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Introduction

This section of this monograph is devoted to the investigation of weakly and
strongly nonlinear models of oscillatory systems that simulate the vibrations of
unbounded bodies with account of dissipative and drag forces. These models are
described by the vibration equation of a beam and equations called equations of the
beam vibration equation type. In the model case, these equations have the form
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classes of existence and uniqueness (for some problems only existence) of the
generalized solution without restrictions on the behavior of the solution at ¥ = ®© the
right-hand side of the equation, and the initial data are obtained. These classes are
spaces of locally integrable functions.

In Section 2, the correctness classes of a solution to a mixed problem are certain
weighted Sobolev spaces of functions that describe the qualitative behavior of the
solution at infinity, which depends on the right-hand side of the equation and the initial
data of the problem. The described research methodology allows us to obtain an
estimate of the generalized solution of the problem. The results were published in [1].

The analysis of small transverse vibrations of a viscoelastic plane isotropic
medium occupies an important place both in the theory of applied mechanics and in
the theory of mathematical modeling of physical and mechanical processes. This

problem often arises in industry, for example, when investigating vibrations of
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MONOGRAPH 204 ISBN 978-3-98924-038-4



At
S
Heritage of European science ‘ 2024 Part 3 %

overhead line wires (in one-dimensional version), vibrations of oil tank walls in
powerful energy transformers, vibrations of various platforms, etc. Such processes are
described by the equations of small transverse vibrations taking into account external
and internal dissipations of mechanical energy [2]. The linear analog of this equation
was obtained in [2] on the basis of the modified Ostrogradsky-Hamilton integral

variational principle using the extended Lagrange function.

12.1. Investigation of the mathematical model of oscillations of an unbounded
body described by the equation of the type of oscillations of a beam with a

perturbed linear operator

In this section, we consider the first mixed problem for the nonlinear equation
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The equation of the form (1) generalizes the model of beam oscillation in a
resisting medium, taking into account the influence of a wide range of physical,
mechanical, kinematic, and elastic factors of both linear and (significantly) nonlinear

nature on the oscillating system (see [3] and the cited bibliography).

In the domain &r = (0:0)x (0.7 ), 0<T <o we consider for equation (1) a
mixed problem with initial conditions

u(x,0) =uy(x) )
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and boundary conditions
0*u(0,t
u(0.0)= 4420

Ox . 4)
We assume the following conditions for the coefficients, the right-hand side of
equation (1), and the initial data.

essup|a, (x,t)| < a;R™ 2
(A) (x.)e0f for any R> 1, where 0<w, <l , a, > 0; a,(x,t) = ay,

Oa,(x,t)
for almost all (x,1) €O , where %27 const >0, the function O’ belongs to

LOO(QT); a,€L” ((O’T);LZC(O’+OO)), ay(x,1) 2 a, for almost all (x,1) € QT, where

a, = const

2 2 p& 1 1 o
(A21) % sa’(x.0)<aR 2, asa(xt)saR? g arbitrary R >1 and for almost

3p,—2

b

a |0
all (x’t)eQﬁ,where OSaS<1, as>0, a >0, { 2p, ], s=L2. functions
0*a’*(x,t) 0a’(x,t) Oa'(x,t) 0a'(x,t)

o' o Ox Ot belong to the space L9,

b b

essup|b, (x)| < b°R™
(B) xe(O,R)‘ 2 (%) for any R>1, where 0<k,< 1, b > 0. b,(x) 2 b, , for

0°b,(x) 0Ob,(x)
| X€(0,40) by, >0,

almost al ; the functions ox’ , Ox ,bo(x) belong to

L”(0,40) ‘

(P21) 1<P2<2, I<p <2
A generalized solution to problems (1)-(4) is a function
u € C([0,77; H,,o(0,40))

ou

e that & © COTEE Q) A E(O.T)sHE, 049)0 17 (0.7 i1y, (040),
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which satisfies condition (2) and the integral identity
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Yo ¢ (x, t)a—v + g(x, g—)v f(x,t)v}dxdt +
ox

I{cz(x t)a
o

T

+f[2—?(x, Tv(x,7) —u,(x)v(x, O)}dx =0 )

7€(0,7] ve C'([0,T];Cy (0,+00))

for an arbitrary and for an arbitrary function
The main result of this section is the following statement.
Let conditions (A), (A21), (B), (P21) and conditions (C), (G1), (F), (U) of the

previous paragraph be satisfied. Then there exists a unique generalized solution ¥ to

the problem (1) — (4) in &r.
Auxiliary result. We use the following auxiliary statement to prove the main

result.

Let conditions (A), (A21), (B), (P21) of this paragraph and conditions (C), (G1),

(U) of the previous paragraph be satisfied, ¥ and u’ be the generalized solutions of
p paragrap g

_ 40
problems (1)-(4) and (1)-(4) for the equation Aw)=f ,

MeLz((O,T);LZ(O,R))

ot for any R>1. Then for arbitrary 7, Ry such that

7€(0,T] , I<R, < R, the correct estimate is

Ry

J{(%(”(x’f) 3 uo(x,T))jz + [aa—;(u(x,r) —u’(x, r))j ]dx +

0
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} q€(2,p] 1s an arbitrary number,

V= 0
4 are positive constants that are independent of ¥, U | f

b

The method of obtaining the auxiliary result. Let R>1, 7€ 0.7 17 be a

sufficiently large positive number, the value of which will be specified below. We

R —x°
¢R (x)= R

: : : > _ 0
consider the truncating function 0,x>R. Let us denoteW =U —U  and

, X< R,

subtract from the integral equality (5) for the functions ¥, / the corresponding integral

: =2
equality similar to (5) for uo, f , by substituting ot . Applying the conditions

of the auxiliary statement, we obtain
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Since Ot it holds for almost all * € (0,1 , then

O*w Ow
8 ot

Moreover, we obtain

jaz(x,t)ﬂ o (8W¢R)dxdt [a,(x, t)( ow
o
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ow(x, 7)) ,
dxdt = 2!( - )¢Rdx.

3
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Ox*0t OxOt Ox

T

II[

ox*0t Ot Ox*

The integrals "1, 2, °3 are estimated as follows:

3
Lzay, | (a_wj & dxd;
)
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3 e R
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2
+G,5, | (‘Z—V:j 7 dxdt + C,C,R 2

of

4q

y>—
where 1€(2P1 ° g-2 6,>0 6,>0 6,>0

positive constant that depends on 7,

are arbitrary numbers, G is a

51’ a,f, C,>0

is a constant that depends on 7,
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2
+C,6, | (aa—;”j 7 dxdt + C.R
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where is an arbitrary constant,

2
¢ is a positive constant that depends on 7, T, 54, 4

Now let us transform it further
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Considering the conditions (A21), (P21) the integrals "4,

follows:
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2 2.0 2 2,02
(e [ E
XOt xXot Qf xXot XOt —C7(55,7,a2,T)R 2-p,
where 05 >0 is an arbitrary constant, Cs>0 , ¢ > O;
30 [P272 A3 3.0 (P272 A3.0
162_22—;7256]' 82u| 6214 B 8§t | 6;4 y
slexarl  ader |aver|  axar
3 30 R 0 2
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—G(6,7,a,,T)R I
95 >0 1s an arbitrary constant, Cs> 0 Let us continue to transform and estimate the

integrals of equality (7). We obtain

Ial (x,t){

P2
O’u ' 0u

P2
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X

. oxdt|  oxor |oxdt|  oxdt
of
0 2 |72 A2
O[22 g e = [ a0 Cul"" Pu
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2. 017172 A2.0 2 2.0
oo | o Grdxdr+ [ a,(x,0)x
oxot|  oxor |\ oxor - oo 2
2 P12 42 2 0P172 42, 0 0 ¥
J [ o |t (o ou® % edr= 1,41,
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8 as follows:

Let us estimate the integrals “7,
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6;>0 1s an arbitrary constant, G >0 . Applying Bernis' lemma [4], we estimate

o ulY o
5t & - ! dxdt < (5.4 5,)6 ! dxdi+
> 7)Q'[€(5xat 6x8t] Frebudt = (05t 21) Sj(é‘x 5l‘j ik

QR
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MJ (_] P dxdt+ C,4(65,0,) I (—j Bp 2 dxdt< (O,+ 6,) x
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5. +6, ¢(owY
X3, j( ] e + = 7;?(5) ¢l dxdt + C,,(5,,5,)

8

2q
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‘ ¢1}i’/dxa’t 5 J‘( t) ¢172/dth+C11(59)R7/ =

QT of
+C,y0, j | ( j ¢ dxdt +
R

_ ow Y
—<65+a‘7>6gj[ax aJ gydxd + [
8 1+ 24
+C1059j

QR
wl|” yr+=L
5‘ ¢1§dxdt+Clz(}/,T,55,57,59)R -2
of

X0,

T

b

where %~ 0 % >0 4re arbitrary constants, Cio > O, G > O, C.>0

Taking into account these and the above estimates of the integrals of equality (7)

and consistently choosing sufficiently small positive constants 01035

", We obtain,
after appropriate redefinitions, that
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8 ow ? o*w ’ , o*w ’ ,
! [(a(x,r)j +(8x2 (x,f)j ]¢Rdx+ QjR (axz(%j ¢ dxdt +

ow
i

T

p 2 2 2
$rdxdt<C,, | (%Wj $rdxdt+C,, [ (Z—Z”j 1 dxdt +
or\ ! oR\ A

y++(ay —1)22ﬂ
1% +

y+1-p
+CsR +C (R
y+1+(al—1)22_i ol?
+C,R P+ C [|f =1 dat,
R
9

where the positive constants Cis _ Cis are independent of R . Using Gronwall's lemma

and taking into account the properties of the function P () , We obtain

R() 2 2 2 3 2
ow o'w o'w
(R-R,) I[(E(x,r)j —i{@xz (x,T)J ] R dx + I ((9)6281) e dxdt+
0%

0

8 p y+1+(a2 —1 )22p2
+ j a—V:‘ grdxdt |<C, R +C,,R TPy
0%
;/+1+(a1—1)2i
+C,R 2=Pi ¢, [lr=r° dxat,
R
& (8)
for any TR Ry such that 1 =Ko = R, 7e(0.7] , Where Ciy - Coy are positive constants

0
independent of ¥, uo, f , f . From inequality (8), it is simple to obtain (6).

Methodology for obtaining the main result. Existence. Let us choose a sequence
of intervals {(O’k)} , k=23, Consider an auxiliary problem in a bounded domain
Or.

A(u) = f*(x,0), (9)

u(xa O) = u(]; (X), (10)
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w0 _ uf (x), xe(0,k),
ot (1)
2 2
u(0.0)= 21 <0 (i =B
ox , Ox . (12)

k k k
Note that the functions %o, %1 / in this problem are chosen as follows

[ eC0,TEC0,40) 14 f 5 L((0,7);L;,(0,40))

loc

uy € Cp(0,4+0), ul €C; (0,+00) U=ty o Hy,, (0,+0),

ui=>u;  Hop (0740) L7 (0,40) | ko0,

On the basis of [5, pp. 67-68], [6, pp. 52-53] it can be stated that there is a unique

k

k . 2
generalized solution ¥ € C([0,T]:H, (0,%)) to problem (9) — (12) in the domain O
such that

%ec([o T3, (0,k)) N L7 ((0,T); Hy (0,k)) N 2 (0F ),

aZk

L*((0,7);L*(0,k)) N L*((0,T); Hy (0,k)).
Now we consider the sequence of problems of the form (1) — (4) for K =2, k=3,

ok 0.\ 0! {u} . .
.., setting U zero at <7 <7 . We show that the sequence is fundamental in the

ou }
space C([O,T];Hé,oc(0,+oo)) , and the sequence { ot is fundamental in the space
C([0,71,L;,.(0,+0)) N L2((0,T), H;,,.(0,490) ) N L7 ((0,T), L ,,.(0,+0)

R m
In the domain o, , Where R> R, , we consider the difference of u' —u , and l,meN

, and apply the auxiliary result. Similarly to (6), we obtain

Ry

j[(%(uz(x,f)_um(x,f))T +(%22(u1(x,7)—um(x,r))] ]dx+

0
p y
dxdt < R X
R—-R,

ou'  ou™

)

ot ot
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r 2p, 2p
) R 1+(ay 1) 1+ 1)
xCp R + C,,R 7 4+ CR oy
R-R,

V4
@ =Ly | ol 0

R Y L pm”
J{R—ROJ Coll 1= 1 HLP'((o,T);LP'(OﬁOO))’ (13)

where Co . Gy are some positive constants that depend on ©, 7, 9 and the
lim —4— =40
coefficients of (1). Let € >0 — be an arbitrarily small number. Since >4 ~2 ,

( T
. . R>+on| R — - .
there exists such 'BO, that I<by=p . Since R-R, , there exists such

R Y &
R R [R—R J C23R1‘ﬁ°<z.
17 o> that 0 Note that from the condition (A21) follows the

existence of a sufficiently large positive number (without restriction of generality, we

7 2p, 2p
R 1+(a,-1) 1+(e,—1)
C,R ' *h+CR TS
R—R, 4

k k k
Based on the convergence of the sequences (VASRRRCHY; and  § in the

k,eN k,>[R]+1

denote it as Rl), that

corresponding function spaces, we can choose such > that for all

> . )
Z,m kO 1S correct estimate

2 R y
Cog(R)) |ty — 1 Hﬁg(o,Rl) ’ [ﬁ] ’
| 0

&

;(o, R Collf =1 mHZv'((O,T);LP’ (O,RI))) <5

[ m
X[Cy Hul —U

|

Therefore, it follows from (13) that for any fixed Ry > and arbitrarily small value
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k,(¢)eN

&> 0 there exists

T[(%(ul(x,r) —u’”(x,r))) +[%22(ul(x,r) —u'”(x,z‘))} ]dx+
(az [Oul ou” ]T ou' |
+ J. . —~ +|—-
G o o |

k
for any Lm >k0, 7€[0.T] Thus, the sequence {u } is fundamental in the space

, that

dxdt < &

. 2
c(o,r ]=H0Joc(0’+oo)), and the sequence ot is fundamental in the space

C([0.71 L (0.40)) VL ((0.7).H3, (0.40)) N 27 (0.7 2, (0,40))

loc

. Taking into

k
account the arbitrariness of RO, we obtain that the sequence { } converges to ¥ in

{a_} ou
2 o
c(o,7 ]=H0,loc(0’+oo)), and the sequence ot converges to o in

(0.400)) 12 ((0.7).H3,o(0,40)) N 27 ((0.7). ££,,(0.40)).

loc

2
C([O’T]’L Moreover,

conditions (2), (3), and (4) are satisfied for the function . In addition, it is easy to

k k
{aL} a—u g(xaij%g(xs_j
obtain from the strong convergence ot to Of that ot ot is weak

in L7 ((0,7); L;;, (0,+00)) [7, p. 25, Lemma 1.3]. Note that, similarly to inequality (6),

we can obtain estimates of

83uk P2 azuk Py
[ Foa| dxdt<Cy,Chy>0, | dxdt < C,,,C,, >0,
Qfo Ox“Ot Qfo OxOt

from which, based on strong convergence, we find

2 (| 8%y |P2‘2 3k pe
%
o’ | |axdor|  axter | ax?
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5 (azu"|”12 azu"] o { ou | J
el N ,
Ox | |Oxot OxOt Ox| |OxOt|  Oxot 71 v
‘ ‘ weakly in L ((O’T)’Vl ),

- 2;[72 - 1,]71 . . .
where Vo= Wi (O’+oo), V=W (0’+OO). Thus, ¥ is a generalized solution to

problem (1) — (4).
Uniqueness. We consider two arbitrary solutions u' and U’ problem (1) — (4).

Similar to (6), we obtain an estimate

2

1= J' (%(ul(x,r)—uz(x,r))j2 +£%(ul(x,r) —uz(x,r))] ]dx+

0
p y
dxdt < R X
R—-R,

1+(as—1)2P2 1+(a-1) 221
-4 2 2-p 1 2-p
XMSR +M6R 2+M7R ",
(14)

Al (o aur)Y
+ - +
s [lox*\ ot ot
0

2

ou'  ou’

ot ot

for any 7, R, Ry such that 1<% <R, 7€[0.7]  Similarly, as in the proof of

fundamentality, we obtain by directing R —>+% that /<0 for any fixed Ry >1.

1_ 2 . O o
Consequently, ¥ —U almost everywhere in Or’  The arbitrariness of £ completes

the proof of uniqueness.

12.2. Weight classes of solution correctness in a mathematical model of

nonlinear vibrations of an unbounded beam with consideration of

dissipation

In this section, the correctness classes of a solution are certain weighted Sobolev
spaces of functions to a mixed problem in a mathematical model of nonlinear vibrations
of an unbounded beam concerning dissipation that describe the qualitative behavior of

the solution at infinity, which depends on the right-hand side of the equation and the
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initial data of the problem.

We investigate the first mixed problem for the weakly nonlinear equation

ou Fu) 8
o 8x[2( 2F a] x( (“)aazj

ou 0O oul) 0 ou
+a0(x,t)5 + y(bz(x,t)ﬁj —a(bl(x,t)aj + bo(x,t)u +

+c2(x,t)82u+cl(x N+ gl .2 )= F(x,0)
ox’ , (15)

in an unbounded spatially variable domain Or = (0,40)x (0,7 ), 0<T <o  We

consider a mixed problem for equation (15) with initial conditions

u(x,0) =uy(x) (16)
ou(x,0
( ) u, (x)
ot (17)
and boundary conditions
ou (0, t)

(18)

The function ¥ has the following properties:

(Y) the function ye c? (R) is monotonic at X —> +0 y :[0,+00) = (0,+0) ,
W () I<My(x) M>0 |y ()< My (x) M,>0

Remarks. Examples of functions ¥ are ¥/ (x)=(1+ x)a, a =const ¥ (x)=e”
B =const o

We use spaces with a weight function ¥ :

LY (0,4+0) = {u : I lu| w(x)dx < +oo}, r e (1,+0),
0

J

- Ur
ro(0,490) =[ |l ' t//(x)dXJ

2,
H," (0, +0) _ closure of the space of infinitely differentiable functions in the domain

MONOGRAPH 218 ISBN 978-3-98924-038-4



HAS
s

Heritage of European science ‘ 2024 Part 3 %

(0, +20) with compact norm

1
+o0 82 2 o 2 5
HuHHg’W(O,-HD) - [ J |:( axz;lj + (G_Zj + uzllﬂ(x)dx]
0

We assume the following conditions for the coefficients, the right-hand side of
equation (15), and the initial data.

(A) The functions a,(x,t ), a(x,1) , ay(x,1) belong to the space LG, );
a,(X,1) 2 ay, for almost all (>0 €&r , %02 ~ O.

0b,(x,t)
(B) The functions by(x.t ), o | bl(x’t), by (x,1) belong to the space (o)

b (X,1) 2 0.2 for almost all (x,1) € QT bo’z > O.

(C) The functions ©2 (x, t), ¢,(x,1) belong to L (QT )

(G) The function & (x,,77) _ is measurable by X, continuous by 7, and for any
EneR and for almost all (BDEOF0)IX(O.T) w0 conditions  hold:
(st -glutm)(E-m)zgls-n"  gy=const>0  |g(x.em|<glnl”

g =const>0 p>2

@ L O O 40) p'=pl(p-1).
U) t € H}Y(0,40) u, € L' (0,+0) .

A generalized solution to problems (15)-(18) is a function

a_ue C([O’T];(Hg,w(o,Jroo)an,w(o,+oo))*)ﬂ

ueC([0,T1:Hy” (0,40)) ¢ b that O

L <(O’T);H§’W(O’+OO)) N LP((O’T);LW (0’+OO)), which satisfies conditions (16), (18)

and the integral identity

f{ Ou ov 2(w,y(x))

———MQH%UO

Py o }dxdt +

o
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+'f{a1 t) ou a(wj(x)) a,(x, t)—vl//(x}kb( t)azu 82(21//(3;))}[ dt+
X

ox

+i{Q(@O%%QQ%§9)+Q(nﬁm}dwﬁ+

2

j {cz (x, t)

Ou >+ (x, t) o “ i a(x, t )— f(x,t)}vt//(x)dxdt +

o
<1 ou
+ I {—(X, Tv(x,7) —u, (x)v(x, O)}u/(x)dx =0
y L ot (19)
2 . 2,
for any 7€(0,T] and for any function ve L((0,T); Hy" (0,+0)) N

ov ., 5
—e L ((0,T); L7 (0,+00
L7((0,T); 17" (0, +00)) such that e L°(( ) ( ))

The main result. Let the conditions ('), (A), (B), (C), (G), (F), (U) be satisfied.

Then there exists a unique generalized solution ¥ of the problem (15)-(18) in the

domain QT, for which

2 2
"l ou(x,1) )2 ou(x,1) o’u 8u
— |+ — X)dx+ xX)dxdt<
! ( o ok ) |P Qj o ) e [PV
<c £, , 1 +u, |, ]
0 [Hf rr ((O,T);L” ’V’(O;+oo) HMO HH Y (0;+0) Hul HL Y (0;+0) (20)
for any © € 0.7 ], where G is a positive constant that depends on 7, ¥ and the
coefficients 92, % %o b2, bl, bO, G G 8 of equation (15).

Methodology for obtaining the result. Existence. We choose a sequence of

f(x,t), x<k,

fk(x,t):{ 0.x>k,

{00} k=23 Ly

intervals us denote by

£ () {Lxék—L
K\ X) =
Uy () =y ypere S ECR), x>k, 0<& (<1

. u(x), x<k,
uy (X)= k 2 k
0, x> k. - - u, € H;((0,k)) u, > u

It is obvious that 0 is strongly in
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& N

Hg’W(O,+oo), ulk U s strongly in LZ’W(O’+OO), k—© We consider in O (

k= 2,3,-+) a mixed problem:
ou 0° o’u 0
. ) ——— t
o o [az(x )8x28t] x( W07 5 8tj

ou O o’u 0 ou
+a0(x,t)5 + y(bz(x,t)yj —a(bl(x,f)aj + bo(x,t)u +

2

r () S (0 D gt S = £ (1),
X

@21)

u(x,0) = uf (x), 22)
)

ot (23)

u(0,1)= az”éi(j’t) ~0 WW:%:O s

. . k
Based on the results of [6], we can assert that the generalized solution ¥ of the

k
problem (21)-(24) in O exists and unique. Let us consider the sequence of problems
k=2 k=3 ing u' 0, \Or -
of the form (21)-(24) for , .., Setting ¥ zero at =7 '<7, We obtain a

sequence of solutions to problems (15)-(18) in QT, which for convenience we denote
ou”
. {u* vVe— f=r. . . .
again by . We assume Ot and in the integral equality (19). Using the
conditions of the theorem and considerations similar to [7, p. 21], we conclude from

82/(

eLz((O Ty (H2 (0,400) (1 L7 (0,40)) )

equation (15), in particular, that or’ for
T 2k k
<a—‘§,ai>w(x)dt
any kK> 1, so that © or o there exists for any * € 0.7 ]. Moreover, the
¢/ o%u" ou*
< 6;2 7§>l//(x)dt
integration by parts of 0 can be used. Therefore, we obtain
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17 ( ou* (x,7) ’ out o 8u
—| | —= dx + ,t dxdt +
; j [ > jw(x) x Qjaz(x Vo] oY) Jd

+I [al(x,t) 0°u iiauk ,/,(X)}Lao(xat)(aa_bfj l//(x)]dxdt n
9

Otox ox\ Ot

+é" |:b (X t) 82uk 82 (8” (X) b (X t)aéiag[%w(x)ﬂdde

T

+I {bo (x,Ou* +c,(x,t) aazx k +c,(x t) }aail//(X)dxdt +

ou* ou* ¢ 2
+ j {g(x,t,g)— fen = W(x)dxdt—zj(uf(x)) w (x)dx=0
& ’ (25)
Taking into account the conditions of the theorem, let us transform and estimate

the integrals of equality (25):

ot 8 (ot ot
Ja, (0= 2[ l//(x)jdxdtz | a2(x,t)(8t8x2J w (x)dxdt +

5. otox™ ox~\ ot o
3k 2k 3k
+2 j i, (1) Uy 4 a, () L o’ W' (x)dxdt
o Otox” Otox otox> ot =1 +1,+1,
30k \?
1,2 aoz_[ Ou > | w(x)dxdt.
: : I "o \ Otox
We estimate the integral *! as follows: g

We use the inequality to estimate the integral 1

T(aw(x’r)) V(<6 | (m] (s +C(E) [ (o)

0 Oox

(26)

2y
0y > 0, C(0)> O, which is satisfied for any function’ € Hy™ (0, +OO). Let us prove

inequality (26), by writing the obvious equality

(x)x—j ( (x)jdx j @:j W (x)dx —

0

~+00 2

[

0
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T ow TlowY Cow
— | oy (x)dx=— || == dx— | == wy'(x)d
J G s !(@J w(x)dx= [ —Swy(x) g

0

Then, by Cauchy's inequality, we obtain

T(‘M"’”] ()dx——T Ty ae [ Py e s
X

0 Ox 0

ng( 81 J (x)dx+— J Wy (x)dx +— J( ) (x)d)c+M(a)+v§o Wy (x)dx,

where 0 >0 a<l, M(a)>0 . It is easy to derive (26) from this inequality.

3,k )2 uk 2
1,<Co, j(aa j v (x)dxdt +C, j( ~ ] w (x)dxdt.
Applying (26), we obtain O X O
2 2 it 2
L<Cg, | ( ] y (x)dxdt + C, | [ j w (x)dxdt.
X

Furthermore, o

5,5, C >0

In the last two estimates are arbitrary positive constants, the constant

a, = essup|a, C >0
depends on (x0<0r , 71 the constant ~2~ ~ depends on

a, M
b

az, Ml, 51,the

a,. 52, M,

constant &~ 0 depends on 2, the constant ¢,>0 depends on

Let us transform it

j by(n0)— 82”k o {a” (x)jdxdt— [b.(x, N5 ou’ 583 k W (x)dxdt+

82

2k
oy ()t + j b, (x, z)a 4 a;’t v (x)dxdt

Z'

II[

62/{82/{

+zjb( Vs
=I,+1,+1,.

We estimate the integrals "4

1 oY BEEXCON
1, 2@[‘9{“ z)( ]z//(x)}ddt 2j >

O

ot Y by, ¢ 0*u"(x,7) ’
x| o | W= j w(x)dx —

2
0 0°x
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2.k

2 2k 2
”OJ y(x)dx—C, [ (82” j v (x)dxdt,
X 0°x

1% 0
_E_([bz(x,O)[ =

T

ob,(x,t)
ot

c essup
5 is some positive constant that depends on *<¢r

I,<C6, I( 836k ] w(x)dxdt + C, J( k] y(x)dxdt +C, I( k] v (x)dxdt
X

b

OF is an arbitrary positive constant, C G , G are some positive constants depending

b, =
on <Qr 1

<G, | [a; kj y (x)dxdt +C,, | [ Ou k} v (x)dxdt
X

1'

C, b, M, C

1s some positive constant depending on “2, 10 1s some positive constant

b

depending on 2, M, Moreover,

o’u" ou” ot Y c, ¢[ ou ’
ch(x 0oy dr <& j (axzjw(x)dxdt +2 Qj — | v

o Qz'

5

¢, = essup|c, (x,

where *<Cr . Analogously to the above transformations and estimates, we
obtain
ou* o ((ou out Y
x,t dxdt = ,t dxdt +
Qja( ) otéx ox (ét (x)j > Qjal(x )((%ij vix)a
2 k au
+Ia1(x t)aa 6—t//(x)dxdt I, +18'
2k 2 uk 2
<G, | (aa J p (x)dxdt +C,, | [ J v (x)dxdt,
o tox’ o,

3k \? " 2
,<Cuo, [ [55 ] p (x)dxdt +C,, | ( ] v (x)dxdt,
o tox” o,
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5, 9.

, U5 are arbitrary positive constants,

>
G170 gependson <o

C13 - 0
depends on @, ¥, €270 depends on @, %, ¥, €147 depends on 4, %, M1,

Furthermore, we derive

ij {b( t)aaiai(aiy/(x)ﬂdxdr_ (B, t)a(;“‘ Zz " ()dxdi +

k
+ b, t)aia—y/ (X)dxdi =1, +1,;
Ox Ot

T

b=t nZe a{ ()+ J% }w(x)dxdrs

63 k 2
<C(b, )5, | [(’%6 ] w(x)dxdt + C, (b, T,5,)
0. X’

x| [aa’“’:) w(x)dxdt +C,.(b,,5,) j(az kj .

o

b =

1 9
(x.)<0; , 0,>0 Cs> 0, C> 0, C,> 0;

— arbitrary constant,

jb(x o {0() j% }l//'(x)dxdts

ot 2
<Cy(b,M,,T)S, j LM j w(x)dxdt + C,y (b, M,,5,,T)
0. X’

x Qj (88”: j w(x)dx+C,, (b, M,,5, )f( a;f } w (x)dx

b

o _ arbitrary positive constant, Cis > 0, Cio > O, Cy > O,

We complete the estimation of the equality integrals (25):

J.ao (x, t)( 88 : ] w(x)dxdt < a, '[ (%—Ll:] w(x)dxdt,

0, 9

b
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8u(xr)d} B

_[b (x,)u —y/(x)dxdt jb (x,0)u —{ g (x|

sy (x)dxdt < b, ( 2) j @“t j (x)dxdz+b7TT(u{; )21//(x)dx,

o, 0

a, = essupla,

(x.)e0p , (x.)<07
k

fe . t)aiaiw(x)dxdt [ (x,t)aiﬁ[u{; (x) +

5 ot 5 ot ox

cout ou” ’
+_([E(x,r)dr}//(x)dxdt < Czl(cl,T)é'Sé[ Kﬁtﬁx j v (x)dxdt +

2. k\?
Ou J w(x)dx
ox’

b

+C22(C1>589T)j£86_1/f] w(x)dx + Cyy(c;, 6y )I(
Qf

¢, =essup|c
1 1
: . > > >
05 _ arbitrary positive constant, (xN<Cr ) Ca O, G O, Cos O;

p

w(x)dxdt;

k

ou* \ou" ou
t, — dxdt >
jg(x atJ p (x)dx gogf >

g//(x)dxdt + Gy, [ ),

o

j f" ou” — v ()dvdr <

J Cz 59, P

— arbitrary positive constant, 24 — some positive constant that depends on

Taking into account the above estimates, we obtain from equality (25):

Ol ou (x,7)
(x)dx+2(a,,—Co—C,0,—C.0,—C,0,—C,,0.—
_([( j'// (0,2 1917 £30,7 L0537 L104— L5305 C.5,—C b, —

o’u” T Ol out (x,7) ’
—C 5) [— w(x)dxdt +by, | | —=5— | w(x)dx+
. QI otox” °2£ ox”

p
—1 w(x)dxdt < Z(C2 +C,+CG+C +%2+

o
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£ \2
+C,+C,+C +C,+a, +bO(T +%)+ szj j [%j w (x)dxdt +
o

+2(c +C,+C, + 2)[(8” j dxdt+2C24”f \ v (x)dxdt +

o ox?

au +00 ’
+2(C,, + Cyy +Cyy) j ( 0] p (x)dx+b,T [ (uf) w(x)dx+
0

++f (uf ) (x)dx+ jb (x, 0) (x) p(x)dx.

¥ = [(wj [W] ]l//(x)dx

V(@) < Cog+ Cog [y(0)dlt
estimate of 0 , Where

Letting us denote , we obtain an

CZS, Co are some positive constants

independent of u" | We then conclude, based on Gronwall's lemma, by choosing

5,— 6,

sufficiently small constants , that

]‘[(u o T)j (—azuk(f’r)j }W(x)dx+
0 ox

out o’u* (x,7) ’
+||— | +| ———= dxdt < C
Qj [( or ] L oo ) |V OB C

for all 0<7<T Co is a positive constant independent of . From inequality (27)

(27)

kg k kg .
follows the existence of a subsequence WS guch that u° DU * weakly in

ou* ou ou* ou

0 —_— > © —_— >
L ((OaT):H(?,W(O:—*_OO))a 6t 8t * Weakly il'l L ((O:T);LZ’W(())-FOO)): at 8t

L*((0,T); Hy" (0,40)) N L7 ((0,T); L (0,40)) , k, —> 0

weakly in . Applying [7,

ueC([0,T];H; (0,+))

p.20, Lemma 1.2], we obtain . Similarly to [7, p. 234], we also

MONOGRAPH 227 ISBN 978-3-98924-038-4



Heritage of European science ‘ 2024 Part 3

W e (1071 H 040y 1 (0,40 )

obtain that Of

kY
. Since it % ;0 —>u(,0) 44

H}Y (0, +oo) uo

weak in = Uy strong in H}Y (0,+0) . then u(x,0)=u, (x), x € (0,+00)
ou(x,0)
mi = () x €(0,+0)
. Similarly to [7, p. 236], we also show that ~ Of , ’ . Note that for
any keN
ou’ < B
o <Cy,, Cy =const>0.

7((0,T); L7 (0,+0)) (28)

From inequality (28), taking into account the condition (G), it is easy to obtain

J‘ g(xt 5ukJ
b at
(29)

or
We conclude from inequalities (28)-(29) (moving to subsequences if necessary)

14

dxdt <C

29°

C,, > 0.

k
g(x t j —>Z K S
that o is weak in L (OT):L77(0,49). Simitarly to [7, pp. 236-237],
ou

z g(x t j
we show that Ot ) Tt u satisfies the integral identity (19), and conditions

(16), (18). Thus, ¥ is a generalized solution to the problem (15)-(18) in O . The

correctness of the estimate (20) is proved similarly to the derivation of inequality (27).

Uniqueness. If u' and 4" are two arbitrary solutions of the problem (15) - (18),

then similarly to (20), we can obtain an estimate

. | 2 21 2.2
j[2un)_ou (o)), (D r) PO s
) ot ot ox” Ox
31 2 2 1 2P
o[ Lo A <0
o |Larex® 6t6x or ot

forall 0<7<T Thus, ¥ =" almost everywhere in O
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Summary and conclusions

For most applied problems of nonlinear vibration theory, the effect of generalized
internal dissipation forces in an oscillatory system is obvious. In particular, bending
waves in rods are described by a fifth-order linear equation that takes into account the
influence of dissipative forces on the dynamic process. The conditions of correctness
(sufficient conditions of existence and uniqueness) of the solution in the mathematical
model of vibrations under the action of nonlinear dissipative forces in terms of the
Voigt-Kelvin theory are obtained. Correctness classes are obtained in the mathematical
model of oscillations of bounded and unbounded bodies. The basis for further
investigations of the existence of a unique generalized solution for the case of the

mathematical model of vibration of unbounded rods and beams is provided.
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