts the

difference Aeert, of the order (” - 1). Then we obtain

(‘xn - xn72 2 ein,l )

A§1‘§2"'§n—1F(x(§l &renlnotnt) ) - (x”—l ~Xn2s ein—l )

) [A 5152 . 'gnfl F(x(gl 952 > "5}171 ’fn ) ):L:n :gn +1

5

which means we derive a discrete analog of the substitution rule. The theorem is
proved.

In the following theorem we consider the conditions for the existence of an
interpolation operator polynomial of degree ” on a countable number of interpolation

1<i, <i, <...<i <

n = <0 of the form

Pn( ) aO+Za (x X,,€ Z) Z Za,l(x X,,€ 1) (x—xl,ei2)+...+

i=1 =l iy=i+l
+Z Z . Z a ... l(x Xy5€; XX Xp,€, )..(x—xn_l,ein)
i=l =i+l =i, 4] (28)
for the operator F': H =Y

X/. .
nodes * (i),

Theorem 7. Let the operator F (x) satisfy the conditions (24). Then, in order for

there to be a unique operator interpolation polynomial of the form (28) on a countable
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"eQ

: : X .
number of interpolation nodes ~(&-52--%) | g n for the operator K (x) it is necessary

and sufficient that a discrete analog of the substitution rule (25) holds.
Proof. Let there be a discrete analog of the substitution rule (25). Then the

1
operator polynomial £, (x ) (28) with elements defined by the formulas

_ (_l)kA112 sz('x(il’i2""’ik))

A
(x1 — Xp,€; sz —X,€, ) . .(xk — X6, )
9

(29)
k=12,...,n, a, =F(x0)

will be the only interpolation operator polynomial of the form (28) of the degree 7 for

F(x)

. . X . .
the operator at a countable number of interpolation nodes (i)

1<i<i,<...<i <o

. It follows from Theorem 6 that the representation (26) holds.

Let us find the value of the residual term R, (x) of the element x(ﬁ’fz’m"fn), where
§19§2""’

<& <S¢ <m0

S are arbitrary positive integers satisfying the inequalities s <

Since
x(i17i27"'7in7in+1) X=X(§ . - xo + ZZ( V 1’ k +
1,62 126 ) s=1 p=i,
+ Y ((EnEnd )50, Je,
D=lpy (30)

and

0 o0 0 0

n+l |y - X, |,€ ;
Rn(x(«:l,éz,...,:,,))zz PRI ( (682o6) | ) )

0=G =6 1=, iy =i,+] s=1 (xs - ’xS—l ’el's,l

U5l 5o mslp sl F(x(il 3B 5o oslin] ) ) |x:x(§l &2 seén)
s

then s =1 , s=Ln, % <l and from (30) we obtain the expression

R )

s=1 p=i,

x(il 7i2 . '=in =in+l )

b

which is independent of Li . Therefore R”( Meadn )) O 1£6/ 6,556,290 41d
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F(x(r:l,e:z,.. 5,.)) Pl( Xa ...

LS

s
XN

) The uniqueness is obvious.

The converse statement. Suppose that there exists a unique interpolation operator

polynomial of degree ” for

F (x)

on a countable number of interpolation nodes

Matnt) 15656 S0Sg, S0 G ey i=L7 of the form (28).

Then its elements are obviously determined by formulas (29). Let us show that

the discrete analog of the substitution rule (27) will then hold. From the interpolation

conditions, we obtain

_ 1 _
Asere F (x(a Epeont ))= A ( ST 1))—
_ 1
=8 o PLe o)t
&1 G-l Sl © % X —X e. )
\| ( n n=2°%i,
+ Z Z”. Z Z ZAiliZ“'inF(x(ilﬂiZ’"'?in)/( _ B
§=8 =8 iy 2=8 =6y =il Xn1 = Xpa ’el',,_l
&H-1 &l Eual © (.X - X e )
. . n n=2°%i, 4
- A§l§2"'§n—l |:Z Z e Z ZAiliZ"'in—lF(x(il 7i25""in71)) ( _ ) +
ilzéfl i2:§2 i/172=§n72 l',l,|=§n,] 'xnfl x}’l*Z o el'n,I

+ Z A gl ’52 . 'gnfl ’in F(x(gl 552 . ‘gnfl ’in ) ) -

in =§n71 +1

= A"vtl a§2 ""7§n—1F(x(§1’52 ""’én 1)

it

(‘xn - xn—Z 7ei,,,1 ) .

(‘xn—l - xn—2 H ei

n-1

l’l Z’efn 1)

&

+

L, -

n—l ’xn 29e§ 4

Xp25€ 571)

+ {[A é:l aé:z EEN -99zn—1 F(x(é:l s‘§2 EE -’ﬁfn—l ’in ) )]in :éz—l +1 - Aé—,l s§2 EEN -’én—l F(x(é:l ’52 LI -’cfn—l ) )J ( x )
n-1 n=2° f 0

Hence, we derive

(xn - X

n-29 ein,l

A§1§2~--§n71F(x(§1afz 7"'7§n—17‘§n—1)): (x”*I B x”*2 ? ein—l

) ) [A §1§2 . -é:n—l F(x(gl ’52 Li "gnfl ’in ) )]i” :gn +1

5

which shows that the substitution rule holds. The theorem is completely proved.

Remark 4. The interpolation operator polynomial (28), (29) is a Newton-type

interpolation polynomial in the sense that during the transition from £ ( )

P]

n+l

1
is only necessary to add a new term to the polynomial £, (x )

()1t
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Remark 5. The following corollary follows from Theorem 6. We assume that the

discrete analog of the substitution rule (25) is satisfied for the operator F (X) with
properties (24). Then the interpolation operator polynomial (28), (29) on a countable
number of interpolation nodes (20) has the property of saving a polynomial of degree

not exceeding 7. The proof follows from the representation (26).

11.4. Interpolation operator polynomial of the third degree on a countable set of

nodes

In the previous subsection, we investigated the polynomial interpolation of

operators acting from a separable Hilbert space H into a Banach space Y. For the

obtained polynomial to be interpolative for the operator F (x) it 1s necessary and

sufficient that the discrete analog of the substitution rule is fulfilled. However, the

substitution rule imposes significant restrictions on the operator F (x )

Let us formulate Problem 2 of this subsection. It is necessary to find an operator

1
polynomial I (x ) for the operator K (x) that satisfies the interpolation conditions

P (i) )= Flou i Ve py 1<k <k, <k <en,

where N — is a set of positive integers,

x(k],kz,k3) :xO + Z(xl _xo’ep)ep + Zk(XZ _xl’ep)ep + Zk(X3 _xzjep)ep
p=k, p=k; DP=K3 (31)

8, ihj=12,...

. . . e.(. — e..e.|= .
is a countable interpolation node; {’}FL‘”, (“ J ) g 1S an

orthonormalized basis; (’) — a scalar product in H; % _ Kronecker's symbol;

X;i=0,3 _ arbitrary fixed elements of H,and ™%/, i#J
First, let us demonstrate the specificity of proving the existence and uniqueness

theorem of the first degree interpolation operator polynomial on a countable set of
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interpolation nodes

xo"‘Z( —Xp-€ )ep

o gﬁeN 1< <o, (e, e;):5z/_ (32)

b

Assume that the operator £ :H =Y s continuous and that

NN

o X — X, €,

L < o0
(33)

and for all b —xp0e, )¢0 i=12,...

. We will use the notation from the previous
subsection.
Then the operator polynomial of the first degree
© (x —Xy,€; )
Rl(x):F(xo)"'zvilF(x(il)) X

P X, — X,,€

i (34)

will be interpolating for the operator F ( ) on the countable set of nodes ().

First, we verify that the operator (34) is valid for any X from # . We obtain

b
P, <l {ZHW Al 1\} |

i=1 \X] — X4, €;

[Stecel] i, {z%—n)z} o
- i > , VxeH

which, with condition (33), proves the above, and in addition, the continuity of the

polynomial "1 A I( )
More

P(xe))=F ZA Flxg))=F (x)+ Flae )~ Fl. )=

=6
=F(x0)+F(x(§l))—F(xo)=F(x(é)), & =L2,...

Here we have used the fact that the operator F (x) is continuous and the series
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o0

xl_‘xO:Z(‘xl_‘xO’ep)ep hmx(l) X,
p=l is convergent in the norm of the space H | so "™ :

Thus, we have proved that expression (34) is a continuous interpolation

polynomial of first degree on a countable set of nodes &) for the operator K (x)

Theorem 8. We assume that condition (33) is satisfied. In order for an operator

B(x)=F(x)+Ya (r-x.e,)
i=l

polynomial be a continuous interpolation polynomial

for a functional F' on a countable set of nodes (32), it is necessary and sufficient that
Pl )
the formula (xl ~ oG, ) , b7 L2, holds.

Polynomial of the second degree. Let us consider a countable interpolation node

xo+Z(x1 Xy,€ )e+2(x2 X1,€ )e

J1<k<m<oo (35)

Then the operator polynomial of the second degree

Za (x X,,€; ) ZZaM(x Xy,€; Xx X,,e lz)

i=l i=i (36)
will be interpolative at the counted node (35), if its components are determined by the
formulas

Pl Flog)

i (xl — xo,el.l) ,

o )= Pl )= P+ F )
(v, —xp.e, fox, —x0¢, ) 1<i <i,—1
Xy = X058,
ailail = {F(x(ilsil))_ F(x(il+1’il+l))_ (x2 — _xo e )[F(x(il’ilJrl))_ F(x(l'l*'lall”))]} X
1 0%
><(x2 — X»€; )71(x2 - X,€ )1, I<i (37)
We obtain
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P ()= F )+ F ) - F i, )+ i b~ 0.6 )[F (x(,.l ))— r (’%H)) +

i=m X~ xoael'l

which is what we needed to prove.
The following theorem 1is valid.
Theorem 9. In order for the operator polynomial (36) to be interpolative for the

operator ¥':H =Y on the countable node (35), it is necessary and sufficient that its

elements are determined by formulas (37).

Theorem 10. Let the operator ' :H =Y pe such that for fixed *0°*1 and
arbitrary X from H the following holds

2

iHVaF (xm)\iw 303 Vi Pl

=1 ‘xl _x09eil 0=l =i+l (‘xl _xO’eil)z(XZ _'x17e
)

i

< 00
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|V, Fly) v, )]
H X2 = %06 (xl — Xp»€;

2

<0

‘ Y

X

where *2 =% Then the correct representation for this operator is

X xoe)

xO Z[V F( )]m+
+Z Z[vlllz ( » 2) (x_xoae,-IXX—xl,eiz) N

i=1 iy=i, +1 (’xl_xo,eilxe_‘xl’eiz)
C (xz Xo> )
+;{ViIF(X(f1,iI)) m[v Flx 1112))],-2=,-l+1 |

The proof is carried out by direct verification.
Let us proceed to the solution of the formulated problem 2. The interpolation

polynomial of the third degree will be obtained in the form

P! (x)= py(x)+ p{ () + p(x) + ps (x) (38)

ZaIOO(x X0-€; )

where Po(N)=F(x,), p/(x)=13

z zazoo(x X05€; Xx X15€; )

pz(x) Paoo(X)+ Pyo, (X) =10 5

+ 2612,0,1 (x — xo,eil Xx - xl,el-z )
=1 ,
2 2
ps(x)= Zp3,0,k (x)+ ZP3,1,k (x)=
k=0 =

o0 o0 o0
Z Z Zas,o,o(x_xmetl Xx—xl,el.z XX—X2,3i3)+

=l iy=ij+li3=iy+l

o0 0
+Z Z:alo,l(x—xo,ei1 X)c—xl,ei2 Xx—xz,el.z)Jr

ii=1 iy=i;+1

o0
ZG&O’Z(X - xo,el.l XX — xl,el.l XX — xz,el.l )+
i=1
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o0 o0
+2 Zaa,l,l(x_xo’eil )(x—xnez-z )(x_xz’eiz)Jr

ii=1 iy=i;+1

Za312(x Xy,€; Xx X,,€ Xx X,,€; )

=1

The following theorem is valid.

Theorem 11. In order for the polynomial (38) to be interpolative for the operator
F:H =Y on the countable node (31), it is necessary and sufficient that its elements
are defined by the formulas

VilF(‘x(il)) a — Vil »izF(x(il J'z))
200 (xl — X, XXz —X,€; )

b b

(1 xo,ely( RIS )1

A0 =
X, — Xy, €,

b

aro1 = (XI il )V F( X, zl)) vilF(x(il,iz)}

X, = Xy, €,

L

ip=ij+1

Vil A ,i3F (x(il i Ja))

(xl — X056, sz —X,€ xx3 —Xy,€; )

)

A3 0, = i L\ X)) T Y i T X)),y |

— iy=ip+1
Xy =X, €; 3=

%)

300 =

-1 - -1
><(x1 —xo,el.l) (xz —xl,eiz) (x3 —xz,el.z)

b

a4y, = (X1 — X,€; ) VilF(x(ilailail))_ Vi]F(X(il’,,t))t_iﬁl
(x3 X5€; )

X

—1 —1 —1
><(x1 —xo,eil) (x3 —xl,el.l) (x3 —xz,eil)

b

B (X1 _Xoaeil) \V F( ) \V F( 1
a371’1 - it x(il7ilvi2) T Vi x(ilvtiz) t=ij+1 X

X, — Xy,€,
(5 -xe, )

—1
X (x1 —xo,eil) (x2 —xl,eiz)

—1
(x3 - xz,el.z)

b

MONOGRAPH 201 ISBN 978-3-98924-038-4



o
Heritage of European science ‘ 2024 Part 3 %

as,, =V, F( X Wl:ilﬂ - (: ))Cc(;,,e )V F( X, il,z)LilH X

X (x1 X )71 (xz BRI )71 (x3 R ) . (39)

The proof is analogous to the previous two cases.

The following theorem is valid.

Theorem 12. Let the operator F:H =Y be such that for fixed *0>*°%*2 and

arbitrary X from H the following holds

0
Sarwoly < 3 Dlasao], <= ZHazmH <o

i=1 =1 =i+l i=1
s
o0
> Y S, < Z > laso], < ZHasozH N
=1 i=i+li3=i+] =l i=i+l ij=1
o0 0 0
D DA <0 Y ay, <
i=1

=l iy=i+1 ,

_ pl
Then the correct representation for this operator is F (x)—P2 (x)+R2(x), where
R,(x)=p; x)‘x;—x
The proof can be found in [5].

Remark 6. The interpolating operator polynomial (38), (39) is a Newton-type

1 1
interpolation polynomial in the sense that when we transition from £, (x ) to o (x ),

1
we only need to add a new term to the polynomial £, (x )
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Summary and conclusions

We find a fundamentally new construction of interpolation operator polynomials
with the properties of uniqueness and invariance for an abstract Banach space using a
specially chosen countable sequence of nodes connected with the basis of the space.

For a certain Banach space C[O’OO) using a finite sequence of continuum nodes, a
second construction with the same properties is found. Interpolation polynomials (of
integral form) are also constructed, which also possess the property of uniqueness and
invariance with respect to all integral polynomials of the same degree.

In a separable Hilbert space /| we prove the existence of a unique, invariant
interpolation polynomial with a specially chosen countable set of interpolation nodes
associated with the orthonormalized basis of the space # .

Necessary and sufficient conditions for the interpolativity of a Newton-type
operator polynomial of the first, second, and third degrees on a countable set of

interpolation nodes, which does not require the substitution rule, are obtained. The

residual term of the interpolation polynomial of the second degree is found.
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