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INTRODUCTION

The modern development of industry, transport, and energy is accompanied by
radical changes in approaches to organizing production processes and control systems.
The increasing complexity of equipment, the transition to digital technologies, and the
rising requirements for energy efficiency and reliability create new challenges that
demand comprehensive and intelligent solutions. This is particularly relevant for
electric drive systems, which form the foundation of most technological complexes,
performing functions for machine tools, vehicles, robotic systems, pumping stations,
and other mechanisms. Electric drive systems, which consume more than half of all
industrial electricity, represent a crucial link in the chain of forming an enterprise’s
energy balance. Improving their efficiency is a strategic objective that can not only
reduce costs but also increase production competitiveness. Energy saving in this area
Is achieved through the implementation of intelligent control algorithms, equipment
modernization, transition to frequency-regulated drives, and the use of monitoring
systems and real-time equipment condition analysis.

In recent years, special attention has been paid to the implementation of modern
international standards for electric drive control, such as IEC 61800 (Adjustable Speed
Electrical Power Drive Systems) and the ISO/IEC series standards dedicated to the
integration of industrial control systems with digital platforms. These standards
establish unified approaches to system architecture design and define requirements for
reliability, safety, and energy efficiency. The IEC 61131 standard, which describes
programming languages for control systems, is also of great importance as it simplifies
the design of complex systems based on electric drives. The application of standards
ensures the compatibility of various components, increases the level of automation, and
simplifies the integration of intelligent technologies such as artificial intelligence,
digital twins, and predictive analysis algorithms.

In parallel, the implementation of 1ISO 50001:2018 standards aimed at building
enterprise energy management systems is actively developing. For electric drives, this

means transitioning to control strategies that consider not only production parameters
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but also requirements for energy efficiency, carbon footprint reduction, and operationg
cost optimization. The practical implementation of these standards involves the use of
intelligent sensors, real-time data collection systems, and digital platforms that provide
the analysis of large volumes of information for decision-making.

There are several successful examples of implementing innovative electric drive
control systems worldwide. In Germany, known for its achievements in industrial
automation and energy efficiency, particular attention is paid to the digitalization of
production processes within the framework of the Industrie 4.0 concept. Intelligent
electric drives from Siemens, Bosch Rexroth, and other leading companies are
integrated into cyber-physical systems, enabling real-time energy consumption
monitoring, wear prediction, and equipment performance optimization using big data
analytics. In Japan, where the level of production line automation is among the highest
in the world, adaptive control systems for electric drives that use artificial intelligence
are actively being developed. Mitsubishi Electric and Yaskawa are introducing
solutions that combine robust control with data analysis obtained from IoT sensors.
This approach ensures flexibility and stability under complex dynamic loads while
reducing energy consumption through precise adjustment of control algorithms. In the
USA, significant attention is given to predictive control, which not only enables
efficient process management but also forecasts equipment technical conditions.
Companies such as General Electric and Rockwell Automation use digital twins to
model the operation of electric drives and their power systems, allowing early detection
of potential problems, optimization of drive trajectories, and reduction of downtime.

Modern educational programs are actively adapting to these changes.
Universities in Ukraine and Europe are creating specialized courses in industrial
automation, energy-efficient technologies, digital control systems, and robotics.
Students are trained using international IEC and 1SO standards, as well as modern
software packages for modeling and testing electric drives, such as
MATLAB/Simulink, TwinCAT, and Codesys. These programs provide practice-
oriented learning that includes working with digital twins and models of real

production processes.
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The connection with research projects can be traced in several R&D activiti(;
that form the basis of this monograph: R&D No. 01250002117 — "Implementation of
innovative technical and technological solutions for the integration of renewable
energy sources into the railway power network"; R&D No. 0125U002102 — "Means of
improving the energy efficiency of asynchronous motors operating in power networks
with poor quality electricity"; R&D No. 0125U002131 — "Development of a method
for optimizing compressed gas transportation in gas-air pipelines of modern industrial
enterprises”; R&D No. 0125U002134 — “Integration of methods for improving
equipment energy efficiency and computer-integrated control systems in the
production process of enterprises.” These projects reflect key trends in digitalization,
robotics, and the implementation of hybrid control systems that take into account the
integration of renewable energy sources.

Special attention is paid to the integration of innovative solutions in fields such
as railway transport (J7 "Railway Transport™), automation, computer-integrated
technologies, and robotics (G7 "Automation, Computer-Integrated Technologies and
Robotics"), electrical engineering (G3 "Electrical Engineering™), energy production
(by specialization) (G4 "Energy Production (by Specialization)"), applied mechanics
(G9 "Applied Mechanics"), as well as in the fields of specialties 141 "Electrical Power
Engineering, Electrical Engineering, and Electromechanics," 273 "Railway Transport,"
and 275 "Transport Technologies (by type)." The monograph is intended for
undergraduate, graduate, and postgraduate students of these fields, as well as
engineering and technical professionals working in automation, energy, and transport.

The implementation of the scientific and educational provisions presented in the
monograph will be carried out in collaboration with leading educational and research
institutions of Ukraine: the Department of Railway Transport of Lviv Polytechnic
National University, National Technical University of Ukraine “Igor Sikorsky Kyiv
Polytechnic Institute,” Ukrainian State University of Science and Technology
(UDUNT), Zaporizhzhia National University (ZNU), National Technical University
"Dnipro Polytechnic" (NTU "DP"), as well as Melitopol State Pedagogical University
named after Bohdan Khmelnytskyi (MDPU).
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The monograph has been prepared as part of comprehensive scientific researcF
aimed at improving energy efficiency, digitalization, and the development of intelligent
control systems. The materials presented reflect the results of many years of
interdisciplinary research carried out with the participation of specialists from various
scientific schools and universities. They provide a holistic understanding of modern
trends in electric drive system control and form a scientific and practical basis for
introducing innovative solutions in industry and transport. The discussed concepts of
optimization, robust control, and the integration of renewable energy sources are
closely linked to the transition to sustainable energy, automation of production
processes, and infrastructure digitalization. Special attention is given to interaction
with international research programs, which allows the use of advanced experience
from Germany, Japan, the USA, and other countries in the field of digital twins, the
industrial Internet of Things (Industrial 10T), and cyber-physical control systems.
This work is aimed not only at theorists and researchers but also at practicing
engineers, control system designers, as well as undergraduate, graduate, and
postgraduate students who strive to gain knowledge of advanced electric drive control
technologies, methods for analyzing their dynamics, and optimizing energy
consumption. The monograph lays the foundation for the development of new-
generation training courses, including simulations, virtual laboratories, digital twins,

and modern approaches to building energy-efficient systems.
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KAPITEL 1/ CHAPTER 1
METHODS OF ANALYSIS OF ELECTRO-MECHANICAL SYSTEMS

1.1. Mathematical description of dynamic systems

When analyzing and synthesizing control systems for technical objects, one
usually deals with their mathematical models. A mathematical model is an equation or
system of equations that describes the processes occurring in the object under study.
This model can be obtained either experimentally or analytically, based on physical,
chemical and other laws governing the processes in the considered object.

Mathematical descriptions are based on contradictory requirements. On the one
hand, the mathematical model should reflect the properties of the original system as
accurately as possible, and on the other hand, it should be as simple as possible to avoid
complicating the research. Therefore, at the initial stage of the research, a simpler
model should be used, and then, if necessary, the model can be made more complex,

taking into account additional factors that were not considered at the initial stage.

1.1.1. Equation of dynamics and statics

Any control system as a whole and its individual elements convert the input

signal X(t) into an output signal y(t) . Mathematically, they carry out a transformation

of the following form
y(t) = Ax(t), (1.1)

in which each element X(t) from the set of input signals corresponds to a certain

well-defined element y(t) from the set of output signals. In the above relationship A
is called an operator. The operator that defines the mapping between the input and
output signals of a control system or its element is called the operator of this system
(or element). To define a system operator means to specify the rule by which the
system’s output signal is determined by its input signal.

In the following discussion, we will consider systems, whose operators can be

specified using ordinary differential equations.
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A mathematical model can be presented as a structure consisting of dynamic
links. A link is a mathematical model of a system or part of it, which is defined by
certain operator. In a particular case, a link can represent a mathematical model of an
element.

The movement of a generalized link can be defined as follows:

F(Y, By, P2y P"Y,U, PU, P2U.., PTU) =0, (g o

d
where Y isan output variable; U is an input variable; ot is a differentiation
operator.
The equation (1.2), which describes the processes in a link under arbitrary input
influences, is called the dynamics equation.
From the equation (1.2), a statics equation can be obtained that describes the

steady-state mode with constant values of the output and input variables:
— 2\ — _ 2 _
py = p°y = p"y=pu=pu=pTu=0. .
FO(y()!OsO---O,UO,O,O...,O) :O (14)

In the general case, when a link is described by a differential equation, the value

of the output variable at a moment in time t depends on the previous history, i.e. it

depends on the values of the output variable Y till the moment t . In this case we talk
about a dynamic link.

If a link is described by a function, that is, its value in the output variable at any
time depends only on the values of the input variable at the same time, then the static
equation coincides with the dynamics equation, and the link is static .

The static mode can be graphically described using a static characteristic. The
static characteristic of a link (or element) is the dependence of the output variable on
the input variable in a steady-state mode. The static characteristic of an element can be
determined experimentally by applying constant influences to its input and measuring
the values of the output variable after the end of the transient process, or calculated
using the statics equation.
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1.1.2. Equations of dynamics of control systems in normal form

If the equation of the system is represented by the highest derivative of the output
variable of N-th order, then it can always be turned into a system of N equations of
the first order.

The system dynamics equation

py" = F(y, py..... p"Hy,u), (15)

— - - - n-1
by introduction of Y1=Y: Y2 =Py, Yn = BY" s transformed into the

form
PY1 = Y2 BY2 = Y3 v BYa = F(Yn Y20 ¥n ) (g4

A similar transformation can be performed when the system is described by

several equations of the form

p°y1 = Fu(Y1, PYL PPV, Y, PY2,U);
P*Ya = Fo (Y1, PY1, P*Y1, Y. PY2,U). .7
Equations (1.7)can be transformed into a system of first-order equations:
PX = X5 PXo = X35 PXg = F(Xq, X2, X3, X4, X5, U);
PXq = X5; PX5 = Fo (X, X0, X3, X4, X5, U), (1.8)

ey — vy =2y iy =y —
where X1 = Y1: X2 = PY1, X3 = P Y1, X4 = Y2, X5 = PYo.
In general, the dynamics equation of the controllable system can be represented
in the following form
pX = f1(X, X9,y X, Up, Us oy Up 1),
PXo = fo(X, Xo,. .0y Xy, U, Us .Uy, 1),

PXy = fi (X, X9, X, Ug, Us .oy Uy )
yl = hl(Xl’X2’1Xn1u11u21ur1t)1

Yo =y (X, Xo,. .., Xy, Ug, Us .o Uy 1))

ym :hn(X]_lXZ’-"an’ul’uZ""ur’t)’ (19)
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whereN is the number of state variables; M — the number of observable

Xy X9y e ey X Ug,Us ..., Uy

variables; — phase coordinates; — control inputs;

Y Y2 Ym _ output variables; U _ time.

First-order differential equations, written with respect to the first derivative of i
-th state variable, are called a system of differential equations in the normal Cauchy
form or simply a system in the normal form.

In the vector form, the above equations take the form
px =f(xu,t); (1.10)
y =h(xu,t). (1.11)

Here Xit is called a phase vector or a state vector, U is a control vector or simply

the control, as well as input variable or simply input,y IS an output vector or simply
output.

The set of all state vectors (phase vectors) is called state-space representation or
a phase space.

The equation (1.10) is called the equation of state, and the equation (1.11) is
called the output equation or the observation equation.

Hereafter, all vectors will be considered as column vectors, i.e.

X= (Xl,XZ,...,Xn)T;
u=(UpUy...u, ) ;
y=(y1,y2...,ym)T, (1.12)

where T is a transposition operation, i.e. the replacement of the matrix rows
with its columns.

If the input action and the output coordinate of the system are scalar quantities,
then such systems are called one-dimensional or systems with one input and one output.
In the English-language literature, such systems are called single input single output
system (SISO). If at least one of the specified variables is a vector, then such systems
are called multidimensional. In the English literature, multidimensional systems are

divided into:
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 multi input single output system (MISO), if the input variable is vector; B
* single input multi output system (SIMO), if the output variable is vector;
 multi input multi output system (MIMO), if both input and output variables are

vectors.

1.1.3. Converting of equations of linear systems into normal form
In the general case, the equation of a one-dimensional controllable system or
object has the form (2.283)

p"y+ap"ty+--+ay=b,p"u+bpmtu+---+b u m< N1 13)

Let us consider three cases separately: M= 0, m=n, O<m<n

- M=0_|n this case, solving the equations (1.13) for the highest derivative, we

obtain
p"y=bou—a p"ty—...—a,y. (1.14)

— - n-1,, —
Denoting =%, Py =X3.... P y_xn,weget

PX = Xy,
PX; = X3,
an—l = Xn;
an = bou - an Xl - an_1X2 - an_2X3 T eee alxn,
y=X (1.15)
In vector form, this system will take the form
pX = Ax+Bu;
— T
y =CX, (1.16)

where
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X, 0 1 0 .. 0
X, 0 0 1 0
X= ;A= ;
X 4 0 0 0 1
Xn | -8, —a,, —a,, -3
0] 17
0 0
B=|...|; C=
0 0
by | 0

(1.17)

« M=1N_In this case, the equations (1.13) can be transformed into the form

pX, = X, +KU;
PX, = X3 + K,U;

pxn—l - Xn + kn—1U;
PXy = —a,X — a1 X, —a,_»X3
y =X + Ky,

where
In vector form, this system will take the form
px = Ax+Bu;
y =C'x+kgu,

where

ko =hy; ki = Yak: i=120n,
=1

—...—aX, +k.U,

(1.18)

(1.19)
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X 0 1 0 0
X, 0 0 1 0
X= ;A= : ;
X1 0 0 0 1
X, a, —a,43 —a,, —ay |
] 17
K, 0
B= ; C=
K1 0
Ko | | 0] (1.20)
- 0<M<N_ et the controllable system be described by the following transfer
function
W(p):X:bopTerlpr:Jr.“erm, 0<m<n.
u a,p +ap +:--+4a, (1.21)
Transforming the transfer function (1.21) as follows
y=BRTBPT Dy e,
a,p" +ap+--+a, (1.22)

we divide the left and right-hand sides of the resulting expression by its

numerator
1 1
m m-1 y= n n-1 u
bop” +bp " +...+Db, ap +ap +...+a,

(1.23)

Let us introduce a new fictitious coordinate Xl, which satisfies the relation

1
X, = y =
' bop™ +b p™ 4. +bp,
1
= u

n n-1

from which
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(agp" +agp" ™ +- )X = U;

y:(bopm+b1pm_1+"'+bm)xl- (1.25)

The first equation of the system (1.25) corresponds to the case M= 0, S0 it can
be represented as follows

PX = X2,
PXa = X3,
PXh-—1 = Xns
1
PX, = 50(u —apX —ap_1Xp —...— 31X, ).

(1.26)
The second equation of the system (1.25) is the observability equation

Y = PoXimiq + b1 X + .+ DyXg (1.27)

Combining the system of equations (1.26) and the observability equation (1.27)

, We obtain a system of differential equations of the original object in normal form

PXy = X2,
PXz = X3,
PXp-1 = *ns
1
PX, == (U—apX —8n_qXo —...— 81X, ),
ao
Y = byXmaq + 0 X + .o+ Dy X (1.28)
1.1.4. Matrix transfer functions
Let us consider a linear time-invariant object
— . — n r m
px=Ax+Bu; y=Cx, XxeR",yeR ,ueR". (1.29)

In these equations, N — the vector X (column matrix N ><1) Is called the state

vector of the object, I' — the vector Y the components of which are the output signals
of the object, is called the output vector, and M — the vector U is the vector of external
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inputs that are applied to the object from the outside. The object matrix A, control

matrix B and output signal matrix C have dimensions XN, NXxM ang Ixn,
respectively.

Let us define the transfer function for the object (1.29) in matrix form. To do
this, we move the components containing state variables to the left, leaving only control
inputs on the right-hand side. Taking into account that the equations are written in

matrix form, after rearrangement we obtain the following equation

pPEX — AX = Bu ’ (1.30)
or
(PE-A)X=Bu. (1.31)
Considering the state variables X as unknowns, we solve the resulting equations
— -1
x=(pE-A)"Bu. (132)

Conventionally dividing the left and right-hand sides of the equation (1.32) by

U, we obtain the following transfer function

W( p)z%z(pE—A)‘ls.
(1.33)

Let's define the matrix transfer function of a closed-loop system. In this case, we

will assume that all state variables of the object are directly measured and used as

object's output signals. Then the matrix C transforms into the identity matrix E, so the
second equation of the system (1.29) can be written as
y=X (1.34)
The controller, which controls the object, receives the object's state variables as

input signals Xpeen X

N and generates control inputs that are applied to the object. We
will assume that the controller is linear, meaning that the generated control inputs are
a linear combination of input signals.

The output signals of the controller can be applied to the object at the same points

through which the measured external inputs are applied.

Denoting these external inputs through V, and(mxn) — controller
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transformation matrix through P, we get total control applied to the object
u=v-Px (1.35)
The minus sign in front of the second term indicates the negative feedback on
the state variables of the control object.
By combining equations (1.29) and (1.35), we obtain the following closed-loop

system equation:
px = Ax+Bu = Ax+B(vV—Px) = (A-BP)X +Bv. (1 35

From the equation (1.36), the matrix transfer function of the closed-loop system
can be obtained (5.843)

®(p) = % = (pE-A+BP)B.
(1.37)

1.2. Development of mathematical models of electromechanical systems

1.2.1. Fundamental laws of electromechanics

The operation of any electric machine can be described with considerable
accuracy by four fundamental physical laws.

* Kirchhoff's (Ohm) law

where U is a voltage applied to the winding, IR are current through this

E

winding and its resistance, —¢i is EMF od self-induction, caused by the change in

magnetic flux generated by the winding, E

® is rotational EMF, associated with the
interaction of magnetic fluxes from different windings.

This law indicates the distribution of voltage applied to the winding of an electric
machine.

* Faraday's law

dt (1.39)
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Where @ — magnetic flux in a machine.
This law explains the causes and conditions for the occurrence of EMF in the
winding of an electric machine.

» Ampere's law

where | is a current through an infinitesimally conductor, dl s a length of an

infinitesimally conductor, B is inductance of the magnetic field created by current |

Ampere's law determines the force acting on a current-carrying conductor in a
magnetic field and connects electromagnetic and mechanical processes in an electric
machine.

» Newton's law for rotational motion

n
J ‘3—"’ =3 M;,
toia (1.41)

where J» @ M

i are moment of inertia, angular velocity and torques acting on
the motor shaft.

Newton's law indicates the acceleration with which the motor shaft will move
and the torques that cause this movement.

Depending on the type of electric machine, the above laws are transformed
accordingly (2.310) and form systems of equations that describe a particular electric
machine.

For example, for a DC machine with series excitation, the equations (1.38)—

(1.41) will take the form

U=IR+ L%+ Kk loo;

M, = Kkg I 2;
390 _ .~ M.,
dt (1.42)
where U is a supply voltage, | — current in the armature circuit,® — shaft
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rotation speed, R,L _ resistance and inductance of the armature circuit, Ko _

M

linearization coefficient of the motor magnetization curve, " ¢ — load torque on its

shaft, J' — moment of motor inertia, K — design coefficient.

In the case of studying the “Motor - Industrial Mechanism” system, where elastic
deformations in the kinematic chains cannot be neglected, multi-mass mechanical
systems are considered. In this case, the equations (1.42) or similar ones must be

supplemented with an equation based on Hooke's law (2.312)

dMy = ¢do, (1.43)

Where € 9 are elasticity coefficient and angle of twist of the shaft, respectively.

Considering that the motor shaft twists because its ends have different speeds

®1 and P2, that is,

do _ o — 0
T O1 7O
dt (1.44)
the equation (1.43) can be represented as follows
dM
y _
— > =co - ;)
dt . (1.45)
Then the motion of a two-mass mechanical system is described by the equations
do
J—1 =M,-M,;
1 dt e y
dM
y — .
T c(w -y );
d
I, 2 =M, M,
dt (1.46)

where J1,

J2 are moments of inertia of the motor and working mechanism.

If there is elasticity not only between the motor and the working mechanism, but
also between the individual parts of the industrial mechanism, the system (1.46) is
written for all significant masses.

From a physical point of view, the system of equations (1.46) is conservative
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because it does not take into account energy dissipation during elastic deformations.
Dissipative mechanical systems where energy dissipation occurs during deformations,
can be described if the equation (1.45) is supplemented by a component that takes into

account dissipation

dM

do; do
Y (o -, )+ (_1__2)
R R At (T (1.47)

where B Is the energy dissipation coefficient during elastic deformations.
When the electromechanical system operates in positioning or trajectory-
following modes, the equations of its dynamics must be supplemented by the
dependence
Pe=w, (1.48)
In addition to the elasticity of the mechanical transmission, the dynamics of the
electromechanical system (EMS) is significantly influenced by its operating
conditions. Thus, when the working body moves in viscous media, a friction torque

arises, which is generally described by the equation:

M. =h-o?, (L.49)

where N is the viscosity of the working medium, & —an empirical exponent that
takes into account the mechanical characteristics of the production mechanism.

Thus, the behavior of any EMS can be described, using the above equations

However, in cases where not only the control system of an electric drive, but
also the control system of the technological process or the industrial mechanism as a
whole is being studied, it is necessary to consider the dynamics of this process or
mechanism taking into account known physical laws.

To formulate the corresponding equations, a clear understanding of the laws of
theoretical mechanics, fluid dynamics, thermal engineering, chemistry, etc. is
necessary. In most cases, these laws are formulated mathematically as partial
differential equations, but with a certain accuracy they can be reduced to linear
differential equations.

For example, the process of heating the windings of an electric machine is
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described by the heat conduction equation
dT d°T d%T d°T
= >t ot o
dx© dy° dz

(1.50)

where C+ P A

are the heat capacity, density and thermal conductivity of the
winding material, respectively, T is the winding temperature.

To solve equation (1.50) correctly, the winding design must be specified, and the
initial and boundary conditions must be defined. But even in this case, solving the
equation (1.50) is quite complex and requires special numerical methods for solving
partial differential equations.

However, a sufficiently accurate temperature distribution can be obtained by
solving the approximate heat balance equation (2.312)

Q-dt=A-tdt+C-dr, (1.51)

where @ A C

are the amount of heat generated in the machine, heat dissipation
from the electric machine to the environment and the machine's heat capacity.

This equation is based on the assumption of homogeneity of materials and design
of the electrical machine.

After some simple transformations, the heat balance equation (1.51)can be

presented in the form of an ordinary linear differential equation

Q _ C dr
==14——,
A A dt (152)

Thus, in the future, to describe any processes occurring in electromechanical
systems, we will use ordinary differential equations.
To simplify the notation, we will agree to use the operator form of writing
differential equations and will use the following designations
df (x)
dt

— pf(x); X x—»-iQQ
o) jf( & P (1.53)

Taking into account the designations (1.53), the equation (1.52) in operator form
takes the form
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Q__C

=T+—pr
A AT (1.54)

In the following discussion we will deal with object whose differential equations

of motion are solved with respect to the highest derivative, so we transform the

equation (1.54) as follows

o= A Q
C C (1.55)
The equation (1.55) is a differential equation in normal or Cauchy form. Not
only single equations, but also systems of them can be written in this form.
Substituting the value of the electromagnetic torque from the second equation of
the system (1.42) into the third equation of the same system and introducing the

electromagnetic time constant into consideration

R (1.56)
we can write the system (1.42), supplemented with equations (1.48) and (1.49)

in normal form

Ppe =o;
p(D :qu)lz_ﬂ .
J J
pl -1 —Kk®co|+ Ly

T, RT, RT, (157)

Hereinafter, the angle of rotation ¢ speed @ and current | of the motor will be

called the coordinates of the control object, voltage u__ controlling input, or control.
By generalizing equations (1.55) and (1.57), we can conclude that the dynamics
of any electromechanical object is determined by three components:
» Coordinates, which will include the EMF of the converter, currents in the
windings, torques, speeds, rotation angles, etc. We will denote the coordinates of the

X

EMFas "1, considering I as the index of the variable.

The numbering of variables is carried out from the output of the system to its
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input. That is, in a speed control system of a DC motor, the first variable is the speed ,

the second is the armature current and the third is the EMF of the converter.

« Control inputs Uk , which are control voltages generated by controls. The index

k corresponds to the number of the controlled variable. Thus, the control that is formed

by the speed control Ul, current control U2, etc.

. F. : : i
« Disturbances ~ J acting on the control object. The index J corresponds to the
number of the equation in which this disturbance appears. For example, the load torque

M Is included in the first equation of the system (1.57) so it is denoted F, :

Taking into account the above, the motion of a generalized electromechanical
object can be represented as follows:

n
pXI = zblj 'XJ +m| .UI +CI 'FI’ |:1,2,...,n,
i=1 (1.58)

b. m.c - ) ) :
where M7 1" are the coefficients for the object coordinates, control inputs

and disturbances, respectively.

1.2.2. Normalization of differential equations of the control object

The material presented in the previous section reflects the essence of the physical
processes occurring in the control object, but it significantly complicates the analysis
and solution of the dynamic equations. The difficulties arise due to the use of named
physical quantities.

For example, when analyzing the dynamic or static properties of an electric
drive, which is described by equations (1.57), a situation may arise when it becomes
necessary to sum the second and third equations. From a physical point of view, such
an action is unacceptable, since the equations differ in the dimensions of physical
guantities — the second equation has the dimension rad/s, and the third — A/s.

In order to eliminate this inconsistency and enable performing any operations on
the dynamic equations regardless of the units of measurement, use the operation of

directed normalization is used.
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This operation involves switching to a new phase space, which differs from the
original space in scale along each of the axes of the coordinate basis. In this case, the

axes are scaled by switching to relative units. Mathematically, this can be represented

as follows
X
XI = Ty
Xpi (1.59)
where Xis X, are the current and base value of 1 -th coordinate of the control object.

In different fields of knowledge, the choice of a base quantity is controversial.

We will assume that for electric motor with series excitation, the rated current,
nominal speed, nominal rotation angle, and nominal voltage are used as the base
guantities.

If we now divide the current, speed and position of the motor shaft by the

corresponding base quantities, we obtain their relative values

ylzi;yZ =g;y3 :L-
Py @y Iy (1.60)

The coefficients of normalized differential equations can be determined through
the parameters of the control object and the accepted base quantities.

Using the accepted relative units, we will make the transition from equations in
named quantities (1.57) to motion equations in relative units. These equations are not
accidentally solved with respect to the derivative — it is the left-hand side of the
equations that form the system (1.57)that determines which base quantity should be
used to divide a given equation.

Let's consider the first equation of the system (1.57).

In order to keep this equation unchanged, we divide its left and right-hand sides
by the base value — the nominal rotation angle ®b. Let us assume that the nominal

rotation angle is the angle through which the motor rotates at nominal speed ®b in one

second, i.e.
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Taking this notation into account, the first equation of the system (1.57) in

relative units will take the form

¢ _ O _ o
p = =
Py ¢p p-lC (1.62)
or
PYyL = Y2. (1.63)

Now let's consider the second equation of system (1.57). We divide its left and

right parts by the nominal speed ©b
w - Kkg | 2 h o
O Jop o Jop (1.64)

The resulting equation shows the change in the relative value of the motor speed,
but it still contains named units on the right-hand side — armature current | and motor
speed O,

We eliminate these units by multiplying and dividing each component by the

corresponding base quantity

2
pg_&.ztl_b] _Lma[%f
Wy J(Db Ib J(Db ®p (1.65)
or
2
o _ Kkg 2 | h of o)
p—=—"Iy| —| ———aop| —| .
O] J(Db Ib J(Db Wy (1.66)
Taking relative units (1.60) into account, the equations (1.66) can be written as
follows
_Kkglg 5 hott
Py, = ] T3 Y2
©p (1.67)

The resulting equation (1.67) relates the relative values of acceleration PY2.

speed Y2 and motor current Y3, i.e. is the equation of motion in relative units.
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We will denote the coefficients of the equations of motion in Cauchy form and

relative units which are associated with the coordinates of the object by a Latin letter

b with two indices: the first indicating the number of the variable in the left-hand side
of the equation, and the second indicating the number of the variable with which this

coefficient is associated. Then, taking into account the notation

_ heit Kk | 2
by = - 3 bys = ] ’
©p (1.68)
the equation (1.67) takes the form
_ 2
PY2 = by ys +by3y3. (1.69)

We divide the left and right-hand sides of the third equation of the system (1.57)

by the rated current

(1.70)
or

(1.71)
Using the relations (1.60), we substitute the relative value of the armature current

into the equation (1.70)

1 Kk 1 1
PY; == Yo =2 @Yy Yo+ Uil
T, R-T, R-Te 1y (1.72)
where Uy Is the supply voltage in relative units.

The equation (1.72) shows the change in the relative value of the armature
current depending on the relative values of speed and voltage.
For the convenience of further use of the resulting equation, we introduce the

coefficients
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1 1 _ Kg, 1

m3—— —Up; Dby =——"wp; byz=-—.

and represent it as follows
PYs = b Y, Y5 +Da3ys + MU, (1.74)
Analysis of the equation (1.74) with coefficients (1.73) indicates that with
dimensionless relative coordinates of the object, the dimension of this equation is
determined only by the dimension of the coefficients (1.73). Transition to relative units

made it possible to write down the motion equations of the electromechanical object

(1.57), which have different dimensions, in the form of equations in relative units
PY1=b12Y2; Y2 =bsp¥5 +by3y3;
PY3=Ds2Y,Y5 +b33y5 +msUs, (1.75)
where
by, =1. (1.76)

: : . .1 :
The dimension of each equation in the system (1.75) is ¢ ~. The corresponding
block diagram of the control object is shown in Fig. 1.1.
The same rule applies to motion equations in relative units of any dynamic

objects.

b3y [+ X
{ Ys Y2 Y1
— M3 L - yg ] b23 4?—> - S E—

b33 b22 ,ya

Fig. 1.1. Block diagram of the control object

3=
SR
SR

Previously, the principles of compiling matrix equations for the dynamics of
linear electromechanical objects were considered. The dynamics of nonlinear objects

can also be described by differential equations in matrix form. However, unlike the
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linear case, all matrices will be column matrices of dimension N X1, Further we will
call such matrices N-matrices.

Let us demonstrate the compilation of dynamic equations for nonlinear objects
in matrix form using the example of equations (1.75). The standard matrix form of

writing the motion equations of a nonlinear object has the following form

py =f(y) +a9(y)U, (1.77)
where
Y1 Yo 0
Y=\ Yy | F(y)=| bpV5 +bs3y5 | 9(y)=| O
Y3 b2 Y23 +Db33Y3 M3 (1.78)

The composition of matrices Y and g(y) Is similar to the linear case, and the

matrix f(y) contains the right-hand sides of the corresponding equations, excluding

control and perturbing influences.
1.3. Controllability and stabilization of dynamic objects

1.3.1. Concept of controllability of dynamic objects
One of the fundamental concepts in automatic control theory is controllability.
To clarify the general laws and patterns to which controllable systems are subject, let

us consider a dynamic system, whose motion is described by the matrix equation
px =f(x,u,t), xeR",ueR", (1.79)
where X is the N-dimensional state vector, U is the I'-dimensional control
vector.
A control input Y = U(t) = (Us (t) Uz (1), ..., u ()" is piecewise continuous

if all its components u; (t) are piecewise continuous. Piecewise continuous controls
are called admissible.

The system (1.79) is called controllable or fully controllable if for any initial
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deviations X0 in the phase space R" on a finite interval [to. tl it is possible to

determine an admissible control that transfers the system (1.79) from the initial point
X(to) = Xo to the final one x(ty) = Xk,
In other words, if an object is fully controllable, then it can be transferred by

admissible control from an arbitrary initial state to any other state within a finite time.

1.3.2. Controllability of linear objects

For a linear dynamic object, which can be described by the equation
px=Ax+Bu, xeR",ueR" (1.80)

the following statement is true:

» the linear object (1.80) is fully controllable if, regardless of the initial position

X(to) = XO, there is an admissible control, defined on a finite interval [tO’tk], that

X(t) =0

transfers the object (1.80) to the final state , 1.e. to the origin.

* the linear object (1.80) is fully controllable if, regardless of the final state

— ok
X(ty) = X . there is an admissible control, defined on a finite interval [tO’tk], that
transfers the object (1.80) from the initial state X(to) = O, that is, from the origin, to
ok
the final state X(t) =X .

The statement remains valid if in the first part the final point X(tc) =0 IS

replaced with any other fixed point, and in the second part the initial point X(to) =0
Is replaced with any other fixed point.
1.3.3. Controllability of linear time-invariant objects
Let the equation
px=Ax+Bu, xeR" ueR". (1.81)

describe a time-invariant system, that is, matrices A and B contain constant
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coefficients.

Let us consider the matrix

Y:[B AB A’B ... A”_lB]- (1.82)

This matrix is called the controllability matrix.

Controllability criterion for linear time-invariant systems. The linear time-
invariant object is fully controllable if and only if the controllability matrix has a full
rank, i.e. when rank equals N.

Recall that the rank of a matrix is equal to the number of independent rows, the
number of independent columns, and the order of the non-zero minor of the maximum

dimension.

A pair (A, B)

is called controllable or fully controllable if the rank of the
controllability matrix (1.82) equals 1.

As an example, we will show that an electric motor with a transfer function
o K

u T.T, p° +Th p+1’

(1.83)
where K is the design coefficient of the motor,

is fully controllable.

To demonstrate this, let's compose the equations of motion of the object under

study, by representing its transfer function as follows:

w u

R = 5 = )(1,
TP +Typ+1 (1.84)
from which we obtain the equations
y = Kxq; u :TeTmp2x1 + Ty PX1 + Xq. (1.85)

The second equation can be replaced by two first-order equations describing the

motion of the motor

1
PX{ = Xo;  PXp = F(_Xl —TinXo +U).
e'm (1.86)

MONOGRAPH 34 ISBN 978-3-98924-097-1



Scientific thought development ‘ 2025 Part 1 %
The first equation of the system (1.86)allows us to write the following

observability equation
W= KX]_. (187)

From equations (1.86) and ((1.87) the object parameter matrices are determined

A{_Ol _H; B m Cm (189

Before proceeding to compiling the controllability matrix Y , we calculate the

product AB
0 1 0 1
AB = =
-1 =T J11] =T ], (1.89)

Let’s create a controllability matrix for the object under consideration
0 1
Y = [B AB] = :
1 -1,

The rank of the matrix Y equals 2, which is confirmed by the presence of non-

(1.90)

zero determinant and minors of the matrix Y .

1.3.4. Invariance of the controllability property of linear transformations

Consider the non-singular linear transformation

X =Tz; det(T) =0. (1.91)
Under this transformation, the equations (1.80) take the form
pz = Az + Bu, (1.92)
where
— 711 .p —7T-1
A=T AT, B=T "BT. (1.93)

Let's verify that the pair (A, B) is fully controllable. Let's create a controllability

matrix for this pair

Y:[B AB A%B ... AHB-] (1.94)
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It is easy to verify that
kK — 1+-1ak k — +-1pk
A" =T"A"T,B" =T B"T. (1.95)
Substituting expressions 15 into matrix (1.94), we obtain

Y:T‘l[B AB A%B .. A”—ls}:T‘lv. o6

Since the matrix T is non-singular and its rank equals N, than the rank of the
controllability matrix Y of the transformed object equals to the rank of the
controllability matrix Y of the original object.

The controllability property remains unchanged under a non-singular linear

transformation of matrices.

1.3.5. Controllability subspace

The region consisting of all points of the state space to which a controllable
system can be transferred by admissible control from the origin within a finite time is
called its controllability region.

If a controllable system is fully controllable, then its controllability region
coincides with the entire space. If the rank of the controllability matrix of the
controllable system is not equal to the maximum value (i.e., the dimension of the state
space), but is greater than zero, then the controllable system is said to be not fully
controllable or partially controllable. If the controllable system is partially
controllable, then, as follows from the controllability criterion, the controllability
region coincides with the subspace generated by the set of independent columns of the

controllability matrix. This subspace is called the controllability subspace.

1.3.6. Canonical form of controllability

Let the rank of the controllability matrix of a linear time-invariant controllable
system (1.80) be equal to I (1<n) . Let us consider a non-singular transformation

Z =TX, where the transformation matrix has the form T=[T,T,] and is
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T,

constructed as follows: IS (nXI)-matrix, and its columns are | independent

T, IS (n X (n o I)) -matrix, and its columns are

columns of the controllability matrix;
chosen so that the matrix T is non-singular. Under this transformation, the equation

(1.80) takes the form of the so-called canonical form of controllability
pz | _[An Ap]zW| [By
@17 o A, l,@| 0"
Pz 22 2 (1.97)

pz(l) = Allz(l) + Alzz(z) +BU;

or

(1.98)
where Z(l) is the | -vector, 2(2) — (n_l)-vector, A11 — (I X I)-matrix, A12 —

(1<) matrix, A2z — (1301 gy, Br - (161 matrix

: . 2 .
From the structure of the equations (1.98) it is clear that the vector 7AC IS

uncontrollable, as its change is not influenced by the control either directly or through

. 1) . : :
other phase coordinates. The vector zW is fully controllable, meaning that it can be
adjusted as needed by selecting the appropriate control.

As an example, let us transform the equation

pX1:X2+X3+u;

PX2 = Xz,
PX3 = %,
PXg = =X = X4 (1.99)

into the canonical form of controllability.

2 3
The matrices A B AB, A°B, A

and their products B have the following

form:
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AB =

0

AB =

o » O O

(1.100)

Composing the controllability matrix from these matrices, we obtain

v=[B AB A% A%B|=

1

0
0
0

0

o +— O

1 0]

0 0
0 1]
0 0]

(1.101)

The controllability matrix has two independent columns, so its rank is 2.

We choose matrices T, T, and T as follows:

Tl =

o O o -

0

0
1
0_

; Ty =

0

1
0
0

0

0
0
1_

T=[N T]=

The transformation Z = TX has the form

The equations in the new variables take the form

1

0
0
0

0
0
1
0

0
1
0
0

0

0
0
1_

o O O

o O +» O

O O O

1(1.102)

(1.103)
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PZy = PX = X9 + Xg +U = Z3 + Z, + U; B
PZy; = PX3 = X1 = Zy,
PZz = PXy = X = Z3;
PZs = P =% =% =73~ 2y (1.104)
or
Pz, = 2, + 23 +U;
PZy = 74,
PZ3 = Z3;
P24 =23 = 24 (1.105)

Using vector

1) — T @ —
notation % _(Zl 22) and ¢~

equations can be written as

pz

pz

o =% Lo, |t %o |1,
10 01 0"

@ |1 0}2(2)_

T
(23 24) these

(1.106)

Analysis of the equations (1.106) shows that the phase coordinate 21 s directly

controlled by the corresponding input; the phase coordinate 22 s affected by control

through il (Zl Is included in the equation Z2), but the phase coordinates 23 and Z4

are not affected by control, that is, these coordinates are uncontrollable.

Thus, the use of a non-singular transformation made it possible to group

controllable Zl, Z2 and uncontrollable 23, Z4 state variables.

1.3.7. Canonical forms of equations

Considering that there are many equivalent forms of equations of state, one can

always choose the most convenient one for use in a particular case. Such forms of

equations are called canonical. Their variety is explained by the diversity of tasks in

which they are used.
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Let us consider transformations of the state equations into the canonical form,

called the Luenberger controllable form

- - 0
0 1 0 .. 0
0
0 1 .. 0
pz=Az+Bu=| . , , , .|z ... |u
-a, -—a —a —a
L “n n-1 n—2 1] 1

(1.107)

The characteristic equation of the matrix A of this equation has the form
_ -1 _
det(pE-A)=p" +ap" " +...+a, =0. (1.108)

The coefficients of the characteristic equation are the elements of the last row of

the matrix A in equation (1.107) taken with the opposite sign.

In order to make a non-singular transformation of the state equation
px = Ax+Bu,xeR",ueR, (1.109)
and turn it into a Luenberger controllable form (1.107), it is necessary and

sufficient for the pair (A B) to be fully controllable.
Under a non-singular transformation, the characteristic equations of the original

) det(pE—-A)=0

system (1.108) and the transformed system (1.107 and

det(PE—A)=0 4rc identical.

As an example, let us transform the state equation
-1 1 O 0
px=Ax+Bu=|{0 -1 0 |x+|1u

-1 0 -1 0 (1.110)

into Luenberger's controllable form. The products AB, A’B and the

controllability matrix Y have the form
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-1 1 07[0] [1] -1 1 0[1] [-2]
AB=| 0 -1 0 ||1|=|-1;A’B=/0 -1 O ||-1|=1 |
-1 0 -1/|0] | 0] -1 0 -1|{0] |-1
o1 -2
v=[p AB A%|=[1 -1 1
00 -1 (1.111)

Since det(Y):1, the pair (A' B) is fully controllable. Therefore, the

considered equation can be transformed into a Luenberger controllable form.

The characteristic equation has the form

p+1 1 0
det(pE—A): O p_|_1 O —
-1 0 p+1
3
=(p+1°=p*+3p*+3p+1=0. (1112
Thus, the elements of the last row of the matrix A will be& = ~3;82 = =3,
3 = _1, and the transformed equation takes the form
0 1 0] [O]
pz= 0 0 1 |z+|0O}u
SR R (1.113)

1.3.8. Invariance of characteristic equations roots of systems to linear

transformations
The roots of the characteristic equation of linear time-invariant systems do not

change under a linear non-singular transformation. Let us prove this statement by

considering a linear time-invariant system, described by the equation
px = Ax+Bu, xeR",ueR", (1.114)

Under a non-special transformation Z = TX | this equation is transformed to the
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form
AN VAN
pz =Az+Bu, (1.115)
AN 1 AN 1
where A=T" AT’ B=T" B.
The characteristic equation of the original system has the form

and the characteristic equation of the transformed system has following form

det(pE—-A)=| pE-A|=0. (1.117)

Let us show that these equations have the same roots.

By multiplying the matrix PE—A on the left by T, and on the right by T_l,
we get
A
T(pE-AT 1= pE-A. (1.118)
Thus, taking into account that the determinant of the product of square matrices
is equal to the product of the determinants of their factors for the characteristic equation
of the transformed system, we find

|ITI(PE-A) | T |5 pE-Al=0. (1.119)

711
Since the matrix T is non-singular, then I TFO [T [0 therefore

A
|(PE-A) 7| pPE-AI=0, (1.120)

that proves the invariance of characteristic equations of linear systems, the
dynamics of which are represented in different phase spaces. In return, identical
characteristic equations cannot have different roots. Thus, the invariance of the roots

IS proven.

1.3.9. Stabilization of linear time-invariant systems

One of the important concepts when defining control problems is stabilization.
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A controllable system is called stabilizable if there is a control law under which the
closed-loop system is asymptotically stable.

Linear time-invariant object

px=Ax+Bu,xeR",ueR", (1.121)
is called stabilizable if there is a control law U = KX under which the closed-
loop system PX = (A +BK)X js aoumptotically stable.

If an object is fully controllable, then it is stabilizable. However, the opposite is
not true: an object may be stabilizable, but not fully controllable. Therefore, the

problem of determining the stabilization criterion arises.

1.3.10. Stabilization criterion

Let us consider a non-singular transformation X = TZ that transforms the

equation of the controllable system into the canonical form:

pz(l) = Allz(l) + Alzz(z) +B4u;

(2) — (2)
Pz = Agpz. (1.122)

The stabilizability of system described by these equations means that there is a

control law U = KZ under which the vector variables z and 7 of the closed-loop

system tend to zero at T — 2. Since in the first of the above equations the pair

(A11,B11) is fully controllable, then there is a control law U = Kz @ under which
the closed-loop subsystem described by this equation is stable, and the vector variable

L) L@

will tend to zero if the vector variable (which in this equation acts as an

external disturbance) will also tend to zero at t — . But, as follows from the second

equation, the latter will take place if and only if the matrix Az

in the second equation

Is stable, i.e. the roots of its characteristic equation have negative real parts.
Stabilization criterion: for a linear time-invariant controllable system, which is

not fully controllable, to be stabilizable, it is necessary and sufficient that the matrix

Az in the canonical form of controllability be stable.
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Let us study the stabilizability of the controllable system, which is described by

the equations
PX = Xy + X3 +U; PXy = Xy,
PX3 =X, PXg==Xp—=X4 (1.123)
This system was considered in the previous example and, as it was proven, these

equations in the canonical controllability form take the form

0 1 1 0 1
pz(1)= 1 O}Z(l)J{O 1}z(z)+{o}u;

pz®@ = . 0}2(2).
-1 —

(1.124)

In order for the system under consideration to be stabilizable, according to the

Stabilization criterion, the matrix Az must be stable. The characteristic equation of

this matrix has the form

(1.125)

P =1

The roots of this equation are , 1.e. the given matrix is unstable, and,

consequently, the system is not stabilizable.
1.4. Feedback linearization

1.4.1. Concept of affine and non-affine dynamic systems

Regardless of the form of representation of the equations of motion of an
electromechanical system of N-th order, its dynamics can be conveniently studied by
examining the phase trajectories represented in a space whose basis is defined by the
state variables of the system under consideration and the independent variable — time.
This approach is because the projections of the motion trajectory onto the
corresponding coordinate planes determine both the phase portraits of the system and

its transient processes. Furthermore, the geometric interpretation of the processes
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occurring in the system makes it possible to use the tools of analytical and differential
geometry to analyze the features of the movement of this system.

One of the basic concepts of analytical geometry, which has found application
in control theory, is the concept of affine transformation, which led to the emergence
of the concept of affine system (2.384).

Let us consider this concept in more detail.

An affine transformation (from the Latin affinis — connected with, close,
adjacent) is a mapping of a plane or space in which straight lines are mapped to straight

lines. The affine transformation is defined by the following expression

f(X) = Mx+, (1.126)

where X is the vector of system state variables, M is the invertible
transformation matrix, V is the vector of coordinate displacements.
In other words, a transformation is called affine if it can be obtained as follows:

« Choose a new space basis with a new origin V;

» Assign a point f(x) that has the same coordinates relative to the new
coordinate system as X in the old one for each point X in space.

Affine transformations are transformations of motion and similarity. There are
two types of transformations:

« Equiaffine transformation is an affine transformation that preserves area (affine
length is also preserved).

 Centroaffine transformation is an affine transformation that preserves the
origin.

An example of an affine transformation is the transformation of one triangle into
another (Fig. 1.2).

This transformation is defined by the following expression

(X, y)—(y—100,2-x+y—100), (1.127)

Since a change in coordinates of a stationary electromechanical system occurs

under the influence of external inputs, we will refer to systems as affine ones if they
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{-100, 300)

(0,100)

{200,0)

{-100,-100)

Fig. 1.2. Affine transformation: motion and similarity

are linear with respect to these inputs. Among affine systems, we will distinguish those
that are affine in control, the dynamics of which are described by differential equations

of the form

pn=~f(m)+g(mu, (1.128)

where M is a vector of state variables, f(n), g(n) are some functions, Uis a
vector of control inputs.
If the vector of derivative state variables of the electromechanical system

depends nonlinearly on the vector of control inputs,
pn=f(m)+g(n,u), (1.129)

then such systems will be called non-affine.

In the general case, the presence of nonlinear functions f(m),9(m), g(m.v) ,
the mathematical description of electromechanical systems significantly complicates

the analysis of their characteristics and the synthesis of desired motion trajectories.

Even in the case when functions f(n),g(m), g(n,u) degenerate into linear
dependencies, the nature of the processes occurring in the system differs significantly

with variations in the roots of its characteristic equation and their distribution, caused
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by changes in the parameters of the system. Therefore, it is convenient to study the
characteristics and processes occurring in the system, as well as the synthesis of the
corresponding control inputs for a normalized system, followed by taking into account
the features of the system under study.

We will consider a dynamical system of N-th order as a normalized system

PXp = Xp,  PXp = X35 -0 PXp =V (1.130)
or in matrix form

pX = AX +V, (1.131)

Xq o140 -0 0

X o 01 .--0 0

x=| ¢ ba=l: ¢ o: oo oy =]

Xn_1 o 00 -1

where Xn 000 1 (1.132)

with N-fold zero root of the characteristic equation

n —
P % =0 (1.133)
The system (1.130) is affine and can be obtained from systems (1.128) and
(1.129) using feedback transformations (2.283).

1.4.2. Feedback linearization principle

D(X,V)

Let us consider that the nonlinear function iIs known and used in the

formation of the nonlinear control input
u=®(x,v) (1.134)
An equation (1.134) is called a feedback transformation if a vector of new
controls V can be determined from it.

According to (2.283), feedback linearization is the reduction of the motion

equations of a known nonlinear object

pn=f(n)+g(mu (1.135)

to a controlled Brunovsky form using feedback transformation (1.134)
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PNy =mM2; PN2 =Mz, -+ PNpg =Mny PNy =V (1.136)

Feedback linearization (FL) is not an approximate, but an equivalent
transformation, so the use of FL allows to obtain a system equivalent to the original
one. In FL, control U is replaced by new control V. The transformation function
includes not only the new control but also the state vector (in a particular case, only
one original variable), i.e. the object is encompassed by feedback in such a
transformation. Hence the name — feedback transformation.

Let us consider FL for an electromechanical object whose dynamics equations

have the form

_ 2
We will look for a control input that makes the closed-loop system (1.137)

asymptotically stable, and the motion equation (1.137) takes the form

pn=v. (1.138)
To do this, we accept the control input as
~Han? )= 2e2 L
b b b (1.139)

Substituting the found control into the equation (1.137), we obtain the desired

motion equation

pn = —an? +b[%n2 +lv} =—an’+an’+v=v.

b (1.140)

Thus, the control input (1.139) allows to compensate for the nonlinear

2
component ~aAN" and normalize the intensity of the reference signal, bringing the

coefficient D to unity. Using the control input on an object (1.137)

1(, 2 a > ¢
u=—\an“+v)=—n"—-=n
b ( ) b’ b (1.141)
brings the equation of motion of a closed-loop system to the form
pn=-on (1.142)

Analysis of the obtained equation indicates that using a transformation (1.139),
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the dynamics of a closed-loop control system for a nonlinear object is described by a
linear equation corresponding to the motion equation of a first-order aperiodic element.

Thus, the given example allows us to formulate the principle of feedback
linearization: the control input applied to the object must contain two components: the
first compensates for the nonlinearity of the control object through coordinate
transformation, and the second ensures the desired movement of the linearized object.
Moreover, the motion trajectories of the object are completely determined by the
parameters of the selected controller, that forms the control input V. It should be noted
that, unlike other methods, feedback linearization allows to reduce not only nonlinear
but also linear objects to the Brunovsky form. For the latter, feedback transformation
compensates for the internal feedbacks of the object, its time constants and gain factors.

Let us confirm this statement with the following example: let it be necessary to
present the motion equation of a generalized first-order electromechanical object in

Brunovsky form. Let us write the motion equation of the studied object in deviations
pn = &M+ Mmu. (1.143)
By equating the derivative PN 0 the new control input vV
V=P, (1.144)
we define a control input U that compensates for internal feedback 9111 and

gain factor my

1
u=— (V — alln)
mi . (1.145)
Substituting the control input (1.145) into the equation (1.143) allows to present

it in Brunovsky form

1
pPn=ayn+m — (V - a1111) =
mai

my aun _
=ayn+—v-m —— =
111 m, 1 m,
=ym+v-—-ayn=v. (1146)

The considered example concerns the case when nonlinearity and control are
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linearly related. However, this is only a particular case of nonlinear systems. In generaI
determining the linearizing control input, which brings the motion equations to the
Brunovsky form, is carried out using the methods of differential geometry and Lie

group theory.

1.4.3. Introduction to Differential Geometry and Lie Group Theory

When further considering issues of feedback linearization, the following
concepts must be defined: derivatives of a function with respect to a vector argument,
Lie derivatives and brackets, diffeomorphisms, involutivity, and integrability of a

system of linearly independent vectors.

Let us consider a function a(m) that is a smooth function of a vector variable
n=( ... M) and a vector function
fm) =T - Mn) -+ Ta(Mz - M) \whose components depend on

the components of the vector variable n
To denote the operation of differentiation of these functions we will use the

operator

_d Lﬁ . gj
dn (om Ny, _ (1.147)
When this operator is applied to a scalar function a(n)’ we obtain a row vector

_d _[da(m)  do(m)
W_d—nam)_( oy oy j

(1.148)

and when differentiating the vector function f(n) we obtain the matrix

off(m)  ofi(m)

vim= Ll o
Vi U et oty
ony ONn

(1.149)
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a2
As an example, let us differentiate the scalar a(m) = any +amny and

2
f(n)= (311771 + a7 ]
2 _
17712 + 322712 ) fynctions of a vector variable M= (. m2)

do(n) 8a(n)j:
om  On

vector

Voc:;—noc(n)(

_ d(an; +a;nm,)  Aams +a;nm,) _
ony oy

:(Zamﬁazﬂz azﬂl) (1_150)

and

d 23y1M; A1oM2
Vf(n)=af(n)=[ J

ax1Mp a21ﬂ1+2322ﬂ2 _ (1_151)
The Lie derivative of a scalar function a(n) with respect to a vector function

f(n) Is the scalar function Lo that is defined by following ratio

da(n)

f)=Vamm=> 22 ¢
i=1 5‘% (1.152)

The high order Lie derivatives are determined recursively

o= L (L) = V(L Talf.

LfOC:

(1.153)

The zero derivative of a Lie function a(n) with respect to f(n) is the function

itself (M)

0 . _
Lfa=o. (1.154)

The Lie derivatives considered are equivalent to the first and highest partial

o) a"f(n)

n
derivatives on and M from classical differential calculus. Similarly, in
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differential geometry there are Lie derivatives, which are analogues of derivatives of

2
o f(np)
onop . Thus, the Lie derivative of a function a(n) with respect to

the form
functions f(") and g(n) is defined as follows
LyLa=Lg(La)=
=V(Lsa)gm) =V(Va(m)f(m)gm) =

5Zn: o) fi(m)

N & o
=y = ; gi (m)-
i=1 N (1.155)

As an example, consider the perturbed motion of a nonlinear EMS in state space

- 2. —
P =8poM2; PN = axMz +apmMe +MU. (g 156)
We will assume that the measured coordinate of the system is related to the state

variables by the following observability equation

y(ne,M2) = gnumz +Come. (1.157)
Let us represent the system (1.156) in matrix form
pn=f(m)+gmV, (1.158)
where
f (m) a n2
f(n)= = PR
o)) {aym, +agmms
g;(m) 0
o= (202
92 (11) m2 (1_159)

and find the first derivatives of the Lie function Y(M1:M2) with respect to the

functions T(M) ang 9(M)

According to the equation (1.152) the derivative Lty will be
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2
Ly =2 20 1 9= 220 1 20 1=
i i 1 2
_ a(c_l.nlgz +C2n2) (al n2)+
N1

0(GmN2 +CoMz)
+ 84 18121 £727 (agaMp +agMy M) =
2

2 _
=CMpa1oM3 +(CNy +C2) (AN, +agnN2) =

3 2
=C1812M2 +Ga1MiM2 +C281M2 + G 32M1 M2 +C2822M1M2-(1.160)

Similarly, the Lie derivative with respect to the function g(n) is determined

Loy = Zay(")g = 2LV g+ X g -
Ni m M2
_ 8(01111112 +CaN2) o, 9(Cminz +C2M2)
ony oyp!
= C{M,My +CoM,. (L.161)

Using the dependencies (1.153) and (1.155), we determine the second

2 .2
derivatives Lty Ly Lgbey, Lelg y

) oLy
3y =Ly (Ley) = V(L) = =2 fym) +C AR

om 8 77
= (Cy@g17 + Codoynly + 2180511 + CoBastty) A5 +
2 2 .

+(3C1845772 + C1az97h + Cola1 + Cudpalli + Co8o27h ) (@217WiT2 + 822712): (1 162)
oL,y oLyy

g —_
gi(m) +—— 92 (m) =
om oy
:Clm2><0+0><m2 :O, (1163)

L5y = Ly(LyY) = V(Lyy)g(n) =
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0 Lf y 8Lf y
gp(m) +
om on,
= (Qap177p + Cpdp171p + 2C180 1T, + Cpapgtty) X 0+
2 2 .
+(3C119777 + @171 + Cod1 + Crapa?i + Codgo)My; (1.164)

oL,y oL,y
: fi(m) + L
om ony

go(m) =

LoLey =Lg(Lsy)=V(Lsy)g(n) =

Lilgy =Ls(Lgy) =V(Lgy)T(m) = fa(m) =

2
= CiMyan,77; + 0% (g7t + 8p17). (1.165)

Now let us move on to the differentiation of vector functions and consider two

smooth vector functions f(n) and g(n) . The definition of Lie derivatives in this case
Is similar to the scalar case, but differs from it in that the result of differentiating one

vector function with respect to another is the vector

d
Lfg:gd—n")f(n):Vg(n)fm):

]
(g o %) s 0 () j
(E on, i(m) E on im : E on, i(m)

(1.166)

Using the values of the functions f(n) and g(n) accepted in the previous

Ltg and Lgf.

og;(m) 09 (m)
ony ony [ fl('l)j
og,(m) og,(m) |\ fo(m)

example, we determine the derivatives

L:g=Vg(m)f(n)

oM ony
| o 1(n) o, 2(n) ] EO)-
0 0 0)
g2(1]) f_’]_(n)'l' g2(n) fz(n)
oy "2 (1.167)
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or(m) of(n)
0 0 g1(n)
Lyf = Vimom) =| % 12 ( : j:

ofa(m)  fa(m) | g,(m)
om 01y
5;1(11) gr(m) + oh(n) g,(m)
— Th 772 —
T2 g T2 )92(11)

om
_ OXO+2a12m2772 j _
1772 X 0+ (@ + ax)m;
_ 2815My17, )
(Ap1771 +ap0)My

(1.168)

Analysis of the expression (1.167) indicates that the derivative t9 for dynamic
systems with constant coefficients under control inputs is a matrix-vector with zero

elements.

Lie brackets of functions f(n) and g(n) are a vector function defined by the

ratio
[f’g]:adfg:ng_Vfg:Lfg_Lgf. (1169)
Using the dependence (1.169), we write first-order Lie brackets for the

previously defined functions f(n) and g(“).
(@d¢g) |
(ad9),

:[o]_[ 2a,,Myn, j: _[ 2a1,MyM; ]
0) ((agmy +ag)m; 81MaM +822Mz ) (4 170)

High order Lie brackets are defined recursively

adg =ad, (ad¥g)=lf,ad¥g|

adfg:Lfg_Lgf:(

(1.171)

For vector functions T and Y , which were considered in previous examples, we
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find the value of the second-order Lie bracket
adfg=ad (ad¢g)=V(ad;g)f -Vfadg=
d(ad:g); o(ad;Q),
| oy [ fl(n)J_
o(ad¢g), od(ad¢g), |\ fa(m)
oy oy
of(m) ofy(m)
oy ony | (ad¢g),
of,(m) ot (m) ((adf g)zj
oy o

_( 0 2apm [ 8,15 ]_
ap1My 0 AN +axM>
_L 0 231,M; j[_( 231,MyM; ]]
Ap1My  AyMp+ay dp1Momy +ayM, (1.172)
The zero-order Lie brackets of functions f(“) and 9(1]) are identical to the

function g(n)

adfg =g (1.173)
Lie brackets are characterized by the following properties (2.283):
* bilinearity
[ouf) +anf,, 9] = oy[fy, 9]+ ay[f;,, 0] : (1.174)
« asymmetric commutativity
[f.9]=-g.f]. (1.175)
* Jacobi identity
Ladfgocz L¢ Lgoc—LgLfoc. (1.176)

A smooth vector function ”:q)(") defined in a domain € is a
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, . : , : _ _ —p! ()
diffeomorphism if there is a uniquely defined smooth inverse function Ml W,

-1
If the functions (I)(") and @ (u) are both smooth and defined over the entire

space of real numbers, then (1) it is a global diffeomorphism.

As an example, let us determine whether the vector function is a diffeomorphism
f N2
f2 (“) Mo .

Let us find the Jacobian of the function @)

ofy(m) ofy(m)
dom) _| o omy :(1 anj
dn o,(m) of,(m)| (0 1 )
oy oy (1.177)

Analysis of the obtained expression indicates non-zero values of the Jacobian

rank for any coordinates of the electromechanical system. A function @M that has
this property is called a global diffeomorphism.

Now let us determine whether a vector function

. fy () 2
cp(n):[fl( )j:( N2
2N M2 T M2 ) s 4 global diffeomorphism.

Let us find the Jacobian of the function (I)(")

ofy(m) of(m)
m _| 9 oy _( 0 anj

dn of,(m)  ofy(n) n, 1)
o o (1.178)

Analysis of the obtained expression shows that the rank of the Jacobian takes

zero values at the origin. Such function D (n) is a local diffeomorphisms.
Diffeomorphisms are used to transform nonlinear systems. Let us consider such

a transformation for a nonlinear system
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pn="~f(n) +g(m)u. (1.179)
We will assume that there is a diffeomorphism ® = q)("), then, considering
that
()] ()]
pp = 2 oy = OB 53 4 gy,
on on (1.180)
we get
pu = f (1) +G(w)u, (1.181)
- - oD
= 2Wey) ow="2 Ve
where =0 (1) gng n=0""(1)

A function M = q)("), defined in a vicinity of €2 is a diffeomorphism in this

dwmzrm}
vicinity if the Jacobian dn Mk does not vanish in this vicinity.
Set of linearly independent vector functions L - )}

involutive if the Lie brackets of any (not necessarily distinct) functions fi(m) and

f)

from this set are equal to a linear combination of functions from this set, i.e.

. (x
there are functions such ~ UK that

r
[fi (), F; (1= > osijcfic ().
k=1 (1.182)
The set of linearly independent constant vectors is always involutive. Indeed, the
Lie brackets of two constant vectors are zero and trivially represented by combinations
of the original vectors.
A set consisting of one vector is involutive, since the Lie brackets of two

identical functions are equal to zero:
[f (), F ()] = (V) - (VF)F =0. (1.183)

A set '( ''<N) of linearly independent N-dimensional vector functions
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i) L) - f(y; is integrable if there are NI independent scalar functions

a, () ax(m) - o () satisfying the system of differential equations
Voi(fj(m) =0, i=12,--,nr; j=12...r. (1.184)

Scalar functions @1(M) ax(M) -+ an (M) 4 independent in some

-, Nr)

domain D if the vectors Yi(m), (1=1.2,-- are linearly independent in this

domain. Note that if ' =1 —1, the independence of one single vector Voy(n) means
that this vector is not equal to zero:
((11 m) ay;(m) -+ oy ('l)) =0

A set I'( I'<N) of linearly independent N-dimensional vector functions

i) L) - fj integrable only if it is involutive. This statement is

used to evaluate the integrability of nonlinear differential equations.
As an example, let us estimate the integrability of the system of differential

equations

. oo o
3~ T o T Y
o ony
oo oo oo
—M L —2N2 T3 =0,
om ony " Ong (1.185)

where & = a(n1, N2, M3) is an unknown function.
It is necessary to determine whether this system can be solved.

Let us represent the system (1.185) as follows

d_afl = O,

dn

d—afz = 0,

dn (1.186)
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f11 ) 2ns for Y —m
fim)=| fo | -1 | fo(m) =] fyo | —2ny

To answer the question whether a given system can be solved, according to the

Frobenius theorem, it is sufficient to check the involutivity of the set fl’f2.

The Lie brackets for this set are

df df
f ’f = _2f _ 21
[f1,f5] it dn

Om  Onp Omg |, | Om Omp Ong|ff,
Ofyy  Ofy  Ofy

f2:

= fio |- foo | =
om 0Ony O ¢ omy  Omp Ong ¢
Ofyg  Ofpy  Ofyg [\ 13 ofig ofi3 Ofig N3
om Omp, 013 om 0Omnp, Ong

(1.187)

f, 1 can be represented as

Lie brackets of each pair of functions from a set
linear combinations of functions of this set as follows:
[f;,f,]=—2f; +0f,;
[fo.f1]=—{f1,f,] = 2f; —0fy;

[fl’fl] = [f2,f2] = Ofl + 0f2 (1188)

Thus, the set {fl f2} Is involutive and, therefore, the considered system is

integrable.
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1.4.4. Linearization by state feedback

Consider the nonlinear system

pn=Ff(m)+g(mu, (1.189)

where f(n),g(n) are smooth vector functions.
We will assume that the free movement of the system (1.189), described by the

equation
pm =f(n), (1.190)
is stable. The origin of the coordinate system is its equilibrium point f(0)= O.

Let us introduce a new control input, defined by the expression

v=w(Uu+o(n)). (1.191)

. : : -1 : :
If there is an inverse transformation W ™ that allows to find the control input U

using a known control V
W (v) = W (w(u + p(m);
WHv) = U+ p(m);
u=w(v) - o), (1.192)
then in the system (1.189) by selecting functions W and Pit is possible to

compensate for the nonlinearity f(n).g(m) of the control object.
A system (1.189) is linearized by state feedback if there are diffeomorphism

1n=TMm) and feedback transformations Y = a(n) +pm)v such that the equation
(1.189) takes the form
pi = An+Mv (1.193)

where
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0 1 -0 0
0 1 -0 0
A=|: = o, M=
O 00 ---1 0
000 -0 1 (1.194)

A linearized system of equations (1.193) whose coefficients are determined by
matrices (1.194) is called a system of equations in Brunovsky controlled form. Any
fully controllable linear time-invariant system can be transformed to this form.

For a nonlinear object (1.189), the controllability matrix takes the form

Y:(g adsg adég --- ad'f"_lg).

(1.195)
Let us show that the matrix (1.195) is a generalization of the well-known
— 2 n
controllability matrix for linear systems Y_(M AB A'M - A M).

To do this, we introduce the following notationsf(n) =An,gm) =M and

define the Lie brackets

ad?g = —d—adfg =———=ad:;g=(-A)(-AM) = A’M;
n Ll

ad g = —g—fad 1=2q = (-1)"2 9AN 1=2q = (-1)"T A" M.
1 dn (1.196)
Taking into account the fact that the “ — sign does not affect the rank of the
matrix Y, the obtained relations reproduce the columns of the well-known
controllability matrix for a linear system.
Based on the previously found first-order Lie brackets for a nonlinear object

(1.156), we construct a controllability matrix

Y=(g adsg) (1.197)

_ T
Substituting the function g(m) = (O m2) and the value of Lie brackets
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_ T
Lig =—(2a;,mym, aymyng +az,m,) into the expressions (1.197), we

obtain the controllability matrix

0 —23,-,M
Y:( 12N> J
m, —ayMyn; —ax M,

(1.198)
Summarizing the above material, we can state that a nonlinear system (1.189)

can be linearized by state feedback in a vicinity €2 of the origin if and only if in this

vicinity the controllability matrix Y has rank N, the determinant of the matrix Y is

nonzero throughout the entire vicinity 2 (though it may be zero at the origin), and the

. 10 adig adfg - adf gl

composed of N —1 columns of the
controllability matrix, is involutive.
Suppose there are transformations of state
1=T(n) (1.199)
and control
u=oa(n)+pmyv (1.200)
such that the variables M and V satisfy a system of linear differential equations
in Brunovsky form
PN = Nisgs PNy =V, | 6[1’”‘1]_ (1.201)

Taking into account the transformation (1.199) and equations (1.189), the

equations of motion (1.201) will take the form
. _ OT; _ .
PR —%(f('l)Jrg(‘l)U)—Tiﬂ, le[1,n-1]

. T
A, = a_(f (M) + g()u)v.
g (1.202)

For a system with single control input, which is included in the last equation of

motion of the object, the functions gi (m)=01<n and g”(") #0,1< n, therefore

the following expressions will be valid
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oT; . oT

—1g=0,i<n —"g=0

on on . (1.203)

The relationship (1.203) allows us to write the Lie derivatives
LgTi =0, I<n Lng #0.

(1.204)
Taking into account the expressions (1.203), we can represent the first equation
of the system (1.202) as follows

oA =%(f(n))=Ti+1, i e[Ln-1]

(1.205)
and get from it the relationship between the transformation functions
LfTi :Ti+1’ (1.206)
from which
vT,adfg =0,k €[0,n-2]
n-1
VTladf g;tO (1207)

The expressions (1.207) allow us to conclude that the system of vectors

lg ad;g adfg - adf gl

is linearly independent and involutive.
Involutiveness follows from the existence of a function T that satisfies the first

(n-1) equation of the system (1.207). Linear independence is explained by the
difference between the first equations of a system (1.207) and the last equation of the

same system.

ad;g ad?g ad?‘zg}

Recall that the involutiveness of a set {
means the existence of a transformation function Tl(n), which is one of the

components of the transformation vector T(n). Taking into account and substituting
the previously found values of the Lie derivatives (1.206) into the expression (1.204),

we write the following equality
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— - ... = n—1r _
boTn =hobeTna ==Lk T =0 (1.208)
This equality allows us to recursively find all remaining components of the

transformation vector T(n) by differentiating the known transformation function T

(9T1d1] 8T1

= = f(n)+ u)=L¢T; + L, T,u=T,;
1 — 81](('l) gmu) = LT +LgTiu =T,

oT, dn _ OT
T, =—2-2=22(f(m)+g(mu)=LT, +L,Tou=
) on dt an(('l) gmu) = LT+ LT,

:T3 + Lg LleU :Tg;

oT. dn_oT
T, =—2—=""(f(q)+g(u) =L;T,+L,Tu=
Pln on dt 81]((1]) g(mu) flnTLlgln

=Lt + Lyl T =T,

(1.209)
Taking into account the obtained derivatives, the system (1.189) can be
represented as follows
PN = Nises 1 €[1,n-1];
pf, = LT T+ Lyl Tou.

(1.210)
Last equation by substitution
1
PSS T
L, LN,
g-g 1 (1.211)
Can be reduced to form
Pl = V- (1.212)

Thus, the sufficiency of the theorem is proved and the transformation of an

arbitrary nonlinear system into a system of linear equations in Brunovsky form is
found.

Let us analyze the controllability matrix obtained in the previous example.
» The matrix Y has a rank corresponding to the order of the control object, i.e.

rank(Y)=2

« The determinant of the matrix Y is found by the formula
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det(Y) = 2a,,m5n,

and is equal to zero only at M2 = O.

ad;g adfg - adf gl

* Since the set { consists of N -1 columns

of the controllability matrix, then in the considered case of a second-order object, it is

simplified to a set containing only one element {g}'Taking into account that the vector

9 contains only constant coefficients, this set is involutive.
Using the considerations reflected in the proof of sufficiency, we can formulate
an algorithm for linearization by state feedback:

« For a given nonlinear system, an observability = matrix

n

Y=(g ad;g ad?g - adlg)

IS constructed.

« Based on the observability matrix Y , the possibility of using state feedback

transformations is determined.

o If the observability matrix Y has a non-zero determinant and the set

lg adsg adfg - ad?’g|

is involutive, then from the relations
VTadkg=0, i<[0,n-2];
VTadf g =0

(1.214)
the transformation function T is found.
* Other vector components T(m) are determined
— — 1
T =LeTi=LTy (1.215)
and the control input transformation is found
1
u= —(— Lq:Tl‘l‘V)
L LT
g-f 1 (1.216)

* The original nonlinear system is reduced to a controlled Brunovsky form

(1.201).

MONOGRAPH 66 ISBN 978-3-98924-097-1



Scientific thought development ‘ 2025 Part 1 %
As an example, let us linearize the nonlinear system
— 2.
P11 =85oM3;
PN2 =ax1NMp +8xoM2 +MyU, (1.217)

the controllability matrix for which was constructed in the previous example.

In this case, the relations (1.214) will take the form
VTlg = (@ ﬂj gl J =
om oy )\ 9,

(ﬂ ﬂj{ O m, g,

ong ong JLm, ony
VT.ad g= ﬂ ﬂ (ad f g)l =
i on on, )\ (ad¢9),

oT. oOT 2a12mzﬂ2 oT.
(2 B2 e
m o2 dp1MpMy +azM; om (1.218)

The first expression of the relations (1.218) indicates that the function T does
not depend on the coordinate "2 The second relation allows us to define the function
T1 as follows

Ty = f(m). (1.219)

The simplest candidate function Ty is the function

T =my. (1.220)
Using the function Tl, all other components of the transformation vector T(m)

can be found. For the considered second-order dynamic object, the function T must

be determined
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oy om

2
:(1 0){ 2 j:alzﬂg-
a1 MM +axoM>7

(1.221)

Taking into account the found functions T and T2, the transformation vector

e ot
= = 5 |
T2 a;on2 (1.222)

I.e., the new state variables, which are interconnected by differential equations

T can be written as follows

in controlled Brunovsky form, are determined through the old state variables by
dependencies
M =T =ng
=T, = alzng- (1.223)
Now let us define the transformation of the control input (1.216), which for the
linearizable object will take the form
1

Lyl Ty

u=

Qﬁn+ﬁ
(1.224)

2
Let us find the Lie derivatives “0= 1 and = ™ included in the linearizing

control input (1.224). To do this, using the expression (1.221), we write the Lie

derivative Lol
LyLiTy =LT,=VT,g= Ty, Ty |[ 91|

o oy )\ 9,
0

:(0 2312712) . =2ay,M,1;
2 (1.225)

2

LTy

and Lie derivative
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f
LZleszTZ:VTZf:(@ @)[ 1}:
oy oy )\ f,

2
:(O 23121’]2)( 412M2 ]:

Ap1M1 M2 + 38N
=2ayyMy (AN +agM2)- (1.226)

I.e., the desired linearizing control input that brings the original nonlinear object

to the form
pﬁl = ﬁZ; pﬁl =V, (1.227)

Is determined by the expression

1
u = —(_2312112 (az1muN2 +a2mM2) +V) =
281,My1;
—_ —28y,MyN, (31N, +a9,1M)) N \Y
281,MyM; 2a1,M,M,

__(Bgmmatapny) v _
m; 281,MyM;

1 \%
=—| —(azmma +axpn,)+ :
my 2a1,M; (1.228)

Analysis of the expression (1.228) indicates that the first component of the
control input U compensates for the nonlinearity of the second equation of the original
nonlinear object, and the second component contains the derivative of the right-hand

side of the first equation of the control object and thus compensates for its nonlinearity.

1.4.5. Linearization by output feedback
Let us consider a nonlinear system in which the measured output is not the state

vector M, but some output variable Y. The components of the state vector and the

output variable are related to each other by the observability equation

pn=f(m)+g(mu, y = h(n) (1.229)
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Linearization by output feedback is a transformation of a nonlinear systea
(1.229), which allows the relationship between the original variable Y and the control
input U to be described by a linear dependency.

Let's consider the principle of linearization by output feedback for a dynamic
object

_ 2 .
PNy = ap g +apmng,
P2 = axNing +axpn, + My,

y = apnimns. (1.230)
We will differentiate the variable ¥ as many times as necessary to obtain a linear

relationship between the j-th derivative of the original variable Y and the control
input U
Py = p(8;2mM2) = 8y Py + &2 PNy =
= 2y, (@i +aNM2)Ny + ayoMy (Bgymuny + Bgomy + Myu) =
= (ayg + A1) A MM + BfN5My + B128My M + AoMyMyU. (1.231)
A linear relationship between the first derivative of the observed quantity and

the control input has been achieved.

By denoting

v=py, (1.232)
we can find the control input U

2 2.2
y = V(811 +821)815M1 My — apM1NG — 815821 M2
MaayomMy (1.233)

or

v a1 +an dp 2
- TN —— M2 —— Mo
Myay M my my m, (1.234)

u=

Substituting the control input (1.234) into the equations (1.230)
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_ 2 .
PNy =2a11My + 2NNy,
PNy =ax NNy +asxny +

N4 djq+ay; dip 2 Ay
+Mm L - MMN2——M2—— M2 |
Myd1omMy m, my my
Y =a;pnmo. (1.235)

Taking into account the control input (1.234), the second equation of the system

(1.235) can be represented as follows

2
— a1 MM — Y 2MN2-
1211 (1.236)

Thus, similarly to linearization by feedback along the state vector, linearization

pno =

by output feedback completely compensates for the nonlinearity of the control object.

To summarize the above example, we can assert that to obtain a direct
dependency between input and output, the observability equation should be
differentiated.

The number of derivatives required to determine the desired relationship
between output and input is called relative degree or relative order of the system. For
a controllable system, the relative order I' does not exceed the order N of the system.

Let us return to the consideration of the system (1.229) and find the control input

that carries out linearization by feedback in a general form. To do this, we differentiate

the output coordinate Y with respect to time

%: 32 (:,? = 32 (F () +g(m)u) = Vh(f () +g(m)u) =

= Vhf () +Vhg(m)u =L h+(Lgh)u.

(1.237)

If in a vicinity of the origin of coordinates £2 the Lie derivative Lgh becomes

: - . L¢h .
zero, then we perform repeated differentiation of the derivative e,
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d’y _d(L¢h) dn _d(L¢h)

f(n)+ u) =
i m dt i (f(m) +g(n)u)
=V(L¢h)(F(m)+gmu) =
_ 12
= V(Leh)f () + V(Lh)g(mu = Lih+(LgLeh)u. ) 5o
— 2
If Lgth_O, then we continue to differentiate the function th. The

.. ) . ) . L"h.
condition for the end of differentiation of the Lie derivative | is a non-zero value

r-1
of the derivative Lg Lt h.

r r-1
Using the found Lie derivatives Lih and LgLf h, we write the desired
feedback transformation

1

u= ——
1
L L7 h

(—er h+ v) .
(1.239)
By generalizing the concept of the relative order of a dynamical system, the
following statement can be formulated:
A dynamical system (1.229) in the vicinity of the origin €2 has a relative degree

I' if the conditions are met in this region
LyLth=0,ie[0,r-2],

r-1
Lyl "h=0. (1.240)

This statement allows us to determine the relative order of any dynamic system.

For linear systems, it is identical to the difference between the degrees of the
denominator and numerator of the transfer function. Let's show this with the following
example.

Let the perturbed motion of the control object be described by linear differential

equations
PNy = oMo, PN2 = ApxyMy + ANy + MU, (1.241)

and the observability equation has the following form
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y:bm1+b2ﬂ2- (1.242)
Let us write the equations (1.241) in vector form
pn=~f(m)+g(m)u, (1.243)

where

a1oM2 0
L] el e
Ao My +axM? m; (1.244)

Differentiating the function h with respect to time, we find the first-order Lie

derivatives

%3—‘:=Vh(f(n)+gm)u)=

B 811> 0
=t b )Hazmﬁazzﬂz}{mzju}’

0
Lgh=(by by) j:bzmz;eo;
m,

Lch=(b, b,) 1272 J:

ax1My +axM»
=byayom, +0, (A +a,ms). (1.245)

Thus, in accordance with the conditions (1.240), the system (1.241) has a relative

order equal to one. This conclusion corresponds to the result obtained by subtracting
the orders of the denominator O = 2 and numerator P =1 of the transfer function

+b
W(p)=—, 2P
P-+axppP+apay (1.246)

which is compiled on the basis of equations (1.241) and (1.242).

1.4.6. Linearization by feedback of non-affine systems

Classical feedback linearization was developed for affine control systems
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pm =f(n) +g(mu, (1.247)

however, there are a number of dynamic objects and systems in which the

trajectories of perturbed motion are determined by a nonlinear function of the control
input
pn = F(n,u). (1.248)
An example of such dynamic systems is electric drives, converters and power

sources of which have nonlinear characteristics.

For such systems, the following approach has been developed 5, according to

which a new function Fi(n,u) Is introduced, satisfying the relation

Fi(m,u) =F(m,u)-G;(m)u (1.249)
and the equations of motion 4 are written in the form
pn = F(n,u) + G (m)u. (1.250)

For a dynamic object, whose control input is related to the derivative of the

internal state variable itself, it is convenient to take the function Gi(m) to be equal to

one, i.e.

The further linearization procedure does not differ from that discussed earlier.

Let us consider some examples.

Let the dynamics of the control object be described by the nonlinear differential
equation

— 2
pn=u-. (1.252)

We can transform it as follows:

— 12
pn=u--u+u (1.253)

and determine the linearizing control input
u=v-—f(u), (1.254)

where
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— 2
Substituting the function 13 into the expression 12, we obtain
- 2
u=v-u +U. (1.256)
From this:
- 2
O=v-u (1.257)
or
— 2 —
v=us, u=iv, (1.258)

Thus, an obvious replacement has been found, bringing the equation 9 to the
controlled Brunovsky form
pm=V. (1.259)
The given example demonstrates that for a first-order dynamic object that is non-

affine in control, replacing the right-hand side of the equation of motion of the control

object f(n,u) in the form of a new control input V allows us to represent the dynamics
of the original object in Brunovsky’s controlled form. In this case, the control input

applied to the object is determined by solving the nonlinear equation
v=f(nu) (1.260)
with respect to U,

Now let us consider a second-order nonlinear nonaffine object, whose dynamics

is described by the equations:

PNy = MMa;

pny = -1 +4/U —1ny. (1.261)

Let us introduce the functions

0
Fl(n,u):[ i J: Gl(n,u):[]
Mp+U-m -V U w26

with which equations 20 can be represented in matrix form

pn=F(n,u)+Gi(n, u)u. (1.263)
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For the system 22 we find a transformation function T= (Tl TZ)’ whose
components satisfy the relationships:
VT,G,=0;

VT,ad: G, #0. (1.264)

Then
G
VTlel = (ﬂ ﬂ\[ 11] =
om oz \Go,

(ﬂ @m:@:o
o omp \1) omp (1.265)

The expression 24 shows that the function Ty does not depend on M2. Thus,

T1= "1, we can determine

ol; Ol M2
T, =VIiF(u)= (—1 — J =
oy onp ) -mp+U-m-U

=(1 o){ e :J:Thnz-

M2 +yU -1 -U

assuming that

(1.266)

Then the transformation function

()
M2/ (1.267)

and the control input that linearizes the object under consideration with
feedback,

U:LET@ﬁn+ﬂ
g-f'1 (1.268)
where
0
Ly LTy =Ly T, =VT,G (m,u)=(n, ;) 1 =M
(1.269)
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LT =L¢ T, = VTR (u)=nm; —(U —JU —ng +mp)ny. (1.270)

Substituting the values of expressions 29 and 30 into the control algorithm 27,

we obtain
1
U =n—(—nm§ +U - JU-n +ﬂ2)ﬂ1+\’):
1
— 2 [
=M +U-U — +T]2 TV (1.271)
or
0=-n3 =AU —ng +nz +v. (1.272)

The desired linearizing control input can be found from the equation 32

JU— =3 +m,+v;
U -1, =(-n5+np +V)?;
- 2 2
U=(nz+ny+v)"+nq. (1.273)

It should be noted that finding a linearizing control input by solving a nonlinear

equation is a separate task that can only be solved analytically only in some cases. If it

Is impossible to determine U analytically, the problem of finding it must be solved
numerically by the control system after finding the control input V generated by the
corresponding controller.
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KAPITEL 2/ CHAPTER 2
METHODS OF OPTIMAL CONTROLS SYNTHESIS

2.1. Classical and modern methods of calculus of variations

2.1.1. Euler’s method

The main task of the calculus of variations is to find functions that deliver an
extremum to the functional. Mathematically, this task can be reduced to the analysis of
solutions to the Euler equation, which are the required functions. In the calculus of
variations, functions at which the functional reaches an extremum are called extremals.

Let us find a function that delivers the minimum to the functional

'o (2.274)
with fixed boundary points of admissible functions X(0) = X0 gng X(t) =X

. The function F(x x1) Is assumed to be continuous and twice differentiable with
respect to all arguments. The geometric interpretation of the problem is shown in Fig.
2.1.

It is necessary to find the equation of the curve passing through the boundary
points X(to) and X(tl), which, when substituted into the functional 10 would
minimize it.

It is known that a necessary condition for an extremum is that the variation ol

vanishes (1.3). Let us apply this principle to the functional under consideration 10. Let

us suppose that the extremum is reached at the function X(1) . Let us vary this function

and determine the increment of the functional

] ]
5l = jF(x+6x,x+5x,t)dt— J.F(x, %,t)dt
to to . (2.2)

MONOGRAPH 78 ISBN 978-3-98924-097-1



Scientific thought development ‘ 2025 Part 1 % -

i
t

Fig. 2.1. Geometric interpretation of the variational problem
The variation of the argument is chosen in a way that Sx(to) = 3x(ty) = O, i.e.
the varied line described by the function X1 () = x(t) + 3x(t) passed through the
points X(to) and X(t)

Let us expand the varied function into a Taylor series

F (x+8%, X+8%1) = F (X, X,t)+{%6x+%8x}+
X X

2 : 2 : 2 :
+£ 0 F(x,x,t)6X2+28 F(X’X’t)8x8>'<+a F (X, X,t) 52 iR,
2 o°x OXOX 0°X 2.9

where Ry is the remainder of the third and higher orders of smallness.

The expansion term (1.5) in the first curly brackets is called the first variation,
and it is linear. The expansion term in the second curly brackets is called the second
variation, and it is nonlinear.

To determine the extremum of the functional, it is necessary to study the linear

part of its increment, i.e. first variation . Due to the smallness of the components R”,
they can be neglected. Then the variation of the functional is determined by the

expression
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] . L5} .
51 = jw&dan&zdt
OX OX
to to . (2.277)

Let us integrate by parts the second term in (1.6)

sxdt = P KXY 8x

I 6F(x X,1)
OX OX

.[d oF (X, X,t)

dt  ox oxat.
0t (2.278)

The first term in the resulting expression is equal to zero, because

)

S[X(tO)] = S[X(tl)] =0 according to the conditions of the problem. Taking this into

account, the expression for the variation of the functional takes the form:

tl{aF(x x5, d FXY SX}Bth

tI OX dt OX
0 . (2.279)

The integral (1.8) is equal to zero when the integrand is equal to zero, i.e.
8F(x,>‘<,t) d oF(x, xt)8 _0
OX Cdt ox _ (2.280)
The expression (1.9) is Euler equation and extremals of functionals of the form
10 should be sought among the solutions of this equation.
When investigating the extremum of functionals of the form
b

1= [FOx - x™ tydt,

t
0 (2.281)

depending on higher order derivatives, the Euler-Poisson equation should be

used. This equation is similar to Euler equation (1.9), so we present it without

derivation
2 n
FX—EFX+d—FX+ + (- 1)nOI (n) =0,
dt " dt? dt" X (2.282)
FE R, P o .
where " X, "X ... XY are partial derivatives of the functional’s integrand
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(1.10) with respect to the derivatives of the variable X from 0 to N-th order.

Equations (1.9) and (1.11) form the basis of classical variational calculus
methods, which assume the continuity and linearity of the variations of functionals, the
functions studied and their derivatives. This formulation of the variational problem has
limited application in the theory of automatic control, as in most cases the control input
belongs to a closed set, i.e. bounded in modulus.

Moreover, for real control objects, some phase coordinates must be constrained.
Quite often, the extreme value of the chosen optimality criterion is achieved with
discontinuous controls. Discontinuity points may also have derivatives of optimal
trajectories. The position and number of discontinuity points are unknown in advance.

The noted circumstances have necessitated the development of modern methods

of variational calculus that are free from these drawbacks.

2.1.2. Pontryagin's maximum principle
Among such methods is Pontryagin’s maximum principle (1.12). Let us consider
its simplified proof from the perspective of its physical meaning.
Let us consider a control object whose perturbed motion is given by the
equations
M= £y (g UgeUp), (= 1,00m),
dt (2.283)

and the goal of control is to minimize functional

| = [fo(My. M Uy,ee Uyt
0 (2.284)

Let us introduce a new coordinate

Mo = [ fo(Mpe Mg Uy, Uy )t
0 (2.285)

Then
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d
=0 = fu (Mo Ny Upres Uyp).
gt (2.286)

Let us add the equation (1.15) to the system (2.283) and consider the movement

of the control object in N + 1 dimensional phase space

dn :
—J = fJ (T]Olnl"'lnnluli"'lur)l (J = 0111---1 n)-
dt (2.287)
Let us write the system (1.16) in vector form
dn -
—=f(n,U
it (n )’

(2.288)

where T is the vector of state variables in (n + 1)-dimensional space in contrast

to the N-dimensional vector ',

f

We will assume that the functions are continuous and differentiable with

respect to variables.
Let us formulate the control problem as follows. Among piecewise continuous

functions satisfying the condition

U<l (2.289)
it is necessary to find the optimal control U that minimizes the functional (1.13)

on the trajectories N of the system (1.16) from any initial position n(0) to the origin
n(=) =0

*

Let us assume that the functions M and U are known. Let us consider the

change in optimal control over time (Fig. 2.2). Let us vary U on an infinitesimal
interval €, imposing a needle variation oU on it. The magnitude of the variation must
be such that the varied control U =U  + 08U satisfies the condition (1.18), i.e. it does
not exceed the specified constraints. Since the duration € of the needle variation is

infinitesimal, even large values of oU have an infinitesimal effect on the subsequent

movement of the control object.
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Fig. 2.2. Imposing a needle variation

The needle variation, which differs significantly from the smooth variation used
in the classical variational calculus, allows one to expand the class of admissible
functions and is the basis of the maximum principle. Since optimal control was applied

to the object until the moment of time t = T—¢€ it moved along the optimal trajectory
N | As a result of varying the control over the interval T—¢ <t< T, the subsequent

*

movement " at > T differs from the optimal one n by the amount of trajectory

*

variation X1 =MN=N _ The value of 9N at a time t =T can be determined as the

product of the difference in the rates of change 1 and N the duration € of the needle

variation

Sh=¢ (1] LU B s(f(ﬁ,U)— f(ﬁ,U*)).
dt ). | dt
t=1 (2.290)
The variation & of the trajectory is infinitesimal, so the law of its change can

be determined by solving the equations of motion in variations. Equations in variations

are obtained from the basic equations (1.16) after replacing the variables N with

Mj +6nj’ (J=0.1--n) and Taylor series expansion in 8T]j:
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d(n; +on;)

dt
(M MU ) ¢

n of : My, N, Un,y e, U
ZSﬂi J(nonl Mn»Y1 r)+Rn,j:O,1,---,n.

20 on; (2.291)
R

= f;(no + Mg,y +My,eees My + M Ugy ooy Uy ) =

Discarding the term "' of order of smallness greater than two and taking into

account (1.16), we obtain equations in variations

d@n) _ o V)
=y >on; ————
dt 2.0m; on:

’ (J = 0’1’...,n)
(2.292)

Among all the solutions to the equations (1.21), the value of the coordinate oMo
at any moment in time t, (t<t<o) Is of greatest interest. This interest is quite

understandable, since Sno’ according to (1.14), represents the variation of the

functional Ol that arose as a result of imposing a needle variation on the optimal

*
control. Since only optimal control U™ can ensure the minimum value of the functional

(1.13), any other control will lead to an increase of | Hence,
ol =dngy =0. (2.293)
Let us introduce a vector V= (Wo, W1, Wn) such that the scalar product of
M and V is equal to —Sno’ ie.
(Mo, o) =—8Mp <0. (2.294)

As is known, the scalar product of two non-zero vectors is zero when these

vectors are mutually perpendicular. Therefore, to fulfill the relationship (1.23), it is
sufficient that the projections of the vectors 81ﬁ“and i (1=1,---,n) were mutually

perpendicular, and the projections oMo and V0 were counter-parallel.

The scalar product (1.23) for any non-optimal controls will be negative. Only
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with optimal control U it vanishes, reaching its maximum. This is the main idea of
the maximum principle.
The needle variation of control ceases at t = T. At this point, the variation of the

functional caused by the variation of control has reached its maximum value and

remains unchanged for any time t, (t<t<o0)
Thus,
(87(t), ¥(t))=const, (t<t<o0) (2.295)
from which it follows that
9S50, 50) =0, k<t <)
dt (2.296)
or

<(6n(t)) (t)> <6T](t) (\V(t))> 0’ (’CStSOO).

d dt (2.297)
Let us present equality (1.26) in expanded form
L d(@n;®) < d(y; (t
TORTESINOR SIS
)= ' (2.298)

and substitute into it the values of the derivatives from the expression (1.21)

Z\VJ (t) ZSn, (t) Ja(n_’ 25 () d (\lflt(t)) _

j=0 =0 N (2.299)

Changing the order of summation over i and J in the first term of the expression
(1.28), we obtain

Yom) Y @) dwi®) |_q
1=0 1=0 on dt (2.300)

from which it follows that
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diyitt) & L di@my) o
a0y 0

(2.301)

Linear differential equations (1.30) are conjugate to the system (1.16).

Let us consider the inequality (1.23) after substituting the value on from (1.19)
into it and dividing by €:

(FEULT)~(FEU.T) <0, @202

as well as the Hamilton function
From the expression (1.31) it follows that optimal control should deliver the

maximum value of the function £Z . This is the essence of the maximum principle, the
main provisions of which are quite clearly presented graphically for a second-order

system (Fig. 2.3).

«
TID"N* E;n s W
i +8n s
5:[:61]{ //
LN
- ——— 4 LN
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|
|
| (oY
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75 +1-Pu

Fig. 2.3. Variation of the optimal trajectory

In the plane of two coordinates (M1:M2) | the trajectory of the system under the

influence of optimal control begins at point of initial disturbances n(0) and ends at

the origin. In the three-coordinate space (‘11’712“10), the optimal trajectory " cuts
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off a segment on the axis Mo equal to the minimum value | min of the accepted quality
criterion. Over the time interval T—€ ST < T there is a variation oM of the trajectory
N caused by imposing a needle variation on the optimal control (Fig. 2.3). Further

movement of the system takes place along the trajectory " +0om that cuts off a segment

min + Ol on the axis "0 after the end of the transition process. From the arrangement

of the conjugate system's coordinate axes (WO’\Vl’\VZ), it follows that the scalar

product of the vectors & and v at ‘WO‘ =1 is determined by the relationship
<8ﬁ; \Tf> - <8ﬁ0 ) \T’O> + <6ﬁ1, \Tfl> + <8F|2 ) {|72> - —5ﬁo < 0'(2_304)

Consequently, optimal control turns the inequality (1.34) into identity, i.e.

delivers the maximum value to the product <6n,\|1>’ and can be determined from the

maximum condition of the Hamiltonian function

max H (n,y,U)=0.
U (2.305)

In many cases, it is impossible to find the explicit form of the optimal control
from condition (1.35). Then the equations (1.16), the conjugate system (1.30) and the
maximum conditions (1.35) form the boundary value problem of the maximum
principle. This problem has a number of specific features that make it difficult to use

standard numerical methods for solving boundary value problems. These features

Uyg,---,U

include discontinuities of functions r satisfying the maximum condition

(1.35), their non-uniqueness, and the nonlinear nature of the dependence

U=UMmv) when the condition is met (1.18)even in linear systems. In addition, a
feature of solving optimization problems associated with the maximum principle, even
in cases where it is possible to find an explicit form of optimal controls, is their poor
convergence caused by the instability of the joint solution of systems (2.283) and (1.30)
(1.36).
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2.1.3. Dynamic programming

A very general method for solving optimal control problems, known as dynamic
programming, was proposed by R. Bellman (5.843). Let us consider the main
provisions of this method.

Let us start by solving the problem of the optimal speed of transition of the

control object (2.283) from the phase state n(0) to the origin " = O Let us assume
that the trajectory of such a transition exists for any initial disturbances and that the

movement along it occurs in a minimum time under the influence of admissible
controls U .

Let I denote the time during which the movement along the optimal trajectory

Is carried out. For simplicity, consider the movement of a second-order control object

from an arbitrary starting point n(0) to the origin M = 0 Let us assume that for some
time b1 the control object moved from point n(0) to point "1 under the influence

of arbitrary constant control U=Ug along a non-optimal trajectory 1 (Fig. 2.4).

upy |
)
lf..-ll""
rd
2 T-|1=T-|(t1)
0 -
U

Fig. 2.4. Phase trajectory

Starting from point "1, the object is transferred to optimal trajectory 2. The time

of movement along the optimal trajectory T depends on the position of the starting

point "1 of transition from trajectory 1 to trajectory 2, i.e. is a function of the phase
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coordinates of the system
T=Sm®)- (2.306)
The function (1.38) is continuous and has continuous partial derivatives with

respect to the coordinates of the phase space everywhere, except for the origin. Moving
along the optimal trajectory, the object will take time equal to Ty =S(n(k) to move
from the point "1 to the origin. As a result, the transition from the point n(0) to the
origin along trajectories 1 and 2 will be completed in time (1) + S(n(tl)). If the

movement from the point n(0) had immediately occurred along the optimal trajectory

2, then the control object would have been transferred to the origin in the minimal time
T =3(n(t))

Hence,
S(n(to)) < (t —to) + S(M(ty))- (2.307)
Dividing both sides of the inequality (1.39) by the positive duration of the
interval 1~ tO, we get

_SMt)-SMte))
-1 (2.308)
t1 — to:

Let us move to the limit at

_ d
lim [—ES(n(t))} <1.
4=l (2.309)

The derivative (1.41) is calculated using the formula for the total derivative for

the system (2.283)

n n
—ES(n(t)) =-> mﬁi = _Zm fi(m,V).
dt o o i1 O (2.310)

Then
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~ 3 00 ¢ u)<1

=1 Oni (2.311)
Obviously, inequality (1.42) turns into equality only with optimal control in
terms of speed. In other words, optimal control delivers the maximum derivative

(2.310), which physically represents the rate of decrease of the transition time, i.e.

max{—zn:M f; (n,U)}:l
UL o (2.312)

or

min{zn:i(n) f; (n,U)+1}:O.
U Lia o (2.313)
Let us now consider the general control problem that is optimal in terms of
minimizing the integral functional
b
= [fo(n,U)dt
to (2.314)

The problem of optimal control of an object (2.283) is formulated as follows:

from all permissible controls that transfer the representing point from its position n(0)

to the origin, it is required to choose such a control that minimizes the functional (1.44)

. Please note that if fomU)= 1, the functional (1.44) takes the form
T
| = [dt
U

Therefore, the problem of optimal performance is a particular case of the general

problem considered.

Let us assume that fo(m,U) >0

. This condition is satisfied for all integral
quadratic functionals. Let us introduce a new time T on each trajectory, related to the

transition process time by the differential relationship
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dr = fo(n,U)dt

(2.315)
In the new time, the functional (1.44) is transformed into
U
| = Idr =1 —Tp,
0 (2.316)

and the problem posed is reduced to the previously considered problem of

optimal performance.

Let U be a control that transfers the representing point from position n(0) to

position M1, and n(t) be the corresponding trajectory. Let us suppose that

]
t(t) = [ fo(n.U)dt
to (2.317)
Differentiating the functional (1.47) with respect to time, we get
dt
— = fo(m,U).
dt (2.318)

The function o(t) Is continuous and monotonically increasing, since fo O.

Therefore, there is an inverse function t(T), for which the following value of the

derivative is true:
dt _ 1
dt  fo(n(x),U(7)) (2.319)

Consequently, in the new time domain, the control object (2.283) is described

by a system of differential equations

dni (t) _ dni(7) dt(z) fj(n(x)U(x)) |
dt dt dt fy (n(r),U(t)) (2.320)

Substituting (1.50) in (2.310) and further into (1.43), we get

min{i%(‘ﬂ fi(n.U) +1}0
U i3 oni fo(n,U)

(2.321)
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or

n
min Mfi(n,U)no(n,U) =0.
O Lim M (2.322)
The expression (1.52) is called the Bellman functional equation, and S() Is the

Bellman function.

To determine the optimal control U that minimizes expression (1.52), it is

necessary to find the derivative

S on aU ou

(2.323)
and solve (1.52) and (1.53) together.

2.1.4. The Lyapunov’s second method
One of the most effective methods for studying motion stability is the direct

Lyapunov method, which is often referred to as Lyapunov’s second method. To reveal

the essence of this method, let us consider some real functions V() =V mn)

defined in the domain
L 2
Zﬂi S U,
i=1 (2.324)

where M isa positive constant.

It is assumed that in the domain (1.54) these functions are single-valued,

continuous and vanish when all 22" "In are equal to zero, that is
vV(0)=0. (2.325)
If in the vicinity of the origin a function V' can take only values of one sign
besides zero, it is called constant sign (positive or negative, respectively). If a function

of constant sign vanishes only at the origin of coordinates, then the function Viis called

sign-definite (correspondingly positive-definite or negative-definite). Such functions
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V' are used to study motion stability and are called Lyapunov functions.

A sign-definite function has an extremum (a minimum for a positive-definite

function and a maximum for a negative-definite function) at "1 = "~ "n = 0 A

sign-definite function does not have an extremum at the origin.

Let us assume that the positive-definite function vV =V(n) Is continuous along

with its first order derivatives. Then at "1 ="~ "n = 0 it will have an isolated

extremum, and all first-order partial derivatives at this point will be equal to zero

(2.326)

Let us expand the function V(n) into the Maclaurin series

V@Y, 1 0 ( a2y
vV =V(0)+ Z(yj ity 2 ( ] Nink + Rn,
0 1 0

i=1\On; i k=1 ONionk (2.327)
where Rn are the higher order terms of expansion.
Taking into account the relations (1.55) and (1.56), we obtain
1 n
V=3 2 VikNink + Ra.
k=1 (2.328)
Here the constants ik ~ Vki are defined by the expression
RErLY
Vik = oo |
7k Jo (2.329)

From the expression (1.58) it is evident that the expansion of a positive-definite

function V' into a Maclaurin series in powers "11*"""*"In does not contain first-degree
terms.

Thus, regardless of the higher-order terms, for sufficiently small modular values

of Mi , the function V' will be positive-definite if the quadratic form is positive-definite
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V =

N |-~

n
Z VikNiNk -
k=1 (2.330)
That is why in control theory the search for Lyapunov functions is carried out in
the class of quadratic functions of the form (1.60).

To determine the positive-definiteness of quadratic forms (1.60), the Sylvester

criterion is used (1.61); according to which a quadratic form is positive-definite if all

the main diagonal minors of the matrix of its coefficients Vik are positive.
The direct Lyapunov’s method (1.62) is based on the following two theorems.

* Lyapunov's theorem on stability of motion. If for the differential equations of

perturbed motion (2.283) it is possible to find a positive-definite function V' whose
total time derivative would be a negative function of constant sign, then the
unperturbed motion is stable.

 Lyapunov's theorem on asymptotic stability. If for the differential equations of

perturbed motion (2.283) it is possible to find a positive-definite function V' whose
total time derivative would be a negative sign-determined function, then the
unperturbed motion is asymptotically stable.

Physically, the Lyapunov’s function can be identified with the excess energy
stored by the system along the trajectories of the perturbed motion, compared to the
energy stored along the trajectories of unperturbed motion. If the excess energy of the
system constantly decreases, as evidenced by the negativeness of the derivative of the
Lyapunov function, then the forces causing the deviation of the actual motion from the
unperturbed one decrease. In this case, the system under study returns to the trajectories
of unperturbed motion, regardless of the initial deviations.

Now let us demonstrate the conditions under which the main functional Bellman
equation corresponds to the direct Lyapunov method.

Let us consider the equations (2.283) and functional (1.13). We will assume that

there is a positive-definite Lyapunov function V(n)’ and the integrand of the

functional (1.13) fo(mU) Is a positive sign-definite or positive-definite function.
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Then, in accordance with the above Lyapunov theorems, a closed-loop control system,

optimal in the sense of minimizing the functional (1.13), will be stable if the conditions

are met
n
W =5 W £ (nU) =~ fo(n,L)
i=1 M (2.331)
or
MW - 5 VO £ 0,0y + fy(n,U) =0.
dt i3 on; (2.332)

Thus, if a positive-definite or non-negative function is chosen as the integrand
of the optimality criterion, in the process of solving variational problems the Bellman
function can definitely be replaced by the Lyapunov function. This follows from the

comparison of expressions (1.52) and (1.64).

2.1.5. Analytical design of regulators

The analytical solution to the problem of optimal stabilization of linear stationary
objects with a quadratic quality functional (1.65) was proposed by A. M. Letov, who
identified ways to overcome the difficulties of solving boundary value problems. This
approach is called analytical design of controllers (ADC). Thanks to the clear
formulation of the problem and constructive results, this method has become a common
tool for synthesizing optimal controls for various classes of objects. Simultaneously
with A. M. Letov, research in this areas was carried out by R. Kalman, and in foreign
sources it became known as linear quadratic optimization (1.66). Therefore, the ADC
problem is also referred to as the Letov-Kalman problem. Each of these approaches
has its own peculiarities, but both lead to similar results, which indicates the
correctness of the synthesis problem formulation.

Let the perturbed motion of a generalized object of the N -th order be described
by a system of linear or linearized differential equations of perturbed motion in the
Cauchy form
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n
pTIi = Zbiknk + miU, I :1,2, ---, N,
k=1 (2.333)

b

where “IK are constant coefficients.

Among the set of piecewise smooth functions that satisfy the constraint (1.18),
it is necessary to find the optimal control Um) that transfers the system (1.67) from
the initial position (M1(0).+- M (0) 15 the origin (My(0) = 0,-+My () = 0) 4,
such a way that minimizes the integral functional

o0 o n
| = [F(n,U)dt = j[ZWiniz+cU2]dt
0 o\i=1 (2.334)

Initially, this problem was reduced to the Lagrange conditional extremum

problem. For this purpose, the system (1.67) is represented in the form

n
ei(mU,t) = pnj = D bym —mu,i=12,---,n,
k=1 (2.335)

and the functional is introduced into consideration

o0 n o
I = I(F(ﬂ’uﬂzki(t)cpi (n,U,t))dt: jL(n,U,A,t)dt,
° = 0 (2.336)
where Ai(0) are the undetermined Lagrange multipliers.

Then, by solving Euler's equations, the extremals mi (t) and Ai(t) of the

functional (1.70) are determined. Euler's equations for the function L(n,U, A1) have

the form
i_ oL :O,(i:]_’...1n);
on; o(pm;) (2.337)
oL oL
-p =0.
ou a(pU) (2.338)

Optimal control as a function of the uncertain Lagrange multipliers is determined
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from the equation (1.72)

1 n
U= D My ().
k=1 (2.339)

Substituting (1.73) into (1.69), a system of 2n equations with 2N ynknowns
ni(t), Ai(t) is considered
n 1 n
i = 2biknk + oo 2 mimgAk (t);
ik 2C =1

n
phi  =2wind — 3 Abik, (i =1,...,n).
k=1 (2.340)

To solve this system of differential equations, it is necessary to determine the

2N roots of the characteristic equation of the system (1.74)

2
- LLL S LL LY
L
. mam, L m2
D(H): bln an — WL 2_C 2_C ,
—2W1 0 _b_l.l_“ _bnl
0 e = 2W, —Dby, o —byy—p (2.341)

which has the property that if His any root of it, then M is also a root (1.76).
To ensure the stability of a closed-loop system (1.67) with control (1.73), N roots with
a negative real part are taken into account, and the remaining N roots lying in the right

half-plane are neglected.
After this, the general solution of the system (1.74) is determined as a sum of

exponential functions
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ni = ZAi(Hk)CkeMkt’ (1=1,...n),

k=1
n ot
A= D Angi (e )Cret,
k=1 (2.342)
where Aiv Anyi are the minors of the | -th or (n+1) -th element of the first row

of the determinant (1.75), Ck are arbitrary constants.

To determine the optimal control algorithm as a function of the phase
coordinates of the system (1.67), the uncertain Lagrange multipliers Ai(t) must be

expressed through the variables ni(t). This is done by eliminating the exponential

mt
Cye from the system (2.342). As a result, optimal control takes the form

n
U=>Bm;
i=1 (2.343)

Control (1.77) was found without considering the restrictions (1.18). In closed

functions

area that satisfies the condition (1.18), the desired optimal control is determined by the

expression

n

1 if DBmi>L

i=1
n n

U=« Zﬁini if Z‘ﬁini Sl,
i=1 i=1

n
-1 |f Zﬁini <-1.
i=1

(2.344)
The expression (1.78) has a more compact form
n
U :Sat(Zﬁmi J,
i=1 (2.345)

where sat(.) Is a function equal to the argument when its absolute value is less
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than one, and becomes a sign function otherwise.

Let us represent the system (1.67) as follows

n
fi = pnj = Xbjgng +mu,i=12,--,n
k=1 (2.346)

and introduce an additional coordinate T]o, which satisfies the relation

n
_ _ 2 2
fo = pno = D win{ +cU”.
i=1 (2.347)
The system, which is conjugated to the equations (1.80) and (1.81) can be
represented as

n

of ;.
Po; :_Z\Vj _J’ (| :O’...’n)

iz om (2.348)
The Hamilton function for systems (1.80) and (1.82) has the form
n
H =2 fiv.
i=0 (2.349)

The optimal control that minimizes the functional (1.70), delivers the maximum

of the function (1.83) and is determined from the condition

ﬁ:o,

oU (2.350)

from where, considering the fact that Yo = _1, follows

k=1 (2.351)

Thus, optimal control depends on still unknown functions WYk and can be

expressed through the phase coordinates of the control object if the dependence

Wi (i) is determined. To do this, it is necessary to join the conjugate system (1.82)

to the system taking into account (1.85)
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n n
i = 2 bk + 2. Vi, i=1,---,n,
k=1

mj My
k=1 c

2

n of
pyi = — Z(PJ —J, 1=0,..,n.
J (2.352)
System of equations (1.86) is identical to the system (1.74), so the further
solution process does not differ from the one discussed above. As a result, an optimal

control algorithm (1.79) is determined.

Optimal control U (ﬂi), which belongs to the class of piecewise continuous

functions, subject to the constraint (1.18), and delivering a minimum of the functional

= [F(n,u)dt= [(n™wn-+cu? it
0 0 (2.353)
on the trajectories of motion of the system (1.67), must satisfy the solution of the
main functional Bellman equation in partial derivatives
n
: oS dn;
mln{ Rl W F}:O,

U i=1 anl dt (2354)

where S is the Bellman function, which, when synthesizing optimal controls
based on the minimum quality functional (1.87), can be uniquely replaced by the
Lyapunov function, since the equation (1.88) satisfies the conditions of Lyapunov's

stability theorem.

The Lyapunov function vV(n) for a system of linear differential equations (1.67)

IS a positive-definite quadratic form

n
V(M) = D Vieminks Vik = Vi,
i k=1 (2.355)

or in matrix form
V(n)=n'Vn, (2.356)

whose coefficients satisfy the Sylvester criterion.
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By differentiating the main functional Bellman equation (1.88) with respect to
U , the optimal control that delivers a minimum of the functional (1.87) on the
trajectories of the system (1.67) is determined:
_ L m; oV

U= .
i—1 2C 81],

(2.357)

Matrix V is a stationary solution of the Riccati differential equation
V(t) = V(t)B + BT V(t) — ¢ V({t)mm T V(t) + W, V(0) = 0. (2.358)

Among all solutions to the Riccati equation (1.91), those that satisfy the
Sylvester criterion must be selected, because only in this case is the A.M. Lyapunov
theorem on asymptotic stability fulfilled. Determining optimal control in this case is
associated with the need to solve the matrix differential equation (1.91), which is a

rather complex mathematical problem. One of the ways to simplify the procedure for

finding optimal control is to move from a non-stationary matrix V(t) to a stationary

one V. In this case, the coefficients of matrix V' are determined as a result of the

numerical solution of the matrix Riccati equation
VB+B'V-cVmm'V+w=0. (2.359)

n(n+1)

A matrix equation (1.92) represents a system 2 of nonlinear algebraic

equations concerning the same number of unknown coefficients Vik of the Lyapunov
function (1.89). If as a result of solving the equation (1.92) this function is found, then

the optimal control taking into account the constraint (1.18) takes the final form

U =—Sat£i%viknk} (| :1,..., n).

k=1 (2.360)

As follows from the analysis of the above solution methods for the ADC
problem, this problem can only be solved numerically and does not have a strict
analytical solution in general form, which makes it difficult to analyze the general

properties of synthesized systems.
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Simplifying the computational procedures when solving the ADC problem was
proposed by A. A. Krasovsky (1.94). To do this, an additional term is introduced into

the functional (1.87), taking into account which it takes the expanded form

o n n 2
I :J- lean]J -|-CUZ-|-1 Zm,m dt.
o=l s o (2.361)

In a functional 15 the function V(n) IS a quadratic form (1.89) and its

coefficients are determined by solving a matrix algebraic equation
VB+B'V+W=0, (2.362)
b

where B is the matrix of coefficients "k of the system (1.67) of NxN

dimension, W is the square matrix of weighting coefficients of the integrand 15 of the

same dimension.
The equation (1.96) has a unique solution \% >0, in particular, when the

eigenvalues of the matrix B have negative real parts, i.e. only when the controlled

object is inherently stable. In this case, the synthesized system will be asymptotically

stable, and the function V(n) will be a Lyapunov function. Then the optimal control
algorithm is defined as (2.357). When determining the Lyapunov function satisfying
the equation (1.96), it is convenient to use the method proposed by E. A. Barbashin
(1.97). According to this method, the desired Lyapunov function has the form of a

matrix equation

2 2 2
0 N oo 2nmy, Mz ot 2ning My
-05W;  Ca11 r CGpar Cp11 0 Cikar o Cpnat
1 Win 011’1 n °° Oln,ln C22,1 n - Ci An o Cnn,ln
V(n)= Al 0,5Wp Cli2p  * Cn Cx2 = Cik2z * Chax
— Wik Cinik  CGnik  C2ik - Cikik  Chnik
_O’5Wnn C11,nn Cln,nn CZZ,nn Cik,nn Cnn,nn (2.363)
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where Cij ki are the coefficients that are expressed through the real coefficients
of the differential equations of the perturbed motion of the control object (1.67) and
are subject to the relations:

Cij ki = (iji,kl = Cji, Ik »
0 if =]k =1,
_ Dy if j=11#Kk;
L P I E I EIR
b;i if I=j=k=I,

~

(2.364)

A is the minor, related to the element of the first row and first column of the
determinant (1.98).

v

From the equation (1.98) the coefficients of the Lyapunov function "k are
determined using Cramer’s formulas
A
Vig = =,
A (2.365)

A

where 1K are the algebraic complements of the elements of the first row of the

same determinant containing the products ik |
This solution allows us to express the coefficients Vik explicitly through the

coefficients of the differential equations of perturbed motion (1.67) i and weight

coefficients Wi of functional 15. As a result, the control algorithm of the type (2.357)
Is expressed in analytical form through the parameters of the control object and the
quality functional. The functional 15 is called the generalized operation criterion, since

the last term of the functional 15 represents the energy or generalized operation of

optimal control U,
All solutions to the ADC problem considered above lead to linear controllers
with rigid feedbacks along the coordinates of the perturbed motion of the control

object. The control systems synthesized in this way are inherently static and physically
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incapable to ensure the fulfillment of boundary conditions at the ends of the phase

trajectories () = 0, I.e. do not guarantee the convergence of integral quality
functionals at t — 2. In other words, the asymptotic stability of closed-loop system s
IS not ensured even in the absence of coordinate disturbances. The natural presence of
external disturbances exacerbates the situation, because the system acquires a static
error not only for the reference input but also for the disturbances. All attempts to take
into account external disturbances when solving the ADC problem inevitably lead to a
combined control principle, which significantly complicates the control system, but
does not provide a fundamental solution to the problem due to the practical
impossibility of taking into account and directly measuring the entire spectrum of
disturbing influences acting on the object.

Alongside these negative features, the structural property of control systems
synthesized as a result of solving ADC problems, such as stability with unlimited
increases in the regulator gain, deserves close attention. The implementation of
infinitely large gain factors in the domain of linear structures is associated with the
need to have an energy source of unlimited power, which is physically unrealizable.
However, in the works (1.101) and (1.102), it was shown that infinite gain factor can
be implemented in relay systems operating in sliding mode. In this regard, the remark
of A. M. Letov is significant. He indicated that the choice of a sufficiently small weight
coefficient C in functionals of the form (1.68) in the presence of a constraint (1.18)

allows one to approach the relay characteristic of the controller as closely as desired,

implementing the optimal control law (1.65). Indeed, when C = O the control law
(1.93)takes the form

n

U :—sign{Zmivkink}, (i=1,---,n).
k=1 (2.366)

The ADC problem for a relay system was solved for the first time by the

dynamic programming method based on minimizing the functional
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O n
IZ Wy nimi dt

0ik=1 (2.367)

on the system's motion trajectories (1.67). The optimal control is obtained in the

form

n
U =—sign (Zmi S—Vj
i=1 N; (2368)

where V' is the Lyapunov function (1.89), whose coefficients for the system
(1.67) and the functional (1.104) are proposed to be determined as a result of solving
Bellman's fundamental functional equation after substituting the control input (1.103)

into it

n
Zm —_ - Z Wik NiMk -
Ml k=1 (2.369)

A rigorous solution of a nonlinear partial differential equation (1.106) is

oV
Z Zblknk

Mi k=1

complicated by the presence of a sub-signature expression of the control input (1.105)
, standing under the modulus sign. The existing literature lacks data on the
methodology for rigorously solving the equation (1.106). The solution of the equation
(1.106) can be carried out based on the condition of the existence of a stable sliding
mode in the synthesized closed-loop system, one of the conditions for the occurrence
of which is the equality of the average value of the signal at the input of the relay

controller to zero, i.e. fulfillment of the relation

n
m; S—V 0.
iz N (2.370)
Considering (1.107), the equation (1.106) takes the form
oV
Z Zbukﬂk =- Z Wi i Nic-
Ni k=1 ik=1 (2.371)

n(n+1)

The expression (1.108) is a system 2 of linear algebraic equations and is
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a particular case of the Riccati matrix equation (1.92). As mentioned above, thz
solution to (1.92) is the Lyapunov function (1.98).

The given solution to the ADC problem for the case of a relay system was
obtained without considering of boundary conditions. The work (1.109) provides a
more rigorous solution to the problem of analytical design of relay controllers by
introducing additional restrictions on the expenditures of control signals. In this
formulation, the problem was named the analytical design of relay controllers based on
the criterion of generalized operation. An additional term is introduced into the

functional (1.104), representing a restriction on the “expenditure of control signals”

n t2 n
Zuylm j Zvlknk 111(t) no (1), ’nn(t)]’
(2.372)
where
1 n
5 D Vik (E2)mi (t)ni (t2)-
k=1 (2.373)
Taking into account (1.110), the quality functional (1.104) takes the form
t2 n
| = j S et 3 v () () ().
| k=1 I,k=1

(2.374)

Uyim - . . i
In (1.110) ~Y'M js an absolute values of restrictions on control inputs resulting
from the condition (1.18)

uy () | _
Uym (t)
In the expression (1.110) the quantity
L

J
! (2.375)

represents an integral estimate of the expenditure of control signals over a time

U=

n

D vy |dt
k=1

MONOGRAPH 106 ISBN 978-3-98924-097-1



o~
Scientific thought development ‘ 2025 Part 1 %

interval 1% 1f 1 = 0 and t2 =% then the integral (1.113) estimates the control

signal expenditures over the transient process. With a control input Y™ that is
significantly limited in modulus, a significant expenditure of the control signal is
expected. If such an expenditure rate is unacceptable, it is necessary to ensure a higher

level of control input limitation.

If the transient process is limited by the time interval b _t2, then the optimal
control problem becomes a problem with fixed ends under terminal control. However,

terminal control is often unnecessary and, in this case, the upper time limit remains

tz—)OO

free. In this case , the second term of the functional (1.112) vanishes in

accordance with the requirement of asymptotic stability of a closed-loop system

(%) =0 and the functional (1.112) is transformed to the form (1.104).

It should be emphasized that if not all eigenvalues of a matrix B have negative
real parts and even if there is at least one zero root, i.e. it is not possible to synthesize
optimal controls according to the criteria of generalized operation 15 and (1.112) by
solving the equation (1.96) or (1.98) since in this case the principal determinant A of
the equation (1.98) has at least one zero column. This is due to the fact that the
algorithms for optimal control according to the criteria of generalized operation are
calculated based on the Lyapunov function for an open-loop control object and the

closing of the system with feedback loops is not taken into account. In addition,

arbitrary assignment of weight coefficients Wij in functionals 15 and (1.112) may in
some cases lead to the synthesis of controls that do not ensure the stability of the
corresponding closed-loop system s. In the theory of optimal control, it is traditionally
assumed that the optimality criteria are given a priori, leaving the choice of the type of
optimizing functional and its coefficients outside the scope of this theory. The controls
obtained as a result of solving the ADC problem are optimal only in the sense of the
minimum of the assigned functional. In this case, the dynamic properties of the
synthesized system may not correspond to the desired ones. In this regard, the selection

of such integrands of optimizing functionals, in which optimal systems would have
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completely defined predetermined properties, is highly relevant.

2.2. The principle of symmetry of self-propelled guns and its modification

The problem of synthesizing automatic control systems (ACS) with the required
dynamic properties is, to some extent, connected with the concepts of inverse dynamics
problems. The solutions to these problems according to a given law of motion of the
system determine the forces or control inputs required to achieve a predetermined
motion of the system. In the broadest sense, inverse dynamics problems include the
determination of the laws of motion control of dynamic systems and their parameters
to ensure that specified trajectories are followed.

Determining the laws of motion control of dynamic systems forms the basis of
the structural and algorithmic synthesis of ACS. On the other hand, determining the
parameters of a dynamic system is a task of parametric synthesis, where the structure
of the control system is assumed to be known a priori. Both of these problems form the
basis of the automatic control theory. Despite the long and rich history of inverse
dynamics problems, they have gained increasing recognition and understanding in
recent years, particularly within the field of automatic control theory (ACT). The
essence of these problems is to construct closed-loop ACS that move along designated
trajectories (trajectories of unperturbed motion) using control laws with feedback based
on the state variables of the control objects.

In the process of development of classical and modern ACT, regardless of the
progress made in solving inverse dynamics problems, many practical techniques and
methods for creating and calculating ACS of various natures and purposes have been
developed. These primarily include frequency and root methods, as well as the
problems of analytical design of optimal controllers by minimizing integral quality
functionals, as discussed earlier. In any formulation of the synthesis problem using
these methods, the ultimate goal is to determine the structures and parameters of the
ACS that ensure the dynamic processes of the system follow prescribed laws or closely
approximate the processes occurring in a certain reference model, which best meets the

technical design requirements. A similar goal is pursued by solutions of inverse
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dynamics problems. This allows us to conclude that the synthesis methods used in ACT
are directly or indirectly connected to the concepts of inverse dynamics problems. In
each of these methods, either explicitly or implicitly, a reference model of unperturbed
motion is defined, and the task is to determine the control law as a function of the state
variables of the controlled object, ensuring the system follows the specified

trajectories.

2.2.1. Concept of inverse problems of dynamics
Let us consider the classical problem of automatic control theory, which involves

determining the structure and parameters of a control law (1.114). Using the known

transfer function of control object W(p)’ it the task is to find the transfer function of

W,y (p)

the control device such that the closed-loop automatic control system has the

desired transfer function o (p). In this formulation of the problem, the desired

motion trajectory or the required dynamic properties of the synthesized system are

specified by the type of transfer function @ (p)_ The required control law is
Wy (p)
the control object and the control device forms a closed-loop ACS. The determination

W, (p)

on the available initial data corresponds to the content of inverse dynamics problems.

represented by the transfer function of the control device . The combination of

of the control law and its parameters in the form of a transfer function based

The block diagram of the synthesized system is shown in Fig. 2.5.

y*(p)  —n(p) U(p) y(p)

——O—— Wy(p) W (p)
-] I

Fig. 2.5. Generalized block diagram

Transfer function of the closed-loop system shown in Fig. 2.5 has the following
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form
_ Wy (p)W(p)
1+W, (P)W (p) (2.376)

D(p)

Substituting the desired transfer function @ (p) of the closed-loop system

instead of the transfer function @(p) and solving the resulting equation for Wy ( p)’
we find the desired control law in the form of a transfer function
D*(p)
Wy ( p) - * '
W (p)(1-@ (p)) (2.377)

The expression (1.117) formally solves the problem of synthesizing a closed-
loop system under the condition of implementing a given transfer function. This
indicates that the traditional problem of automatic control theory is formulated and
solved as an inverse dynamics problem in its direct understanding. The desired motion

trajectory of the synthesized system is specified in the form of a transfer function

O (p) of certain reference model, and the desired control law is also defined in the

W, (p) U(p) =Wy (P)Ly (P) - ¥(P)]

Let us consider the synthesis of a control system that ensures the movement of a

form of a transfer function or equation
representing point along a specified trajectory as a solution to the inverse dynamics
problem in a different formulation. Let the motion of the control object to be governed

by differential equations

n
pY; = D by Vi +mMpu, (i =1,...,n).
k=1 (2.378)

The system of N equations (1.118) can be reduced to a single differential

equation of N-th order

n
> ap“y; =myu.
k=0 (2.379)

The task is to determine the control input U that will ensure the movement of

MONOGRAPH 110 ISBN 978-3-98924-097-1



o~
Scientific thought development ‘ 2025 Part 1 %

the coordinate ya(t) along the trajectory b1 (t).
In accordance with the basic idea of inverse dynamics problems, we determine

the control input from the equation (1.119)

n
=mpt > a p*yi ().
k=0 (2.380)

Substituting the desired value y1 () instead of the current value of the variable

Y1(t) in (1.120) we will get

1 & K
m_ Z kP Y1 (t).
k=0 (2.381)

From the expression (1.121), it follows that the desired control input can be
found as a function of time by performing a finite number of operations:
differentiation, addition, multiplication, etc.

Based on the relationship (1.121), general provisions for determining the control
inputs that ensure the system’s movement along the designated trajectory are
formulated. From the comparison of expressions (1.119) ant (1.121), it follows that the
operations of forming the desired control are the inverse of the corresponding
operations that determine the structure of the mathematical model of the control object.
Integration in the mathematical model of an object corresponds to differentiation in the

control algorithm, summation corresponds to subtraction, and multiplication

corresponds to division. Ultimately, the output U and input Y1 variables of the control

algorithm block diagram represent the corresponding inverted variables U, Y1 of the
mathematical model of the controlled object. Thus, the block diagram of the control
part of the system can be obtained based on the block diagram of the control object by
reversing the operations and corresponding variables.

Fig. 2.6 shows a block diagram of the control system, built in accordance with

the equations (1.119) and (1.120) at N = 2.
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ap ap
2 _
yi o P[P o LA P P

el 1)

Fig. 2.6. System block diagram

3~

The input variable of the diagram is the trajectory of unperturbed motion yl,

and the output variable is the actual variable Y1, 1f the corresponding operations and
variables are reversed, the direction of the diagram will change, i.e. the output of the
system will become its input and vice versa, and the overall configuration of the block
diagram will not change. As a result of such a reversal, the structural diagram will take
the form shown in Fig. 2.7.

Thus, the following rule can be formulated: the algorithm for forming a control
input is built on the principle of structural symmetry and reversing operations
concerning the structure and group of operations corresponding to the mathematical
model of the controlled process (1.114).

ap Qo
2 o 2, ¥ "
Y1 pby1 Py * Py by; Y
LLTH;WL A%T |
a. L a;.

Fig. 2.7. Block diagram of the inverted system

Rl
3=

2.2.2. Symmetry property of automatic control systems

The given block diagrams clearly illustrate the symmetry property inherent in
automatic control systems. These properties unambiguously determine the structure
and parameters of the control part of the system and form the methodological basis for

finding control algorithms for the movement of dynamic objects along a designated
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trajectory. In this case, the task of designing control algorithms fully aligns with the

concepts of inverse dynamics problems and comes down to finding a control function

U that ensures the movement of an object along a designated trajectory Yi In the
considered formulation, the solution to the inverse dynamics problem makes it possible
to determine program controls that provide the system with predetermined dynamic

properties, if the designated trajectory of motion is given by the equation

n
py1 (t) = D cixi (),
i=1 (2.382)
where % () are known functions of time; Ci are constants that uniquely
determine the initial state of the system.
By substituting the expression (1.124) into (1.121) we determine the required

program control

1 n n
u* ()= =l e D aod @) ++c, Y axi ) |
M k=0 k=0 (2.383)

It is significant that controls of the form (1.125) ensure the implementation of

only those motion trajectories, whose structure as functions of time corresponds to the

structure of the solution to the equation (1.119) for U = 0. 1t follows from this that
program controls are implemented only if the conditions for the reproducibility of the
designated trajectories are met.

It is more preferable to implement designated motion trajectories in closed-loop

systems based on control laws with feedback. To find such laws, it is necessary to

cix{(t)

express the time functions in terms of the state variables of the control object.

This problem is easily solved for functions X (t) that satisfy the relation

P X (1) = > pi%i (1), (k =0,1,...,n).
i=1 (2.384)

if % (t) in the expression of the designated trajectory (1.124) meets the
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condition (2.384), then the program control (1.125) takes the form

u*(t) =%Zvicixi ®).
i=1

(2.385)
where the coefficients 'i are determined by the expressions
n
Yi = D apik, (i =1,...,n).
k=0 (2.386)
To construct a feedback control law based on the program control (1.126), itis

cix; (t)

necessary to express functions in terms of system state variables (1.119). Such

), (k =0,1,.

k
variables are PYi »N=1) . Then, in accordance with the condition of

reproducibility of the designated motion trajectory Yi(t) = Vi (t), the following

expression can be obtained

n
> e ®) =y M), (k=0,1,...n-1).
=1 (2.387)
By solving the system of equations (1.127) with respect to the desired variables
Gi%i (1) , we determine

n-1
Cixi(t) = X Bip yat), (i =1,--,n),
k=0 (2.388)

where Bik are constant coefficients.

Substituting expressions (1.128) into (1.126), we obtain the feedback control law

n-1
u*(y) =m 1Y 8, p*y,.
k=0 (2.389)

The trajectory of unperturbed motion y (t) , specified by the equation (1.124),
is implemented in a closed-loop system with a control algorithm (1.129) in which the

n-1
feedback coefficients for the variables Yi* PYis-==» P Yi are determined by the
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expression

n
8k = ZYiBik , (k =0,1,...,n —1)
i=1 (2.390)

Thus, as a result of solving the inverse dynamics problem based on the principle
of symmetry, a control algorithm for a closed-loop system is obtained in analytical
form as a function of state variables and parameters of the control object, as well as
known time functions that determine the type of the designated motion trajectory,

taking into account the initial state of the system.

2.2.3. Modification of the principle of symmetry

The solution of inverse dynamics problems is based on the assumption that the
desired motion trajectory is known in advance and specified in some form. Methods
for defining such trajectories inevitably contain elements of subjectivity and do not
exclude the possibility of using iterative procedures in the process of finding optimal
solutions that best satisfy the complex of conflicting requirements of technical
specifications for the design of control systems. The situation is further complicated by
the fact that the presence of natural restrictions on the maximum values of control
inputs and certain state variables of the control object requires the formation of system
motion trajectories, consisting of segments of phase trajectories corresponding to the
solutions of the dynamics equations, meeting these restrictions. This is particularly
relevant to control systems, the synthesis of which places high demands not only on
the accuracy of stabilization of steady-state movements, but also on speed in transient
modes. In the vast majority of cases, the driving inputs for automated electric drive
control systems are step functions, and the implementation of control laws obtained
from solving inverse dynamics problems inevitably leads to the need to construct
trajectory generators for unperturbed motion, which is not always economically and
technically justified.

In this regard, the problem of developing new effective methods for structural-

algorithmic synthesis of control systems that best satisfy a set of conflicting
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engineering requirements for control quality under the influence of a wide range of
destabilizing factors is highly relevant. Another important requirement is the simplicity
of computational procedures during the determination of control algorithms and
fulfillment of the conditions for their technical feasibility.

Below in this chapter we will study the tasks of designing control algorithms for
the motion of objects whose dynamics are described by linear or linearized differential
equations, based on general provisions determined by the symmetry properties and
solutions to problems of analytical design of controllers. The use of these provisions
made it possible to develop an effective procedures for the synthesis of control laws,
ensuring the maximum dynamic characteristics of the controlled process under
restrictions on control inputs, while taking into account the requirements for the static
properties of the synthesized structures.

Let us consider the block diagram shown in Fig. 2.6. Moving on to the apparatus

of transfer functions, this scheme can be represented in the form shown in Fig. 2.8

y*(p) ") U*(p) o) y(p)

Fig. 2.8. Open-loop system built based on the symmetry principle

It is easy to see that for a linear control object with a transfer function of the

Wy (p) = M (P) M(p)= Db p N(p)zzoaip‘

general form N(p) , where i=0 ' are

polynomials of degree M and N( M < N) respectively; Y and & are real numbers,

the transfer function of the control part has the form

N(p) _ 1
M(p) Wo(p) (2.391)

In other words, the transfer function of the control part of the system is the

Wy (p) =

inverse of the transfer function of the controlled object. As a result, the equivalent
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transfer function of the considered open-loop system equals one, which determines the

condition for ideal reproduction of a given motion trajectory Y1 = Y1 This condition

Is realizable only if the zeros and poles of the transfer functions of the controlled object

Wo(p) and the control device Wy(p) cancel each other out. It follows that the
reproduction of given motion trajectories in open-loop systems built on the basis of
the symmetry principle is possible only for stationary objects with frozen parameters
in the absence of external disturbances. For real electromechanical objects, the
considered control principle in an open-loop system is meaningless.

Let us close the system by including an amplifying element with a transmission

coefficient 9. Asa result, we obtain the block diagram shown in Fig. 2.9.

y*(p) . —n) ") . U*(p) o) y(p)

-]

Fig. 2.9. To the design of a closed-loop system block diagram.

The transfer function of such system is

y(p) _ 9Wy(p)Wo(p)

p)= yvi(p) 1+9gWy(p)Wo(p)
y (2.392)
if the condition (1.132) is met, then it will take the form
o=YP) _ : g
+
y (p) 9 (2.393)

The expression (1.134) indicates that the use of symmetry properties

theoretically makes it possible to construct an inertialess closed-loop control system,

and condition that 9 ™ % ensures that the transfer function of such a system equals
one. Consequently, the control part of the system must fully compensate for the

inherent dynamics of the control object and ensure ideal reproduction of the stepwise
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reference input. In real electromechanical objects, this is only possible if there is an
energy source of unlimited power, which is physically impossible. In addition, in
existing electric drive control systems there is always a limitation on the maximum
value of the control input. Taking this into account, we modify the closed-loop system,
the block diagram of which is shown in Fig. 2.9, by introducing an integrating element
Into its composition, which contributes to the formation of realistically achievable
maximum dynamic characteristics in a closed state and, if necessary, ensures the
elimination of a steady-state error in the driving force with a limited gain factor. In
addition, we will take into account the limitation of the maximum control input value
by including a saturation function Sat in the appropriate location of the direct
amplification path of the system. As a result, we obtain a system, the block diagram of

which is shown in Fig. 2.10.

y*(p) . —n(p) p jF U*(p) y(p)

Fig. 2.10. System with an integral component

In such a system, the control input u(p) directly arriving at the input of the

* u” ‘sl _
control object equals to the optimal control u (p) if ‘ () and u(p) =+1

otherwise.

Let us consider the transfer function of a closed-loop system when

u(p) =u (p)’ i.e. when the control input at the object input has not reached the

saturation level

Y (p) 1+§F])Wy(p)Wo(p).

(2.394)
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If the condition (1.132) is met, the transfer function (1.136) is transformed into
)= y(p) _ 1

y(p) p+1
9 . (2.395)

In other words, a closed-loop control system is equivalent to a first-order

O(p

*

y

aperiodic element with a time constant T=1/ . When a stepwise reference input
of a sufficiently large amplitude is applied to the input of the system, its movement will

occur along two segments of phase trajectories. Initially, under the influence of a

significant in absolute value input yl, the controller will saturate and the control
system will operate as an open-loop with the maximum permissible control input U =1

. The motion trajectory of the output variable Y is determined exclusively by the

dynamic parameters of the control object and the level of control input saturation. As

the system accelerates, the error M will begin to decrease until U * becomes equal to
one. At this moment, the system will close and further movement will occur

1
exp| —t
exponentially 9 /in accordance with the transfer function (1.137) until the error

"0 pecomes zero. Thus, by choosing the controller gain 9 , Itis possible to ensure that

the transition process of bringing the system from an arbitrary initial position M0 to

the origin M = 0 at the final stage occurs with the required intensity. If the control input

Y (t)

as a function of time is a reproducible trajectory, during the execution of which

*
: . _ u (t _
in any section the control input (t) does not reach the saturation level, then the
system remains closed, and behaves as an astatic first-order system. The ideal
reproduction of such unperturbed movements with zero error can be achieved in the

sliding mode, when 9 = % and the function S8lis transformed into a function S19M.
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2.2.4. Correspondence of the modified symmetry principle to solutions to the

problem of analytical design of regulators

Such an approach to the synthesis of control algorithms under certain conditions
fully corresponds to solutions to the problem of analytical design of controllers. Let us
demonstrate this using the example of a control object of arbitrary order, the movement

of which is described by a normal system of differential equations in the Cauchy form

n
PYi = D b Vi +mpu, (i =1,2,---,n),
k=1 (2.396)
where Yk , U are state variables and control inputs in relative units, respectively;
bik, Mn are constant coefficients.

Let us transform the system (1.138) into normal form

pyi :yi+1;i:1’2’...’n_1;

n
pyn = Z_aiyi + Mnu’
i=1 (2.397)
or in expanded form
pY; = ¥ai
Py, = ¥s;
PYn_1 = Yns
PYn = - %1 -8y, ——a¥y + Mpu. (2.398)

The transition from system (1.138) to system (1.140) can be achieved using the

so-called linear non-singular transformation. It is important to note that in system

(1.140) Y1 Yn are some fictitious coordinates that have been intentionally

introduced into the system, and some of them may coincide with the real phase

coordinates of the control object. In this case Y1 coincides with 1. Systems (1.138)

and (1.140) describe the motion of the same object in different phase spaces.
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The last equation of the system (1.140) can be written as

n-1x

~ " A 2 A
P91 = —ay§1 — 8P —83p Yy~ =@ P Y1 + MU, 5 399y
expressing all terms on the left and right sides through the derivatives of the

output coordinate, because for the system (1.140)
(7 — (} Gy — 24 N — -1~ A A~
J2 = P91 93 = P91, 90 = P70 PIn = PV (0.400)
The expression (1.141) describes the dynamics of the control object specified by

the transfer function of the form

W, (p) = 21(P) - M '
U(P)  p"+anp a4

Thus, the coefficients 21 (=1,1) i the fast equation of the system (1.140)
are the coefficients of the characteristic polynomial of the control object (1.138). In
accordance with the modified symmetry principle stated above and the block diagram

in Fig. 2.10, let us find the control input

u :—Sat|:Mi[a—;+az +a3p+...+an pn—z + pnljnl:|.

n (2.402)

Now let us determine the optimal control of the object (1.138) as a result of
solving the problem of analytical design of controllers, for which we describe its

dynamics by equations of perturbed motion corresponding to the system (1.140)

pﬁl :ﬁ|+lsi:1121'ln_11

n
PR, =-Dami+ MU,
i=1 (2.403)

where Mi = ¥i = Y¥i> (1=1,--,n) are the deviations of the coordinates of the

true motion of the system (1.140) from the unperturbed one; Uisa stabilizing control.

We will assume that the quality of control is specified by the functional

© n
‘ (2.404)
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and find a control UMy, Mn) that minimizes the integral (1.146) on the

motion trajectories of the system (1.145) from any initial position 10" ""+"In0 {0 the
Let us create the basic functional Bellman equation for the system (1.145) and
the functional (1.146)

A

n av n 5
D —pf + ) Wy Aify +cU =0,

i=1 O i k=1 (2.405)

or in expanded form

N, .

—(—afy — @, ——af, + MU )+
ony,

N . oV, N o & 2
+—Tp+ T3+ + Ty + D, Wy A +cU* =0.

oty o, OMp1 i k=1

(2.406)

To determine the desired control, we differentiate the expression (1.148) with

respect to U

ﬁ M, +2cU =0,
My (2.407)
where
Y
2¢ oMy (2.408)

In the algorithm 39 % is the Lyapunov function, which is defined by the

expression

n
V= _ZVikﬁiﬁk1\7ik = V.-
k=1 (2.409)
Taking into account the Lyapunov function, (1.151)the optimal control 39takes

the form
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My, . A
U=-—= (Vlnnl"'VZnnz +"'+Vnnnn)-
c (2.410)
Taking into account the fact that in real systems there is a limitation of the control

u|<1

input ,and expressing the variables 127""*"In through M =™ pased on

equations (1.145), we finally get

Moo | w N e
U= —sat[—”(vln +V¥pn P+ Vo P 1)111}.
c (2.411)

Comparing the algorithms (1.144) and (1.153), we can see that except for the

9
integral component P in (1.144), they have the same structure. This conclusion allows
us to state that the solution to the ADC problem can be interpreted in terms of the
concepts of inverse dynamics problems, arising from the symmetry properties of

automatic control systems.
2.3. Modal control

The results presented in the previous section were obtained based on the
symmetry principle in control systems, which connects their structure to the desired
trajectories of movement. Achieving these trajectories is impossible without properly
assigned zeros and poles of the transfer function of a closed-loop ACS. Therefore, it is
of interest to determine the correspondence between the solution of the problem of
ADC using the modified symmetry principle to the basic provisions of the modal
control theory (1.154). However, before moving on to establishing this
correspondence, let us consider the basic methods and approaches of the modal control

theory.

2.3.1. The concept of modal control
Modal control is a control method based on placing the roots of the characteristic
equation in a certain predetermined manner (1.154). The desired root distribution is
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ensured by applying a specially designed linear control input.
Let us prove this statement with the following statements.

Let there be given: a linear time-invariant object
pX:AX+BU,X€ Rn,UER, (2412)
and | (I <n/2)

pi =ajtjb, (i=12,...,1)

pairs of arbitrary complex conjugate numbers

and n-2l arbitrary real numbers

Pps =og,(s=21+1,...,n)
If a linear object (1.155) is controllable, then there is a linear control law

— LT —
U=k’ x =KX +koXo +...+ KXy, (2.413)

where the roots of the characteristic equation of the closed-loop control system

are equal to the specified numbers.

Using a transformation X = Tz that turns the equations of the object into the

controlled Luenberger form (1.155), we define the characteristic equation of the object

det(pE—A)=p"+a,p " +...+a, =0. (2.414)

In order for the roots of the characteristic equation of a closed-loop system to

be equal to the specified numbers, it must have the form

| |
[1(p—oi—iBi)(p—ay+iBi)] [(P—as) =

=1 i=1

=p"+¢,p " +...4c, =0, (2.415)

The characteristic equation of a closed-loop system will have the following form

If we accept the control law
u=(a, —Cy)zp+ (a1 —Cht)p +...+ (& — )2y =
—fa_ T
=(a-c) z, (2.416)
a=(a, a a,) ;c=(c, ¢ ¢)'
where n n-1 --- 1) > n n-1 - ¥

Indeed, substituting this control law into the equations of motion of the object,

we obtain
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0 1 0
0 o ... 0
pz=Az+Bu=| ) ) |z
__Cn _Cn_l cee _Crl_ (2417)

The desired control law can be determined by substituting the expression
z = T X into the formula (1.160)
_ T, _ T-1
or
T T _ T—r-1
u=k x, k' =(a-c) T. (2.419)
A similar statement is true for multivariable control systems: if a linear time-

— n r
invariant control object PX=AX+BU,Xe R, ueR" 4 I(1<1/2) noprs of

o + by, (i=12,...,

arbitrary complex conjugate numbers Pi I), as well as

=ag, (s=21+1,...,n)

n-2l arbitrary real numbers Ps are given, then it is

possible to determine the control law U = KX, where K is the matrix of (r=n)
dimension, in which the roots of the characteristic equation of the closed-loop system
are equal to the specified numbers.

The above statements can be generalized and used to determine a controller
algorithm that guarantees the desired root distribution. Let us consider a generalized
procedure for the synthesis of such a controller.

Let the characteristic equation of a one-dimensional control system
px = Ax+Bu;xeR",ueR, (2.420)
to look like
p"+ap " +...+a, =0. (2.421)

In order for the characteristic equation of a closed-loop system to correspond to

the desired
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-1 _
p" +¢p" " +...+¢c, =0, (2.422)
it is necessary to select a control law of the form
_ T-1
u=(a-c) T-x, (2.423)
where
_ T~ T.
a=(a, a1 .-- a):;c=(, Cug ... C);
7= (hT hT A nT An—l)T

the vector variable h' in the transformation matrix T is determined by solving

the following equations
h'B=0:
h' AB=0;

h' A™B=0, (2.424)
2.3.2. Standard distributions of the roots of the characteristic equation

A significant disadvantage of modal control is that the desired roots of the
characteristic equation are considered known or somehow specified. For example, they
can be obtained as a result of empirical research of the control object. In general, the
desired roots of the characteristic equation can be arbitrary, which significantly
complicates the synthesis of a control system. The creation of such a system should be
preceded by determining the influence of the roots on the dynamic and static properties
of the control system. To avoid conducting these studies when synthesizing each modal
controller, several standard polynomials were proposed (1.154), whose roots follow
certain relations and are located in a specific way on the complex plane of the
characteristic polynomial's roots of the system. The properties and characteristics of
control systems whose characteristic equations correspond to standard polynomials
have been well studied. The most common distributions of the roots of the

characteristic equation and the corresponding polynomials are given in Table 2.1.
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Table 2.1 - Standard distributions of the characteristic equation roots

n Distribution name Polynomial name
1 | Newton distribution Binomial polynomial
2 | Butterworth distribution Butterwo_rth
polynomial
3 Distribution that provides the minimum integral | Corresponding
of the squared control error polynomial

Distribution that provides the minimum integral
4 | of the product of the control error and the control
input

Corresponding
polynomial

In addition to the distributions listed, Bessel and Chebyshev distributions are
sometimes used, implemented with the corresponding polynomials. Other standard
distributions of the characteristic equation roots may also be used.

Let us consider the distributions presented in table 2.1 in more detail.

All standard polynomials depend on the parameter ®o (1.171). This parameter

determines the radius of root distribution of the characteristic polynomial. Therefore,

(Do>0

this value is always positive, that is . It should be noted that as the parameter

®o increases, the control time decreases, but at the same time the control input supplied

to the object increases and therefore, starting from certain values of O)O, the controller
may enter saturation.
One assumption used to justify the choice of standard characteristic polynomials

is to ensure uniformity of all roots of the characteristic equation, and the N-fold root

of this equation must be a real negative, with a modulus value of ®0. Then the

characteristic equation turns into a Newton's binomial

D (p)=(p+ao), (2.425)
expanding which, we obtain the standard desired values of the coefficients of the

characteristic equation.

Newton polynomials from the first to the sixth order are presented in Table 2.2,
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Table 2.2 - Newton polynomials

Standard Newton polynomial
P+

%+ 20, p+ 05

p3+303(2) p+3m, p2 +0)(3)

p* +4wy p+60m5p? +4my p° + g

p°+5wmg p+1003 p +10wg p° +5w0y p* + o

o O | W| NS

p6 +6038 p+150)8’ p2 + 20038 p3 +1503§ p4 +60), p5 +c08

As can be seen from the expression (1.172), the characteristic polynomial has

negative real multiple roots, which are equal to:
P =—wp, 1=1...n (2.426)
On the complex plane, such a distribution of roots has the form shown in Fig.
2.11.
The roots of the desired polynomial, being negative real, guarantee the aperiodic

nature of transient processes in a closed-loop system, i.e. they allow obtaining transient

processes with zero overshoot.

4\+j

ol

~
Send

Fig. 2.11. Complex plane of Characteristic Equation Roots

To form the Newton polynomial, it is necessary to know the value of the

parameter O)O, which is determined based on the method of standard transition
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functions.

This method is based on the normalization of transition functions, which is

carried out in time relative to the parameter ®0. Asa result, for any value of ®0 the
transition function is normalized at a fixed polynomial order. The form of the transition
function corresponds to a transfer function that has only poles and the ratio of the free
coefficients of these polynomials is equal to 1.

Normalization of transition functions is carried out by replacing the value of the

parameter ®o by one. Graphs of normalized transition functions for control systems
whose characteristic equations follow the Newton distribution are presented in Fig.
2.12.

h(t)
1

0.6
n=6
n=5
0.4¢ n=4
n=3
0.2l n=2
n=1
0 i i i
0 5 10 15 20t c

Fig. 2.12. Normalized transition characteristics of Newton polynomial

Despite the aperiodic nature of the transient process, such a distribution is
unsuitable for many applications because it does not provide the required speed of
response.

In the standard Butterworth polynomial, all roots are distributed in the left half-

plane of the complex root plane on a semicircle with radius ®0. Moreover, the angle

between adjacent root radius vectors is / N and the angle between the closest root
radius vector and the imaginary axis is 0.5z /n.

Therefore, the roots of such a polynomial are found by the formula:
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P =g (cos(mj+ jsin(MD, i=1,..,n.
n n (2.427)

The Butterworth polynomial is described by the following expression

n
D (p)=]](p-pi)
i=1 : (2.428)
Butterworth polynomials from the first to the sixth order are presented in Table

2.3. Table 2.4 provides the root values of the polynomials from the Table 2.3.

Table 2.3 - Butterworth polynomials

Standard Butterworth polynomial
P+ ®q

p?+1,4m, p+op

p3+20)ép+2(o0 p2+(og

p*+2,605 p+3,405p? +2,6wm, p° + oy

p°+3, 2404 p+5,24wm3 p? +5, 2403 p°+3, 240, p* + o

SOl | B~ W | N|F-| S

p® +3,8605 p+7,46wmy p? +9,13wp p3+7,46w3 p” + 3,860, p° +md

Table 2.4 - Roots of Butterworth polynomials

Polynomial Roots

—wy
(-0,71+£j0,71)w,

-y, (—0,5£ j0,87)w,

(-0,919+ j0,394)m,, (—0,381+ j0,924)w,

-, (—0,812+ j0,583)w,, (—0,308+ jO,951)m,

(-0,959+ j0,284)w,, (—0,714+ jO,714)w,, (—0,258= jO,966)m,

oO|lO| B~ W|IN| | S

Graphically, this distribution of roots for a dynamic system of N-th order is
shown in Fig. 2.13 — 2.18.
Normalized transition functions for a control system whose characteristic

equation roots follow the Butterworth distribution are presented in Fig. 2.19.
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AL = (=071 + j0.70)wo ="
A= + : +
H 0 \ 0
Ay = (=071 — §0.7T0)wp >~

Fig. 2.13. Root Distribution of the Fig. 2.14. Root Distribution of the
Butterworth Polynomial for n=1 Butterworth Polynomial for n =2

A= (~05+ 7087wy __. ]+ A = (=0.381 4 50.924)wo T+
As = (~0.919 + j0.394)w
e =un g : +
? 0 -. / 0
Xs = (—0.919 — j0.394)wo .,
Ay = (—0.381 — j0.924)wy

S

)\3 = (—05 - ]087)(«)0

Fig. 2.15. Root Distribution of the Fig. 2.16. Root Distribution of the
Butterworth Polynomial for n =3 Butterworth Polynomial for n = 4

A1 = (—0.258 + j0.966)wo T+

A = (=0.308 + j0.951)wo  T+7
’ Ap = (—0.714 + j0.714)wy,

4
¢
k4
’

Az = (—0.812 + j0.583)wp
As = (—0.959 + j0.284)wq

As = —wo T :
0 A = (—0.959 — j0.284)w0£?/

A4=(—0812+j058®wok<///// As = (—0.714 — §0.714)wq

A5 =(—0.308 — j0.95)wo | e = (—0.258 — 50.966)wq

JUEE o RO

Fig. 2.17. Root Distribution of the Fig. 2.18. Root Distribution of the
Butterworth Polynomial for n = 6

Butterworth Polynomial forn=5
As can be seen from this figure, the overshoot of the normalized standard

transient functions is less than 20%.
distributions are symmetric coefficient

The Butterworth and binomial

distributions.
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Fig. 2.19. Normalized transition functions of a control system

with the Butterworth polynomial

As previously mentioned, the concept of an optimal transition process is closely

tied to minimizing of the integral functional, which characterizes the quality of the

transition process. One of the simplest functionals characterizing transient processes in

a control system is the integral of the squared control error

00)

I3 = I(AY(t))Z dt
0

(2.429)

The functional (1.188) prevents the prolonged existence of control errors, and

the square in the integrand is used to eliminate the influence of the error’s sign on its

integral value. It is evident that the dynamics and statics of the control system under

constant external influences are determined by its parameters. Therefore, the functional

(1.188) can be presented as an explicit function of the parameters of the control object

where

1
= Z—F(al’az""’an—l)’
aly

(2.430)
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An-1 8p2 8ap4 8pp

-1 A a3 aps

0 1 dp2 8p4

0 0 an-1  ap-3

F()=

dp-1 ap3 8p5 apy

-1 2 84 8pp

0 81 Q3 aps

0 -1 Ap-2 ap4

(2.431)

By minimizing this functional over all parameters %  one can find the standard

forms of the left-hand side of the normalized characteristic equation. These standard

forms for systems from the first to the sixth order are given in Table 2.5.

Table 2.5 - Polynomials that minimize the integral of the squared control error

Polynomial

P+my

2 2
p* +wop+wp

3 2 2 3
P~ +2mp P+ myPT + oy

4 3 2,2 3, .4
P +20yp+3wg P+ g P~ + o

p° +3wy p+3wg p? +4m3 p° +wy p* +wy

OO | |W|IN|F— |35

p® +30g p+6wy p? +4ws p° +5m3 p* +wy p° + o]

The roots of the characteristic polynomials indicated in Table 2.5, are provided

in Table 2.6.

On the complex plane, these roots are shown in Fig. 2.20 — 2.25. Analysis of the

given expressions and dependencies shows that the parameter ®0 still does not affect

the relative damping coefficient €, but determines the duration of the transient process.

The choice of this parameter is determined by the required system responsiveness and

the capability to ensure a sufficient range of its linearity — the larger ©0, the higher

Table 2.6 - Roots of polynomials that minimize the integral of the squared
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control error

Roots of a polynomial

oy
(=0,5+ j0,87)a,

0,57y, (-0,215+ j1,31)e,

(~0,3952 j0,505)w,, (—0,105 j1,57)a,

—0,410,, (~0,235% j0,88)ay, (~0,06% j1, 7)o,

(-0,315+ j0,362)ay, (—0,155% j1,5)0, (~0,03% j1, 78)a,

Ol Ol | W N| | S

the gain of the direct control loop and the smaller the maximum deviation at which
system saturation occurs.

Since in the case under consideration the damping coefficient is less than in the
case of the Butterworth distribution, the system that minimizes the functional (1.188)
has a lower stability margin and is more oscillatory compared to the previously
considered systems. In addition to the above distributions, standard forms are known

that are obtained by minimizing the functional

1, = [t Ay(M)dt
0 (2.432)

which is the integral of product of the absolute value of the control error Ay(t)

and time t.
1+ M= (054 7080w ]
A= —WO,': T :' 4
T /)

Ay
A
A

~
Sed

A= (=0.5—750.87wy °

Fig. 2.20. Poles of the system, optimized Fig.2.21. Poles of the system, optimized
according to criterion 1; atn=1 according to criterion 1, atn =2

A = —(0.105 + 51.57)wp
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A = (—0.215 + 51.31)wp
a\_’_j

As = (—0.215 — j1.31)wp

Fig. 2.22. Poles of the system,
optimized according to criterion |4

atn=3

A = (=0.06 + 51.7)wp
_ ; M +J
Ay =(—0.235+ j0.88)w o __

g

)\3 = —0.41wy H +
— 0

[y
[y
.

A= (—0.235 — jo.ss)u;o\"
As = (—0.06 — 51.7)uwo
Fig. 2.24. Poles of the system,

optimized according to criterion
lyat n=5

TR,

A _( 0.03 + 51.78) wg
Ao = (=0.155 + 1. 5)w0
~+]‘

A= (— 0315+]0362

ol+

M. = (—0.315 — ]0362)

Xs = (0155 F1.5)wo
Xe = (—0.03 — ]17st$

Fig. 2.25. Poles of the system,
optimized according to criterion 14
atn==6

Table 2.7 - Polynomials that minimize the integral 1,

Polynomial

P+mq

p? +1, 4w, P+ 03

p>+2,1503 p+1, 750, p? +wg

p?+2, 703 p+3,403 p? + 2,10, p> + g

p° +3,4mg p+5,5m8 p° +5m3 p° +2,8m, p* + g

o OB~ W IN|F- |

p® +3,9503 p-+7, 450 p2 +8, 63 p® +6, 602 p* +3, 250, p° + 0

Table 2.8 - Roots of polynomials that minimize functional 1,
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Roots of a polynomial

o
(-0,714% j0,714)a,

—0,708wy, (0,521 1,068)a,

(~0,626% j0,414)w,, (0,424 + j1,263)e,

—0,8960,, (~0,576% j0,534)ay, (—0,376+ j1, 291)

(-0,7351 j0,287)wy, (—0,581+ j0, 783)ay, (~0,309+ j1, 263)w,

OB~ WOW|IND|F—L| S

The characteristic polynomials and their corresponding roots for systems from
the first to the sixth order are given in Tables 2.7 and 2.8, respectively. Figures 2.26 —
2.31 show a graphical interpretation of the root locations on the complex plane.

Standard forms according to Table 2.7 are widely used in practice, although their
broader application is hampered by the lack of a clear algorithm for compiling these

forms — they were obtained empirically (1.154).

4~+j “+j
e M = (=0.714 + jO.T14)wy ="~
A= —woi' -\|— +
S 0 0
- A2 = (=0.714 — jO.7T14)wy ">~.__]
Fig. 2.26. Poles of the system, Fig. 2.27. Poles of the system,
optimized according to criterion |, at optimized according to criterion |,
n=1 atn=2
A = (—0.424 + j1.263)wg
e = (=0.626 + j0.414)wo,”  \ |
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Ar = (—0.521 + j1.068)wo

Ag = (—0.521 — j1.068)wp

Fig. 2.28. Poles of the system,
optimized according to criterion |, at

n=3

A1 = (—0.309 + 51..263)wq
)\1 = (—0376 +]1297)(JJO A+j
j A2 = (—0.581 + j0.783)wp _-4--

-

.

e =(—0.576 + j0.534)w o .~ As = (—0.735 + 70.28T)uwo

As = —0.896wp |

P T
- -~

Ay = (—0.735 — j0.287)wg %,
A= (=0.576 — j0.534)wp . .

.~

As = (—0.581 — jO.783)wp =4~

As = (=0.376 — j1.291)uwo A = (—0.309 — §1.263)wo
Fig. 2.30. Poles of the system, Fig. 2.31. Poles of the system,
optimized according to criterion 1, at optimized according to criterion |, at
n=5 n==6

It should be noted that the considered characteristic polynomials are not
universal, since they provide the desired occurrence of transient processes only for
control objects whose transfer function numerator is constant value. However, even
with other types of numerators, these forms are very useful as a starting point for
finding the optimal root locations.

The procedure for finding the necessary characteristic polynomials consists of
the following steps:

 Determination of the order of the desired characteristic polynomial, which
should match the order of the control object.

* Selection of the type of desired polynomial, based on the specified overshoot
and the order of the control object.

* Construction of a normalized transition function
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wp) =D (™ (2.433)

where P (P) s the desired characteristic polynomial corresponding to the

chosen order.
« Determination of the transition process time U .

« Finding the parameter 0 based on the desired transient process time

wg =1 /t. (2.434)

« Finding the coefficients of the necessary characteristic polynomials.
As a result of performing the steps outlined above, the necessary characteristic

polynomial is found.

2.3.3. Algorithm for synthesizing a modal controller in canonical coordinate space
Modal control synthesis in the canonical phase space is simple and is carried out
according to the following algorithm:
* The dynamics of the control object is expressed in the form of linear or

linearized differential equations in normal form

n
Py = Zaij yj +byu,
i=1 (2.435)

Here and below, a system with one input and one output is considered.
» The dynamics equation of object (1.213) is transformed into canonical form

using a non-singular transformation
pYj = ¥j+u Je(@,n-1);
n ~
PYn =—2.8i¥i + by,
=1 (2.436)

where the coefficients % are the coefficients of the characteristic polynomial of
the object (1.213).

A matrix of object coefficients is compiled
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PN

A=@E & - &)
* The desired polynomial is selected
p"+c,p"t+...+c, =0.
* The coefficient matrix of the desired polynomial is compiled
C=(c ¢, --- c,)
* The matrix of controller coefficients is determined
K =(|Z1 k, - IZn)zA—C =
:(51 a - gn)_(cl Cy - Cn):
=(&4-c &-c, - &,—-c,).

* The controller coefficients are determined

-~

Izlzél—cl; EZ =é’1—02; '--;kn =5n —Cn-

* The desired control law is recorded

i =K(y-y)=
_ % A _
(R & - k)| %21 %2 |-
RS
91— 91
:<Rl K, - ‘Zn) J2- ¥ -
A

~
A

=k (91— 1) + Ko (5 — §2) + -+ Kk (9

*

(2.437)

(2.438)

(2.439)

(2.440)

(2.441)

AKX

~Yn) a2

where i are the desired values of the i -th state variable. Under constant input

Y1 | the remaining control inputs take zero values due to the system (1.214), so the
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control input (1.220) can be written as follows

0=k (91— 91) + Ko ¥p ++ Ko Vi (2.443)

2.3.4. Algorithm for synthesizing a modal controller in normal coordinate space

The beginning of the control synthesis algorithm in phase spaces other than
canonical one is the same as the canonical, i.e. the first six steps are fully repeated:

» The dynamics of the control object is expressed in the form of linear or
linearized differential equations in normal form.

* The dynamics equation of control object is transformed into canonical form
using a non-singular transformation.

* A matrix of object coefficients is compiled.

* The desired polynomial is selected.

* The coefficient matrix of the desired polynomial is compiled.

» The matrix of controller coefficients is determined.

To obtain the desired control law after completing the above steps, the following
additional steps are taken:

» Matrices of object coefficients under control inputs are compiled:

- for an object in a normal basis

B=(0 0 - b,);

(2.444)
- for an object in the canonical basis
- ~ \T
B:(O 0 - bn) : (2.445)
» A matrix of object controllability is compiled:
- based on its equations in the normal basis
Y=|B AB A’B ... A"'B]| 2.416)

- based on its equations in the canonical basis
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Y=|B AB A’B ... A"™B].

(2.447)
* The transformation matrix is calculated
— -1
P=YY " (2.448)
* The controller coefficients are calculated
T
K'= (KT P) |
(2.449)

* The desired control law is formulated

u =K'(y-y)=
Y1 Y1
_ Y2 Yo || _
—(kl k, - kn) - 2 =

Yn y:

Y1 - Y1
:(kl k2 kn) y2_y2 =

Yn = Yn
= Ky (Y= Y1) + ko (Y2 = ¥2) + 4 ka (Y = Vo) (2.450)

The implementation of these steps is not limited only to the case of controller

synthesis in a normal basis, but extends to any phase spaces.
2.4. Modal Control Communication with modified symmetry principle

Analysis of control inputs synthesized using model control methods shows that
they match, with accuracy up to weighting coefficients, the control algorithms as a
result of solving the problem of analytical design of controllers. This creates the basis

for establishing a relationship between these methods. To do this, let us consider the
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equations of perturbed motion of a generalized third-order dynamic object, presenteg
in canonical form
Pn1 =mn2; P2 =na3;
pn3 = —any —agn —agnz + M3u. (2.451)
We will assume that the object (1.229) is subject to optimal control

U = —g(vigm + V23n2 + V33n3), (2.452)

where 9 is the gain of the controller, Vi3 are the coefficients of the Lyapunov

function

_ 2
V =vni +2vpomng +2Vi3nng +

2 2
+Vp2N3 + 2V3N N3 + V33Nn3, (2.453)

that minimize the integral quality functional

©
I= | [(V13n1 +Vpgp +Vggng)” +cU° ]dt-
0 (2.454)

Minimizing the functional (1.232) on the trajectories of the perturbed motion
(1.229) guarantees the asymptotic tendency of all coordinates of the perturbed motion
to zero.

Substituting the control input (1.230) into the system (1.229), yields the
equations of perturbed motion of the closed-loop control system

PNy =M2;

PM2 =Ma;

PNz = -3y —aNy —agNz — M350 (Vigny +Vazny +Vagns) (2.455)

or after collecting terms in the last equation

PNy = M2,
PNz = N3,
pnz = —(a1 + M3gViz)ng — (ag + M3gVoz)no —
— (a3 + M3gV33)ns. (2.456)

Substituting the first and second equations into the third equation of the system
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(1.234), we obtain a third-order equation describing the dynamics of the closed-loop

system
(ap + M3gvi3)ng +(ag + M3gvpz) pmg +
2 _
+(ag +M3Qvsg) p°ng + p°ng = 0. (2.457)

Dividing both sides of equation (1.235) by M1, we obtain the characteristic

equation of the closed-loop system
(8 + M3gv3) + (a2 + M3gva3) p +

+(ag + M3gugg) p° + p° = 0. (2.458)

The coefficients Vi3 of the Lyapunov function (1.231) are determined through
the parameters of the control object (1.229) (1.36) by the following dependencies
V3z =1, Vo3 = ag; Vi3 = ap, (2.459)

therefore, the final form of the characteristic equation is

(& +M3gay)+(a; +Mzgas) p+

+(a3+M3g) p*+ p° =0. (2.460)

Polynomials (1.236) and (1.238) illustrate a direct transition from the analytical

design of controllers to modal control. However, it is also possible to show the reverse

transition by selecting a certain polynomial

by +byp-+b;p"+ p° =0, (2.461)

the distribution of roots PJ of which ensures the desired quality of the transition
process. Equating the coefficients for the same degrees p of polynomials (1.236) and
(1.239)

a +M3gViz=hy;
Ay +M3gVyo3 =hy;
a3+ M3gV33 =bs, (2.462)

it is possible to determine the weighting coefficients of the quality functional
(1.232) and control input (1.230)
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—a b, —a —a
h-a., =Pe=d.,  _b-a

M3g M3g M3g ' (2.463)

The polynomial (1.238) can be generalized in case of a dynamic object of

Vi3 =

arbitrary order

n-1 _
> (8 +Mygai,)p' ™ +(ay +Mpg)p "+ p" =0.
=1 (2.464)

Using a polynomial (1.242) as a desired one in modal synthesis guarantees the
asymptotic stability of the perturbed motion.

Generalization polynomials (1.242) and (1.236) for the case of control of an
object of arbitrary order with arbitrary coefficients of the Lyapunov function leads to

the following characteristic polynomial

n .
2. (8 +Mpgvip) pl_l+ pn =0,
i=1 (2.465)

which, depending on the set control goal, ensures that the closed-loop system
has the desired characteristics. At the same time, the dependence of the coefficients of
the found polynomials on the gain factor 9 is of particular interest. This factor creates
the prerequisites for the synthesis of discontinuous systems without the use of complex

mathematical methods.
2.5. Regularization of dynamical systems

Unlike modal control, the use of which to synthesize control inputs depending
on the selected desired polynomial may lead to overshoots in a closed-loop EMS, the
use of a modified symmetry principle eliminates the occurrence of oscillatory
processes in closed-loop systems. However, the drawback of solving the ADC problem
using the modified symmetry principle is the inability to synthesize control inputs for
dynamic objects with more than one zero root of the characteristic equation without
changing the structure of the control object.

From the perspective of ADC, such a problem is incorrectly posed and to solve
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it, regularization must be used, that is, add some additional information to tfg
mathematical description of the electromechanical object (1.244). For an EMS of the
N -th order, whose dynamics is represented by equations in Brunovsky controllable
form, such additional information can be a control algorithm for a closed-loop system
of Nn—1 order. This algorithm is called regularizing.

At the same time, if regularizing control actions are synthesized in each loop by
solving the problem of ADC, there are two possible methods for determining the
desired control input. These options lead to sequential and parallel regularization,
respectively.

In sequential regularization, the control input applied to the object is formed by
sequentially switched on state variable controls from 2 to N (Fig. 2.32). The input of
the internal 1 controller is the output i —1, i.e. the principle of subordinate control is
implemented.

In parallel regularization, all regularizing controllers are switched on in parallel,
and the reference signals for each controller are determined by the original input signal
and its derivatives (Fig. 2.33), or if we assume that this signal is constant, then the
reference inputs on the internal regularization loops should be taken as zero (Fig. 2.34).

Therefore, the regularization of electromechanical objects in the Brunovsky
form is reduced to a sequential synthesis of the control inputs of n — 1 state variable
with subsequent substitution of the obtained control algorithms into the equations of

the object’s dynamics.

Yn—1

> o o4

3=

|
—
[
—»
|
SN b

Fig. 2.32. Sequential regularization principle
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> o o0

3=

Yn—1.

Yn

o

Rice. 2.34 . The principle of parallel regularization with a constant

> & 00

3=
3=

Yn—1.

reference input

Let us consider the regularization of the motion equations of a third-order

dynamic object in the Brunovsky controllable form

PYL = Y2,
PY2 = Y3,
PY3 = V3. (2.466)

The characteristic equation of the considered object has three zero roots and
therefore, from the point of view of solving the ADC problem, is incorrect, since the
latter requires the characteristic polynomial of the control object to have at most one
zero root. Let us resolve this contradiction by synthesizing control inputs using the
internal coordinates of the object. Substituting the obtained control algorithms into the
original system of equations allows us to eliminate the incorrectness of the object
description. We will call such a procedure regularization.

Let us isolate the last equation from the equations 4

PYs = Vs (2.467)
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and find a control input that guarantees asymptotic stability of the closed-loop

system. Such a control input is control of the form
V3 = 5 —
3 Q(Y3 Y3). (2.468)
Substituting the control algorithm 6 into the motion equations 4, we obtain the

last two equations

PYL = Y2i PY2 = Ya: PYs = 9(¥3 — ¥3) (2469

Now, let us proceed to synthesizing of variable control Y2. Unlike the previous
case, the determination of the control input by coordinate Y2 is ambiguous and is
associated with the possibility of connecting controllers in sequentially and in parallel.

*
In the case of a sequential connection of controls, the control input ¥3 is formed by a

variable regulator Y2, which implements the following algorithm

* _ * _ 2 * 2
V3= 9(0(v2-v2)-vs) = 0%¥2 - 972~ 0¥
(2.470)
When connecting controls in parallel, the system 7 must be supplemented with
an input v2
PY1 = Y2: BY2 = ¥3: PY3 = QY3 — QY3 + vy, (2.471)
which is determined by the expression
va = 9(9(Y2 —Y2) — ¥3) + 0ya. (2.472)

Let us determine the control inputs applied to the object. For sequential

inclusion, we substitute the expression 8 into the equation 6

v3=0(9(0(y2-Y2)-Y3)+ O3 =Y3) (o3
and for parallel — we sum up the expressions 12 and 6
— N2 2
Vo +v3=07Y2 —07Y2 —20Y3. (2.474)

Expressions 12 and 13 form various forms of the last equation of the system 4
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and make it possible to use the resulting equations to synthesize a coordinate controller

Yi by solving the ADC problem. Depending on the selected scheme for connecting

internal controls, the parameters of the controller coordinate Y1 and its connection

scheme with internal controllers will be different.
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KAPITEL 3/ CHAPTER 3
SLIDING MODES IN ELECTROMECHANICAL SYSTEMS

3.1. Concept of sliding mode

The operating mode of relay systems is a self-oscillatory mode, and under certain
conditions the systems begin to move along certain degenerate trajectories, on which
their properties change significantly — a sliding mode appears.

The ideal sliding mode is understood as a movement where the representing
point oscillates relative to the sliding surface with an infinitely high frequency and an
infinitely small amplitude. The actual sliding movement, due to various
“imperfections” of the switching device, occurs with a finite frequency and finite
amplitude. For a system where sliding mode occurs to be stable, three conditions must
be met:

* sliding condition;

« condition for hitting the switching line;

» condition for stability of movement along the switching line.

Let us consider these conditions in detail for a generalized dynamic object, the

dynamics of which is described by nonlinear equations in matrix form:
pn=~f(n,U), (3.475)
while  the  object is subjected to  discontinuous  control

i {u*(sm», it S(n)>0:
um(S(), if S <0, (3.476

where f(n,U) iIs a discontinuous function, u+(S(n)),u_(S(n)) are

_l_ —
continuous functions, with u™(S(m)) #u (S(n)) S(m) representing the equation
of the switching line.
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3.1.1. Conditions for the emergence of sliding mode and hitting the switching line

In the sliding mode, the switching line obeys the relation

Sm)=0 (3.477)
and divides the state space R" into two subspaces: subspace

N fo. n— f.
R- = {" :S(m) < O} and subspace Ry = {'l :S(n) > O}. In each of these subspaces,

continuous functions f_(mU) and f,(m,U) are defined. For these functions the
expressions for the left and right limits are valid
f_mU)= lim f(nV);
S(m)—>-0
f,mU)=Ilim f(nV);
S(m)—>+0 (3.478)

Functions 18 determine the movement speed through the switching line

ds (n) = dS(n) f(m,U) =VS(n)f(n,U).
dt dn

(3.479)
The gradient of the function S(m) is always directed normal to the surface S

in the direction of increasing the function S(m) (Fig. 3.1).

S(m) <0\ >0

grad S(n)

R* | R?
Fig. 3.1. Switching function gradient

Therefore, to evaluate the occurrence of sliding mode, one can use the limit

PS"(m) = lim pPS(m)=VS(n)xf (n,U),
S(m)—>-0

f-mU)=f(n,U"). (3.480)
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Let us consider the limit 23. If the speed of movement pS (") IS positive, then

the angle between vectors vS(n) and f (n,U) Is acute, which means the vector

Rn

+ (Fig. 3.2) and vice versa, if the speed

- - n
pS (‘l) IS negative, then the vector f (n,U) Is directed towards the subspace R

(Fig. 3.3).

f (n,U) Is directed towards the subspace

Fig. 3.2. Switching function when pS ('l) <0

f-(n,U) f+(n,U)

R | R?

Fig. 3.3. Switching function when pS ('l) >0

Similar statements are true for the limit

pST(M) = lim pS(m)=VS(m)xf"(n,U),
S(n)—>+0

fr(nU)=f(mU"). (3.481)

_|_ -
Depending on the signs of the product pS”(n)x pS (n) , there are three types

of points on the switching line:
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+ —
» Points of the phase trajectory where the product pS (n)x pS (n) IS

positive, i.e.

pS™ () x pS~(n) >0. (3.482)

- +

At these points, the vectors f (n,U) and f (n’U) are directed in same
direction (Fig. 3.4 — 3.5).

This type of motion occurs when controlling objects whose dynamics are

described by differential equations with even functions on the right-hand sides, i.e.
fU)=f (nU)=f m-U)=f (n-U) e

f_(ﬂ, U) f+(77, U)

R" | R®

Fig. 3.4. Points on the switching surface

pS ™ ()x pS~ () >0

f_(n,U) Fi(n,U)

R* |R"

Fig. 3.5. Points on the switching surface

pS ™ (n)x pS~ () >0

The switching line does not have a significant effect on the nature of the object’s

movement, because the components of the vector of rates of change of state variables
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PM do not change sign.

 Points where pS+ (n) >0 and pS_(n) < 0.

+ —
At these points, the vectors f ("’U) and f (n,U) are directed in different

—~ n +
directions: f (n,U) Is directed towards the subspace R , While f (n,U) Is directed

n
towards the subspace R+ (Fig. 3.6).

f_("L U) f+(n7 U)

R" |R"

Fig. 3.6. Points on the switching surface

In this case, if the object starts moving in the vicinity of the switching line, it
will move away from the switching line, and such movement will not be accompanied
by a change in the sign of the control input. An example of a control system where this
type of motion may occur is a positive feedback system.

* Points where the following conditions are met:

pST(m) =VS(m)xfT(n,U)<0;
pS (m) =VS(m)xf (n,U)>0. (3.484)

_|_ —_
In this case, the vectors " (nU) and t-(mU) are directed towards the
switching surface, i.e. phase trajectories near the surface S are directed oppositely
(Fig. 3.7).
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f_(n,U) F.(n,U)
R | R?

Fig. 3.7. Points on the switching surface

In the case where the representing point reaches such trajectories and reaches the

switching line, the sliding process begins. The equations 31 describe the existence of

the sliding mode, and the surface S(“) is the sliding surface. Analysis of Fig. 3.7 shows

that in order to achieve the switching line, it is necessary and sufficient that at
S(n)>0 the derivative pS(n) should be negative, and at S(n) <0 the derivative

pS(n) should be positive. The condition for the representing point to hit the sliding

surface is determined by the expression

S(m)xpS(m) <0 (3.485)

3.1.2. Movement along the switching line

Since the relay system is nonlinear and the control its action in the sliding mode
Is not defined, the problem of mathematical description of such a system while it is
operating in sliding mode.

There are two possible approaches to solving the problem of describing ideal
sliding motion: the axiomatic approach and the approach based on limit transitions.
Recently, the axiomatic description of sliding motion proposed by A. F. Filippov has
become the most widespread 34.

According to this description, the dynamics of a closed-loop system is

represented by free motion equations:

—£0
pn="F"(n), (3.486)

where
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P =pf )+ @-pf .0<p<l g g

When determining the parameter H, we will assume that the speed of movement

0
along the switching line is directed tangent to this line, and the vector f ('l) lies on

this tangent. Since the tangent and the normal are mutually perpendicular, then the

0
following expression is valid for the vectors f (Tl) and vS(n)
vS(mf’(m)=0. (3.489)

0
Substituting the value of the function f ('l) into the equation 37, we obtain an

equation of the form

VS(mf°(m) = VS(m)| uf " (m) + (1 -t~ (m) |= 0.

(3.489)
The equation 38 allows us to uniquely determine the unknown parameter H
"= vs(m)f—(m)
VS~ (m) - (F* () (3.490)

and its substitution into the original system 35 yields the equations of motion for

the system in the sliding mode
VS(m)f (m) £ () -
vs(m)(F~(m) - (" (n)

vsmif-m) .- -
_ (). S(n(©) = 0.
vSmE -y o (3.49)

Let us illustrate how to use dependencies 42 and (3.491) using examples from

=

the analysis of simple relay systems, we obtain the equations of motion of a number of
elementary systems in a sliding mode.

Let us consider a relay servo drive control system (Fig. 3.8).

y*(p) _—n(p) qf; U(p) y(p)

- D
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Fig. 3.8. Relay servo drive control system

The perturbed motion of this system, in the first approximation, is described by
the differential equation
m=U (3.492)
Servo drive control is formed in accordance with the relay law

The functions f_(S (Tl)) and f+(S (Tl)) will be

f7(Sm) =-1, 7 (S()) =1 (3.494)

Taking into account the previously found dependencies, the parameter M is

determined by the expression

Vst (m)  _ -Ix(-1) _1

VS - () -Ix(1-D) 2 (3.495)

Analysis of the expression (3.495) shows that in the considered control system,

switching of the control input occurs with a duty cycle of 50%. The obtained result

agrees well with the results of numerical analysis of relay systems.
Let us compose the equation of motion of a closed-loop system in a sliding mode

_ VS(m)f () () +
VS () - (FH ()

+[1 vS(m)f~(m) j_(“):
vSm)(F ()~ (F* (m)

~1a (1--) (-1)=0.
2 2 (3.496)

Thus, it can be concluded that in sliding mode, the state variables of the servo

drive control system do not change, and sliding mode occurs when zero deviation is

reached.
Now let us consider a high-speed electromechanical system with an inertia-free

channel for the generating of electromagnetic torque (Fig. 3.9).
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The equations of perturbed motion and the control input in such a system have
the form
pn=-n+U,
U =sign[S], S=—-n, (3.497)

- +
and the functions £ (S(n)) and 2 SM) are governed by relations

M) =1L SO =141 (340
y*(p) _—n(p) qt’ Up) y(p)

] =1

Fig. 3.9. Relay speed control system of

generalized electromechanical system

Then the parameter M is determined by the dependence

_ VS(mf (m)  _ —1x(—n-1) -n+l

and the equation of motion of a closed-loop control system in a sliding mode

will take the form

S VS@fT)
vSm(F~(m) - (" ()

pn )+
{1 vS(mf~(m) Jf_ =

VS () - ()
n+1

x(—n+1)+(l—n;1)x(—n—l) =
:1_”2—1_“2:0.
2 2 (3.500)

Summarizing the examples discussed above, it can be concluded that in the

sliding mode the coordinates of the perturbed motion do not change, and the sliding
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mode can be considered as a quasi-static operating mode of the electromechanical

system.

3.1.3. Properties of systems operating in sliding mode
Assuming that the ideal relay element is inertia-free, we define its transfer
function as follows:

Ulp) _signG@)_ 1
Sm®)  SM®)  [SOE)| (350

When hitting the switching line, the gain factor of the relay controllers is

Wsign (p)=

determined by the limit

lim  Wig, (p)=o0
S(n(p))—0 | (3.502)

Therefore, a relay controller in a sliding mode can be considered as a limiting
case of a nonlinear element of the “saturation” type (Fig. 3.10).
A nonlinear system with a limiting element (Fig. 3.10) tends to a relay system

k=tga

(Fig. 3.11) as the slope coefficient of the characteristic , sShown in Fig. 3.10,

tends to infinity. For an arbitrarily small deviation of the signal S(m) from zero, the

control input U is constant in absolute value and changes sign with the change in the

Fin. 3.10. Nonlinear saturation type element

sign of the control signal, which allows us to speak about the tendency of the gain
factor, defined as the ratio of the final output signal to an infinitesimal input signal, to
infinity. Then, assessing the properties of a relay system in a sliding mode comes down

to studying the characteristics of a linearized system obtained from a relay by replacing
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a relay element with a linear amplifier, the gain of which increases indefinitely (Fig.
3.12).

Fig. 3.11. Ideal relay element

y*(zv)T —n(p) o U(p) o) y(p)

Fig. 3.12. Linearized system with infinite gain factor

The stability of a linearized system is determined by the location of the poles of
its transfer function or the roots of the corresponding characteristic equation. In this
case, the linearized system will be stable if all poles of its transfer function (or all roots
of the corresponding characteristic equation) have negative real parts with unlimited

increase of K. Transfer function of a closed-loop system with respect to the control
input U (Fig. 3.12) is

k
1+kW(p) (3.503)

Since, in the general case, the transfer function of the control object is the ratio

Ky (p) =

of polynomials of the N-th and M-th degrees

_ P(p)
W(p) = ,
Q(p) (3.504)

then
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_ kQ(p)
K (p) = :
T Q(p) +kP(p) (3.505)
Then the characteristic equation takes the form
Q(p)+kP(p) =0, (3.506)

or

%Q(p)+P(p)=0
| (3.507)

If we tend K to infinity, then M roots of the equation (3.507) will tend to the

roots of the equation P(p) = O. This equation can be considered as the characteristic
equation of the limit system, which is obtained from the original one in the limit at
k — oo In this case, the equation (3.507) is transformed to the form

P(p)=0 (3.508)

So, the condition for the stability of the sliding mode is the negativity of the real
parts of the roots of the characteristic equation (3.508). The stability condition is one
of the most important criteria for the analysis of sliding modes of relay automatic
control systems.

The designing of systems that are stable with an unlimited increase in the gain
due to the organization of a sliding mode is a theoretically exhaustive solution to the
control problem under the action of parametric and coordinate disturbances that vary
over a wide range. Indeed, for a system with deviation control, the block diagram of

which is shown in Fig. 3.13, transfer function along the disturbance channel

o(p) = y(p) _ W>(p)
f(p) 1+ Kk(p)Wl(p)WZ(p) (3.509)
tends to zero at Kk (P) =
v’ () U(y) /@) v(p)

O - Ki(p) Wi (p) Wa(p)
] i
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Fig. 3.13. To the assessment of static properties

Transfer function with respect to the reference input

y(p) _ Ky (p)W;(p)W>(p)
y'(p) 1+ K ()W (p)W,(p) (3.510)

O(p) =

as K (p) — o0 tends to one. Consequently, the desired static properties of the
relay system can be achieved by approximating the characteristics of its real sliding
mode closer to the characteristics of the ideal one and thus realizing a sufficient gain
of the controller.

Let us now consider in the most general formulation the problem of the
invariance of systems with an infinite gain to changes in the parameters of the control
object. For the generalized block diagram shown in Fig. 3.14, the following equations

can be written:
X(p)=2(p)-7(p)=2(p)-Wo(p)U(p);
2(p)=y (P)=Y(P)=Y (P)-W(PU (D) (3511)
In sliding mode, the signal at the input of the relay element is zero, therefore

2(p) =Wo(PMU(P) =0 \hence

1
U(p)= z(p).
Wo(Pp) (3.512)
y*(p) z(p) z(p) qt' U(p) y(p)

—O—O— J Wi(p) >
— z1(p) Wo(p)

Fig. 3.14 . To the justification of invariance
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The variable U(p) represents some equivalent control input. The equation that
determines the movement of the relay system in the sliding mode is obtained by

substituting the expression (3.512) into the equation (3.511)

Wo(P) *
Wo (p) +Wi(p) v () (3.513)

This equation corresponds to the system, the block diagram of which is shown

z(p)=

in Fig. 3.14, if we replace the relay element with a linear amplifier with an infinitely
large gain. The equation (3.513) is also valid for the system, the block diagram of which
Is shown in Fig. 3.15, leading to the conclusion that the movement of a relay system
operating in a sliding mode is not influenced by the parameters of the linear part of the
control object, covered by feedback together with the relay element.

The above considerations show that a relay system in a sliding mode, which
belongs to the class of systems that are stable with an unlimited increase in the gain,
has the property of invariance with respect to certain parametric and coordinate

disturbances.

——O— 00— Wa(p) Wi(p) -

y*(p) 2(p)  x(p) qt' U(p) y(p)

— 21.(p)

Wo(p) [+

Fig. 3.15. Equivalent block diagram

Introducing several relays into the control system and creating a sliding mode
for each of them by covering feedback jointly with each element of the linear part of
the control object makes it possible to eliminate the influence of almost all its variable
parameters and compensate for the influence of external disturbances on the dynamic

properties of the system.

3.1.4. Real sliding mode
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In real systems, switching of a relay element does not occur on the line described

by the equation S(n) = O, but in some vicinity of it S(m)+ A(A) (Fig. 3.16).

Sm=A _
S(m) =0 :
S(n) = -4 A

Fig. 3.16. Switching of the relay element

The radius of this vicinity depends on the parameter A, which determines
switching imperfections — spatial or temporal delay, dynamics of fast unmodeled
elements of the control system, etc.

As the parameter A approaches zero, the amplitude and frequency of the sliding
mode will satisfy the limits

lim ®(A) = ; lim A(A) =0,
A—0 A—0 (3.40)

and real sliding turns into ideal sliding.

In addition to the amplitude A(A)

, the real sliding mode is characterized by the
switching frequency, which can be estimated in accordance with the following

expression
| £l

®(A) < ,
2A(A) (3.514)

I 1= minl £ LI 1)

where )

The equations for the existence of the sliding mode 31 are supplemented by the

inequality
| S(m) < A(R), (3.515)
and for the existence of a real sliding mode the condition
grads('l)Xf+ (n,U)<0 (3.516)
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when the coordinate of the representing point on the switching line S(n)

reaches the value A(A).

Similar condition
gradS(n)xf (n,U)>0
S(m) >—-A(A)

(3.517)

must be fulfilled when
Thus, in real sliding modes, the conditions of existence are “smeared” in space
and are considered not on a line, but on a hyperplane.

Drawing up equations for the dynamics of a closed-loop system in a real sliding

0
mode is complicated by the fact that the vector fre m) does not lie on the tangent to
the switching line.
Therefore, for an affine dynamic object, whose perturbed motion equations take

the form

pn=f(n)+Mu (3.518)

the speed of the representing point in the sliding mode is determined by the

expression

pS(m) = VS(m)f (m) + VS(m)Mu. (3.519)

If VS(mM # 0, then the control input can be found from the equation (3.519)

__VSm)i(m) pS(m)
VS(mM  VS(mM (3.520)

Substituting the control input (3.520) into the equations (3.518) allows us to

determine the motion equations of a closed-loop system in real sliding mode

vs(m)i(m) . pS(m) J
VSmM  VS(mM )

pn=f(n)— M (
(3.521)

Unlike the ideal sliding mode, in the real sliding mode the components of the
system state vector continuously change and therefore the right side of the equation

(3.521) does not turn into zero. This leads to the fact that the coordinate of the
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representing point on the switching line equals zero only at certain moments in time
and therefore switching of the relay element occurs with a finite frequency, introducing
disturbances into the control process. These disturbances can be eliminated by

increasing the sliding order.

3.2. High-order sliding modes

3.2.1. Conditions of emergence and existence

In addition to amplitude and frequency, the sliding mode is characterized by the
sliding order. Let us examine this concept in more detail. We will assume that the
perturbed motion of the control object is described by the system (3.518) and is

compensated by ideal discontinuous control
u=-sign(S(n)). (3.522)
Substituting the control input (3.522) into the equation (3.519), we get an

expression for the motion speed along the switching line
pS(m)=VS(n)f(n) - VS(n)Msign(S(n)). (3.523)

The equation (3.523) shows how the motion speed along the switching line
changes as a function of the coordinates of the perturbed motion. Moreover, the right-

hand side of the equation (3.523) is discontinuous and depends on the sign of the

coordinate of the representing point on the switching line S(m) :

A sliding mode for which the derivative of the speed along the switching line

pS(m) has a discontinuity at S(m)=0 will be called an ideal first-order sliding
mode. Similarly, a real first-order sliding mode is characterized by discontinuity of the

A(A)

derivative pS(m) when the representing point hits the vicinity of the switching

line.

I the conditions © (M) =0, PS(M) =0 46 met and both of these functions are

2
continuous and there is a discontinuity in the second derivative P S("), a second-

order sliding mode occurs. Unlike the first-order sliding mode, which is “flat” and
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occurs when the representing point hits the switching hyperplane, the second-order

sliding mode is “spatial” and occurs in space, formed by two hyperplanes S(n)=0

and PS(M) =0 (rig 3.17-3.18)
Generalizing the provided calculations, we can assert that for the emergence of

a sliding mode of the N-th order, it is necessary that the switching function itself and

N—1 of its derivatives in the vicinity of the origin be continuous and equal to zero,
and the derivative of the N-th order must have a discontinuity at the origin.

The order of the sliding mode can be associated with the order of the control

object if the output is taken as the variable S(n)_
Let us demonstrate this using the example of a linear object, whose transfer

function is the ratio of the M-th and N-th order polynomials

W (p) = Sﬁn) i gig; 520
pS(n)
777777 \\ S(n)
\

Fig. 3.17. Switching space
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/"/ i

0 S(n)

Fig. 3.18. Projection onto the plane (S: PS)

Then, with a relative order of the system equal to one, the derivative pS(m) will
be proportional to the control input and will be discontinuous if the control input itself
Is discontinuous. Thus, the number of the derivative that clearly depends on the control
input, determines the order of the sliding mode. However, in this case it is necessary to
verify the conditions for the occurrence of sliding and hitting the switching line, which
in the case of a sliding mode of arbitrary order ' can be generalized as follows:

» conditions for the occurrence of sliding

p'ST(m) =V.-.VS(m)xf (nU)---xf"(n,U)<0;

r-1 r-1
p'ST(m) =V--VS()xf (n,U)---xf"(n,U)>0.
r-1 r-1 (3.525)

or

p'ST(m)=p(p" IST(M) <0, r=2,-,n;

pST (M) =VS(m)xf*(n,U);

p'ST(m)=p"TS (M)>0,r=2,---,n;

pS (m)=VS(n)xf (n,U). (3.526)

» conditions for hitting the switching line
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[Tp'sm) <o.
i=0

(3.527)

3.2.2. Principles of construction of high-order sliding algorithms
Let us consider the perturbed motion of a second-order dynamic system, which

Is described by differential equations in the Brunovsky form
PNy = M2,
Pnz = U. (3.528)
Stable motion of the system from an arbitrary position to the origin, which occurs

under the influence of control U, can occur along monotonic (Fig. 3.19), aperiodic

(Fig. 3.20) and oscillatory (Fig. 3.21) trajectories.
1

0.8

0.6

0.4

0.2

0

0 0.2 0.4 0.6 0.8 1

t,sec

Fig. 3.19. Monotonic trajectory of a second-order object

1 T B

0.8

0 0.2 0.4 0.6 0.8 i

t,sec

Fig. 3.20. Aperiodic trajectory of a second-order object
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0.5

.

035 02 04 06 08 1

t,sec

Fig. 3.21. Oscillatory trajectory of a second-order object

The corresponding sliding trajectories are shown in Fig. 3.22 — 3.24.

T

0 . .
0.2 .
0.4
06 ;g

1, sec

—i pS

Fig. 3.22. Monotonic sliding trajectory of the second-order

T

0.2 -
0.4
06 038

t, sec

-1 pS

Fig. 3.23. Aperiodic sliding trajectory of the second-order
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0.2 T .
0~4i
06 (g

t,sec

-1 pS

Fig. 3.24. Oscillatory sliding trajectory of the second-order

The nature of transient processes shown in Fig. 3.22 — 3.24 is explained by the
unique properties and parameters of closed-loop classical discontinuous control
systems.

Let us consider their possible modifications, in which high-order sliding modes
arise.

Let a control input applied to the object (3.528) be
u=—ky signmg —kyn,. (3.529)
Then the equations of the perturbed motion of the closed-loop control system

will take the form
P =m2; PNz =Ky signmg —Kom,. (3.530)
Let us show that the control input (3.529) ensures the occurrence of a second-

order sliding mode with respect to the variable M2. To do this, we rewrite the control
input (3.529) as follows

u=-k;signS; —S,, (3.531)
Where 91 =M1, S2 = Komsa.
It is evident that at M1 ~ 0 the function S1 takes zero value, and the derivative

PS, due to the second equation of the system (3.530) is
PS; = prny =1y (3.532)
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The first derivative PS; Is also zero at the origin of the phase plane.

Let us now find the second derivative of the function Sl.

20 — 2. _ _ .
P“S = p My = prp =k signmy —komp. (3.533)
The function S1and its first derivative are continuous, while its second

2
derivative P St Is discontinuous. These factors create the prerequisites for the
emergence of a second-order sliding mode in the considered system.
We will now demonstrate that the motion of system (3.530) is stable. To do this,
we write the positive definite Lyapunov function
_ 2
V =Vjg [ng [+Vom3, (3.534)

whose derivative is

Y N
pV = ——png+——pny =

ony on2
=V118igMy x g + VoMo x (—kgsignmy —konp) =
= (Vi1 — 2Vokg)signmy x 1z — 2Vokons. (3.535)
At
Vg = Vpky, (3.536)

the first term of the derivative (3.535) becomes zero, and the derivative itself

becomes negatively definite

pV = —2V22k2n§_ (3.537)
Consequently, according to Lyapunov’s theorem on the stability of motion, the
considered system is asymptotically stable.
Now let us consider the case when the control input provides sliding in multiple
switching planes.

Let the control input applied to the object (3.528) have the form
u =—k1|ﬂ1|3i9n(§), (3.538)

where
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& =my +komy. (3.539)
For the new variable g, sliding mode in a closed-loop system
Py =mz; PNz =—Kg|ng[sign(g) (3.540)
iIs a first-order sliding mode.
However, in the system

Pu=mz; P =—ke[my[sign(n +kony) (3.541)

a second-order sliding mode arises with respect to the variable "1. This is due

to the fact that the function © = is uniquely zero at the origin, while its derivative
PS = p&= p(kyny[sign(ny +komy)) =
=kq sign(ny) pny sign(ny +komp) +Kq [ [8(ny +komy), (3.542)

where 9(M1 +K212) is the Dirac function and it is discontinuous.
Summarizing provided calculations, we can assert that in order to form a second-
order sliding mode, the control input must be a combination of continuous and

discontinuous functions in various combinations.
3.3. Second-order sliding algorithms

Currently, there are three groups of control algorithms that implement second-
order sliding modes:

* Twisting algorithm;

* Nested algorithm;

* Super-twisting algorithm.

Let us examine these algorithms in more detail.

3.3.1. Twisting algorithm
The twisting algorithm is implemented by a control input of the form

u=-Uj sign(ny)-U, sign(pn,), (3.543)
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where

The closed-loop system is described by the equations
Py =my; PNy =-U;sign(ng)-U,sign(pny), (3.544)

and the corresponding phase trajectories are segments of parabolas (Fig. 3.25).

Let fo U be consecutive moments of switching time of the control input, and

the time intervals between switches are determined by the relationship

T =G — Tty (3.545)

PS5 (m)

—(U1 + Us)

t pS(n)

U+ U, —(Ur —U)

t2

Fig. 3.25. Switching of the relay element

The relationships between consecutive values of variables "1 and M2 at
switching moments are governed by the following equations:

« for 1% and 3™ quadrants

2
M=t 2
U +U; (3.546)
« for 2" and 4" quadrants
2
M=t 2
U;-U; (3.547)
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Therefore, the coordinates of the perturbed motion in the upper and lower

coordinate half-planes of the phase plane at the moments o and 2 are governed by

the relationship

U, -u
n5(tp) =~ 2 n5(ty) = Un3(to),

U; +U; (3.548)
where
U= Ul _UZ
U +Uy (3.549)

Similarly, for moments 2 and t4, we have
n%(u) = Un%(tz) (3.550)
or
n5(ty) =U5(ty)
(3.551)

Thus, for the 1-th complete revolution of the phase vector around the origin, the

following relations between the state variables of the system at different times are true:

20N —112..2 (5 —_  _q112i..2 . _
n2 () =UMm3(i-1)=---=U"n3(0),i =12, (3.552)
or after extracting the square root and taking the absolute values
Mo () |=U [mp(i-1)|=--- = u' In2(0)],1=1,2,---. (3.553)
i
It is obvious that the series 1 u U’ , formed by the coefficients of the

expression (3.553), converges if U <1 This condition is automatically satisfied by

appropriately choosing the values of Uy and U 2,

Thus, any motion trajectory that begins at an arbitrary point in the phase space
reaches the origin, sequentially passing through all quadrants of the phase plane, as if

“twisting.”

3.3.2. Nesting Algorithm

MONOGRAPH 174 ISBN 978-3-98924-097-1



s
Scientific thought development ‘ 2025 Part 1 %

In the considered twisting algorithm, feedbacks on state variables are linear. If
the feedback on the controlled variable becomes nonlinear, a nested control algorithm
can be obtained

u=-U max Sign[i(n1’n2)]1 (3.554)

where

&y, m2) = —f () + o (3.555)

The function f(m) in the equation (3.555) is a smooth scalar function that
vanishes at the origin. An example of such a function is an irrational dependence of the

form
f () =—ky Iy [* sign(ny). (3.556)

O A; —
With sufficient control energy reserve, the equation ky [mg [ sign(ing ) +m, =0

(3.557)

is the sliding curve of a closed-loop system

Pr="a; PN = ~Umax SN[k [ [* sign(ny) + 121 3 554
Reaching this curve guarantees the transfer of the control system from any point

in the phase space to the origin in a finite time (Fig. 3.26).

—0 2

Fig. 3.26. Phase plane

3.3.3. Super-twisting algorithm
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Using the super- twisting algorithm

u=-Uysignn, - (2)5 png, Uy >0,U, >0

Ml (3.559)
leads to the emergence of a second-order sliding mode in the dynamic system

(3.528).

In this case, the motion equations of the closed-loop system have the form

. _ - U,
P =mg; PNy =-Ugsignm, — 05 P

[T | (3.560)
Let us represent the system of two equations (3.560) in the form of a second-

order equation

U,
p*ny +—2= pny +U;signn; =0
[ [ (3.561)

A distinguishing feature of the dynamic system, whose perturbed motion is
described by the differential equation (3.561), is a variable damping coefficient, which

increases indefinitely as it approaches the origin.

When the sign of the deviation "1 changes, the system's motion trajectories do
not change qualitatively, since the form of the equation remains the same. This allows

us to consider following equation instead of the equation (3.561)

U,
P n1+ 05 pn1+ul 0.
e (3.562)

Qualitative trajectories of the system are shown in Fig. 3.27.
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b

0 5.10"2 0.1 0.15

Fig. 3.27. Phase trajectory of the system

Fig. 3.27 indicates the characteristic points of the system operation that will be

used in further calculations: (Puo _ the initial value of the system speed, (M1 _

the maximum deviation, ( pnl)mi” — the minimum value of the system speed, ( pnl)Z

— the second intersection of the phase trajectory of the ordinate axis.

Let us transform the equation (3.562) as follows

p[pﬂ1+2U2 py/my +Uy/ pJ= 0. (3.563)

Integrating the equation (3.563) allows us to write down the dynamics of the

system, governed by the equation (3.562) as

pmy +2Up p\/TTl +Up/p=(pnyo. (3.564)

At maximum deviation (nl)l, the speed of the system (P IS zero. Let us

denote this moment of time as ' and write the equation (3.564) for it

Since

t, >0

2UpyJng +Ugt = (prp)o- (3.565)

, then the following inequality turns out to be true

Jr < (pm)o

2pU; (3.566)
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The equation (3.565) together with the inequality (3.566) shows that the

deviation "1 decreases over time. In addition, time Y can be found from the equation

(3.565). Assuming that "1 =0 , We can rewrite the equation (3.565) as follows

U1ty = (py)o. (3.567)
where
t = (PM1)o
1 - .
U, (3.568)

Now let us consider the moment 2 when the speed of the system reaches its

2 _
minimum value ( pnl)min . Itis obvious that at this moment (p 1ﬁll) =0 - which means
the equation (3.563) will take the form

U
2 0’5 (pnl)min +U1:O
M ((PM1) min) (3.569)
or
U (PN min +U1m ((PM)min)*° =0. (3.570)

From the equation (3.570), we can find the coordinate "1 at which the speed of

movement will be minimal

U
N ((PN1) min )0’5 = —U_Z( PML) miin -
1 (3.571)

From Fig. 3.27 it i clear that "1~ M ((PWmin) gng (P2 > (PMwmin , SO

the following inequalities are true

Y1 > V(P min); _U—z(pnl)min > —ﬁ(pm)z-
Uy Uy (3.572)

U
NG U—l > —(pny),.
2 (3.573)

Substituting the inequality (3.566) into (3.573), we get the relationship between
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the speeds of two consecutive intersections of the ordinate axis of the phase plane

(pny)o U
Tlou—l >—(pn1)2
2 ¥2 (3.574)
or
G
( pnl)o 2U22 (3.575)
Denoting the right-hand side of the inequality (3.575) as
_ Y
P
2 (3.576)
we can generalize the result for any two consecutive intersections of the ordinate
axis
(P (3.577)
The inequality (3.577) shows that if ¥ < 1, then the transition process will be
stable.

3.3.4. Modification of the super-twisting algorithm

The previously discussed algorithms ensure stable perturbed motion from any
starting point to the origin. However, such motion is oscillatory, which is explained by
the fact that the corresponding closed-loop systems have a relative order of 2.
Therefore, the problem arises of ensuring the asymptotic stability of closed-loop
systems in which second-order sliding modes occur.

We will look for a solution to this problem within the class of super-twisting

algorithms. One of the varieties of algorithms in this class is the algorithm [37]
_ 0,5 o .
u=-U;|n|"’signn-U,signn, (3.578)
used in first-order dynamic object control systems

pNn = &M+ mu. (3.579)
Substituting the control input (3.578) into the equation (3.579) allows us to write
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the motion equation of the closed-loop system
_ 0,5 oi -
pn=a;m—mUq|n[>” signn—mU, signn. (3.580)
Since the closed-loop system (3.580) is a first-order system, the processes

occurring in it are asymptotically stable, and in the sliding mode the motion occurs

along the switching line
n=0. (3.581)

Let's factor out the component SI9NM in the algorithm (3.578)

u=—(U; Inl’>+U, |signn.
( aul 2) gnn (3582)

The resulting algorithm can be considered as a standard discontinuous control

J2U, +U,

algorithm, but with a variable amplitude, which can vary from the value

when the motion of the system starts from one extreme position and must end in the

other extreme, to the value Us when the object's deviation from the desired position is

compensated. Thus, when the system reaches the equilibrium line, switching of the

control input with amplitude U, and high frequency will be observed. In some cases,
a long-term high-frequency switching regime can lead to damage to the control object.

Therefore, along with the algorithm (3.582), we will consider the algorithm obtained
from (3.582) when the component U, approaches zero

u=-U, |n[*°|signn. (3.583)
The difference between the control input (3.582) (Fig. 3.28) and (3.583) (Fig.
3.29) is the continuity of the latter.
Let us show that the resulting algorithm also allows to implement a second-order

sliding mode.
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N

Fig. 3.28. Static characteristics of the controller with control algorithm (3.582)

Fig. 3.29. Static characteristics of the controller with control algorithm (3.583)

We will assume that S = N, then at the origin
n=0;S=0;
_ — - 0.5 o; —n-
pS=pn=u=-Up|n["" sigm =0;

p®S = pu= —U{—p 1l signn-[n 09 S(n)] =

2|m|
signm x -
_ _ul( g Op;)lnls'gnn—lnlo'SIS(n)j:
2| ™
= —0.5Ufsignn-Uy |n[>7[8
= —0.8U{sigmm—Uq | n["|8(n). (3.584)

Since both terms of the second derivative pzs are discontinuous, it can be
argued that a second-order sliding mode appears in the system implementing the
algorithm (3.583).

We will modify algorithms (3.582) and (3.583) in such a way that they can be
used to control objects of arbitrary order. To do this, we replace the switching line

equation (3.581) with the generalized one
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n
S = Zkini - 0,
i=1 (3.585)
where ki are the weighting coefficients that ensure the achievement of the

predetermined control goal.
Then, taking into account the equation (3.585), the algorithm (3.582) can be

rewritten as

u:_(U1|S|0’5 +U2)signS (3.586)

or in expanded form
0,5

n
kai

=1

n
u=-| U, +U, sign(kai)

=1

(3.587)
For the considered second-order object, the algorithm (3.587) can be represented

as follows

U= —(U1 Ky +kom, 00 U, )sign(klnl +k,1,)

(3.588)
Similarly, the algorithm (3.583) in general form will be
n 0.5 ] n
u=-U, kai sign kai ,
i=1 i=1 (3.589)
and for the considered object
05 .
u=-U; [kmg +kon, | sign(kymy +komy). (3.590)

A distinctive feature of the algorithms (3.587) and (3.589) is the change in the
amplitude of the control input as a function of the object’s state variables. It can be
argued that state variables are activated in accordance with the control algorithm and

ensure the formation of the desired level of control input. Therefore, the function

preceding the 19N torm will be called the activation function.

Let us consider the concept of “activation function” in more detail.
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3.4. Nonlinear activation function B

Currently, in the neural networks theory, the concept of ““activation function” is
widely used to determine the level of neuron activation. Drawing an analogy between
artificial neurons Ommo6ka! Hcrounmk ccolikn He Haiimen. (Fig. 3.30) and
controllers that use information about the complete state vector of the control system
(Fig. 3.31), we can conclude that there structures are identical. In turn, this conclusion
allows us to expand the class of functions like “sign” and “limitation” types used to
limit the output voltage of the controller by considering nonlinear functions with
limited magnitude

[ TO L (3.591)
which are used as activation in neural networks.

Therefore, in control theory terms, activation can be defined as a nonlinear
function that adjusts the control generated by the controller according to a specified
algorithm in accordance with the coordinate value of the representing point.

In the neural network theory, analytical studies of the static and dynamic
characteristics of a system with nonlinear activation functions are not performed, which
prevents mathematically justified selection of the activation function with subsequent
system optimization. Moreover, studies devoted to the optimization of system
optimization through the use of high-order sliding modes
Omuodka! Ucrounnk cchllIKK He HadigeH. indicate that functions whose values at the
origin are equal to zero and whose derivatives are discontinuous should be used as
activation functions.

Activation functions that meet such conditions are not widely used in neural
networks.

The simplest continuous function with discontinuous derivatives is

f(m)=+n. (3.592)

MONOGRAPH 183 ISBN 978-3-98924-097-1



5N
Scientific thought development ‘ 2025 Part 1 %

=

Inputs  Synaptic Adder Activation  Qutput
weights function

Fig. 3.30. Functional diagram of an artificial neuron

—(
M1
(2 y
e sign|(.) -
sat(.)
—(
Inputs  Weighting Adder Limiter  Output

coefficients

Fig. 3.31. Functional diagram of a controller with compensating
feedback

The function (3.592) is defined in the real domain only for positive values of the
argument, which does not allow its use in control systems in which signals can have
different signs.

Let us generalize the function (3.592) and introduce the nonlinear “square root

taking into account the sign” function into consideration

MONOGRAPH 184 ISBN 978-3-98924-097-1



o~
Scientific thought development ‘ 2025 Part 1 %

sqrt(m) =/ n|sign(m). (3.593)

In the most general case, we will consider a generalization of the function (3.593)

D(n, o) =|n|* sign(n), ae[0,1] (3.594)

Functions of the form (3.594) will be called irrational activation functions. It
should be noted that the class of activation functions is not limited only to irrational
functions. The activation function can be any function that ensures the achievement of
the set goal, gives the desired properties to the closed-loop system, and forms the
required motion trajectory.

It is obvious that the functions (3.593) and (3.594) even without taking into
account the restrictions (3.591) are nonlinear. In a closed region limited by the
condition (3.591), these functions become essentially nonlinear and in the general case

are described by the expression

_|In[*sign(m), if m<I;
sign(m), if n>L (3.595)

D(n,a)

3.5. Fractional-order sliding modes

Differentiation of a function (3.594) shows that its derivative

a_-
o= A s e
(3.596)

consists of two components, each of which at the origin is a discontinuous
function. This statement is typical for all irrational activation functions that ensure the
occurrence of a high-order sliding mode. However, from the point of view of the
conditions for the occurrence of a high-order sliding mode, the presence of two
discontinuous functions is redundant and creates basis for clarifying the concept of a
high-order sliding mode.

Let us analyze the derivative where the discontinuity of the first term is

determined by the discontinuity of the function sign(n) at the origin. The second term
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becomes discontinuous only when O<ac<l According to the rules of differentiation
of power functions, the order of the derivative is always one unit less than the order of
the original function. This is due to the fact that in classical differential calculus only
derivatives of integer order are considered.

From the perspective of control theory, this approach is not convenient, since the
class of systems with irrational activation functions in which second-order sliding
modes are implemented includes both the system with the algorithm

u=lim[n[” signn,
o—0 (3.597)
which, in its properties, is close to classical discontinuous control systems, and
a system with an algorithm
u=limn[*signm,
o—1 (3.598)
whose properties are similar to those of classical linear systems.

Therefore, the concept of high-order sliding modes must be clarified by moving
from the concept of an integer sliding order to the concept of a fractional sliding order.
Let us use the definition of fractional differentiation operator of power functions

Omuoka! UcTOYHHNK CCBIJIKH He HalileH.
Dana — I'o+1) 4-a

where ') Is the gamma function.
Among all possible orders & of this operator, the case that deserves the most

interest is when @ = O and
Unlike classical differential calculus, the fractional derivative of a constant is
oo D%signm
not equal to zero, so the derivative will be
D%signn = k /t%signm, (3.601)

here K is a certain coefficient, t is the time from the start of the relay element
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switching.
Analysis of the derivative (3.601) shows its discontinuity, while the derivative

(3.600) is a constant, thus the fractional derivative is

0%®d(n,a)

k .
o :F(a+1)+t_ocS|gnn

(3.602)
The last expression allows us to state that that the system enters a sliding mode

of 1+ order.

The above calculations allow us to conclude that the processes occurring in real
closed-loop systems with an irrational activation function are quite complex and, unlike
similar linear systems, cannot always be described analytically. Therefore, there is a
need for analytical research on elementary electromechanical systems with irrational

activation functions.

KAPITEL 4/CHAPTER 4

MONOGRAPH 187 ISBN 978-3-98924-097-1



o~
Scientific thought development ‘ 2025 Part 1 %

ANALYTICAL STUDIES OF ELEMENTARY ELECTROMECHANICAL ]
SYSTEMS WITH IRRATIONAL ACTIVATION FUNCTION

4.1. Open-loop EMS study

Before moving on to the synthesis of electromechanical systems with an
irrational function, let us consider how this function affects the characteristics of
elementary dynamic systems.

As is known, dynamic systems can be either open-loop or closed-loop. Let us
consider a generalized open-loop system with an irrational activation function. Since
such a system is nonlinear, the superposition principle is not applicable to its analysis;
therefore, it is necessary to distinguish where the nonlinearity is introduced: at the

system's input or at its output. (Fig. 4.1 - 4.2)

Y ]K f(yD) - Y
— 1(p) —

Fig. 4.1. Nonlinearity at the input

e ]K f)

Fig. 4.2. Nonlinearity at the output

To clarify the peculiarities of the trajectories of the systems shown in Fig. 4.1-

4.2, we assume that the transfer function Wi (p) corresponds to the first-order
aperiodic element. Such a dynamic element describes with a known degree of accuracy
the processes occurring in controlled converters, which are an integral part of a closed-
loop electromechanical system. Additionally, assuming that the electromagnetic torque
formation channel is inertia-free, any electromechanical system (EMS) can be reduced

to such an element. Therefore, we will assume that
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Wi (p) = :
Tp+l (4.603)

where ky Is the gain factor of the controlled converter, if processes in a power

converter are considered, or the design coefficient of the EMS, if a generalized EMS

T IS the time constant

with an inertia-free electromagnetic channel is being considered;
of the converter or EMS, respectively.
Taking the above into account, the block diagrams of the considered systems

will take the form shown in Fig. 4.3-4.4.

Y ]K @) T 1w

Tip+1.

Fig. 4.3. Nonlinearity at the input

i ]K fly)

Tip+1.

Fig. 4.4. Nonlinearity at the output

4.1.1. Nonlinearity at the system input
The diagram shown in Fig. 4.3 represents the simplest case of a system with an

irrational activation function.
f(y1)=ly; [*sign(y,), a€[0,1], ]y, [<1, (4.604)
which is characterized by the fact that the input signal Y1is amplified as a result

of raising it to a power then fed into the input of the system. In this case, the equation

of motion takes the form

Tipys + y1 = ko | y1 % sign(yy), (4.605)

where Y1 is the coordinate of the generalized EMS in relative units, Y1 is the

desired value of the EMS coordinate.
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By introducing a new control Ui the equation (1.7) can be represented as follows

Tipys + Y1 = Ky (4.606)

Thus, with a constant signal yf, the nature of the motion of a system with
nonlinearity at the input is exponential and does not differ from the motion of a linear
EMS.

Despite the identical nature of the transition processes in both linear and
nonlinear system, the points of steady-state operation of the EMS will be different
when the reference signal changes, resulting in different motion trajectories.

Thus, the static characteristic of a linear system is determined by the expression

y1(0) = kl)’I (4.607)

*
and linearly depends on the reference signal Y1 In the considered nonlinear

EMS, the steady-state point is determined by the following expression

Y1 (20) =Ky | 7 |* sign(yy) (4.608)

and nonlinearly depends on the reference signal. The limiting case is the

constancy of the steady-state point of the EMS operation from the reference signal yf
as the exponent O approaches to zero.

lim Yy1(0) = k;.

a—0 (4.609)

The obtained dependencies are constructed for a first-order aperiodic element,
under the condition that nonlinearity is present at its input. However, as was shown
earlier, by selecting the appropriate control input, the motion equations of any electric
drive can be represented in the controlled Brunovsky form, which corresponds to the
zeroing of the roots of the characteristic equation of the EMS.

Thus, in the case when the system dynamics is described by the equation (1.7),

it can be represented as

PYy1 =V, (4.610)

where
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Ki, >0 . 1
vy [P sign(y) - v
1 1 (4.611)
With full compensation of the internal feedback of EMS, the signal at its output
increases indefinitely over time, and the movement speed in the nonlinear system
_ kl * o - *
Py =" Iva [ sign(y;)
1 (4.612)
differs from the movement speed of a linear system
_ kg
PY1 = T Y1
1 (4.613)

Considering that the demand signal is limited in magnitude,

lyp <1, (4.614)

the absolute value of the maximum rate of change of the output coordinate will

be at & —> 0. The minimum speed corresponding to linear EMS is at & -1
The obtained result can be generalized to the case of a dynamic object of

arbitrary order and it can be stated that the presence of nonlinearity at the input of the

system with a constant reference signal Y1 does not affect the nature of the trajectory
of the motion, but affects the steady-state or quasi-steady-state operation mode of the
system. Deformations of the motion trajectory, unusual for linear objects and systems,
do not occur. When the reference signal changes, the motion trajectories of the

nonlinear system differ from the linear one and, due to the amplification of the signal

Y1 are characterized by large absolute values of the state variables and non-uniformity

of the field of steady-state values of the output coordinate of the EMS.

4.1.2. Nonlinearity at the system output
In this case, the dynamics of the first-order nonlinear open-loop EMS is
described by a system of equations

Toy1+y1 = kayas va =) ya [* sign(y). (4.615)
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o -
The presence of a nonlinear function [val" sign(y,) at the output of the system

not only changes the steady-state point, which can be determined from the system

(1.26) by substituting the first equation into the second at p=0

y1(e0) =l kayy [* sign(kyy), (4.616)
but also distorts the entire trajectory of the electric drive.

- * T
= — 1
Unlike the motion trajectory of a linear system yi(t) =kyyp (1-e ),

(4.617)
the motion trajectory of the considered nonlinear system is described by the

equation

' * —t/T . *
y1(t) =lkeyr (1—e 1) |* sign(kyy ). (4.618)
Thus, the more the exponent @ differs from one, the more the trajectory of the

nonlinear EMS is distorted compared to the trajectory of the linear system.

In the limitat & — 0, the steady-state point tends to sign (ky, ) , and the motion
trajectory tends to a unit step function.
A similar picture is observed when EMS is linearized by feedback in order to

compensate for internal feedback.
With the exponent & = 0, the trajectory of the system
ki =
v =t
1 (4.619)

significantly differs from the motion trajectory at & # 1

K x| .«
Y(t):T—1Y1t sign(ky; ).

1

(4.620)

As follows from the analysis of the expression (1.40), the rate of change of the
output variable of the EMS state, where internal feedback is compensated or absent,
with nonlinearity at the output differs from a constant even with a constant reference

input.
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Summarizing the obtained results, the following conclusions can be drawn:

« the introduction of irrational nonlinearity at the output of the EMS leads to a
significant changes in the motion trajectory and steady-state point;

« as the exponent O approaches zero, the transition function approximates a step
function.

4.2. Mathematical models of closed-loop EMS

The study of elementary closed-loop EMS will be carried out for the structures
shown in Fig. 4.5-4.8.

Y1

yr - % f (yf ) W, (p) .
i T

Fig. 4.5. Closed-loop EMS with a nonlinear function in the controller

A - Yi
Ay Wi(p) -

_{ n

Fig. 4.6. Closed-loop EMS with a nonlinear activation function
in the feedback

(A - - % fr) Wi (p) Y1 R

_{ 7

Fig. 4.7. Closed-loop EMS with a nonlinear activation function

in the controller and feedback
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y?f: = ) fr) % i
|

Fig. 4.8 Closed-loop EMS with a nonlinear activation function

as part of an electric drive

We will consider a generalized first-order electromechanical object, the

dynamics of which is described by a differential equation of the form

PYr =a11y1 + m1U y1 (4.621)

d;) ==
where T is the coefficient accounting for the object's internal feedback,

M s the design coefficient, Uy is the control input, Y1 is the controlled coordinate.
Having applied the feedback transformation to the object (1.43) and introduced a new

control input
U=y rmyy, (4.622)
We can describe its dynamics as follows
Py, =U. (4.623)

The implementation of the feedback transformation allowed us to reduce the
generalized object (1.43) to an integrating element (1.45). Then the dynamics of the
systems shown in Fig. 4.5-4.7 are described by the following equations

* For the scheme shown in Fig. 4.5:

py1=U,U :_lnlla Sign(nl)y (4624)

where
=YY, (4.625)

here Y1 is the reference input, Y1 is the controlled coordinate.
Substituting the second equation of the system (1.46) into the first and taking

into account the expression (1.47), we get
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PYL ==y =Yy [* sign(y,—y;) (4.626)

or, assuming that the function sign(.) can be described by the expression

-
|| (4.627)

the equation (1.48) will be written as follows

sign(ny)

Py, =—| Y11 [* sign(y, —y;) =

—__ N _0h
- = s
i=vi " [yi—wl (4.628)

where
p=1-a. (4.629)
* For the scheme shown in Fig. 4.6:
py; =U;U = y; -]y [* sign(yy). (4.630)
After substituting the second equation of the system (1.52) into the first and

expanding the brackets, we get

pY; =—| y1|* sign(y;) +y; (4.631)
or
Py1=— ylﬁ + yf'
| y1| (4.632)

* For the scheme shown in Fig. 4.7:
py, =U;
U =|y;—1y1 (" sign(yy)[*2 sign(y; | 1 L sign(yp))- (4 g3a)

or taking into account the ratio (1.49)
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y]*_f_ Y1
oy = ioIilfsiont) _ Tyl
1 * o o P2 BZI
1= yalsign(yy) e 41

Y1 Bl

1l (4.634)
* For the scheme shown in Fig. 4.8:

px, =U; ¥y =] [* sign(x,); U =y ;. (4.635)

Substituting the third equation of the system (1.57) into the first, taking into
account the second, allows us to reduce the equation of motion of the closed-loop

system to the form

P =(vi =Dl sign(x) ); y1 =1 |* sign(x)

(4.636)
or taking into account the ratio (1.49)
N Xl o o;
PXy —()ﬁ ——BJ’ Y1 =I%q " sign(xq).
%] (4.637)

Expanding the brackets in equation (1.59), we get

- Xl *, - o ~:
pxl_—B +Y15 Y1 =X |7 sign(xy).
% | (4.638)

Analysis of expressions (1.50), (1.54) and (1.60) shows that the presence of a
nonlinear activation function in a closed-loop system is equivalent to introducing
feedback with a variable transfer coefficient. Moreover, in the case where nonlinearity
is in front of the object, this coefficient increases as the error decreases. Thus, when
the coordinate of the object approaches its desired value, the damping properties of the
system are enhanced. A similar phenomenon is observed in classical control systems
with a super-twisting algorithm. For dynamic systems in which nonlinearity is at the

output of the object or in the feedback, the enhancement of damping properties occurs

with a decrease in the state variable of the object Y1
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4.3 Study of static characteristics of EMS

In the automatic control theory, it is proposed to study static characteristics based
on the transfer function of the system, provided that the differentiation operator is zero.
This approach is convenient for analyzing linear control systems, since it is part of the
complex analysis of closed-loop EMS, which also includes the study of stability, time
and frequency characteristics. To perform these studies, the transfer function of the
system is certainly necessary, since it allows the use of powerful tools and methods for
analyzing dynamic systems. However, for nonlinear systems, compiling a transfer
function in a closed-loop state is challenging. Therefore, we will analyze the static
properties of systems will be performed based on their equations of their motion in

operator form, under the condition that

p=0. (4.639)
By equating the left-hand side of the equations (1.50) and (1.54) to zero, we
obtain
- yl * B + yl * B = 01
| Yi— ) | | Yi— ) | (4.640)
_ le +yr =
[ V1l (4.641)
or
—Yi1+Yy1 =0, (4.642)
-1tV v |B: 0 (4.643)

Let us analyze the obtained equations.

* In the case where the control object is an integrating element and the activation
function is at its input, in accordance with the equation (1.64), the output variable will
reach the desired value in the steady-state. The static characteristic of the system in this

case will be
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yi= Y1 (4.644)
» [f the nonlinearity is in the feedback channel, and the steady-state of the system

Is described by the equation (1.65), then the output and input variables will coincide

only at maximum reference inputs | Y1 max |:1. In the general, the static characteristic

of such a system is determined by the expression

=" =4 (4.645)

An analysis of the expression (1.67) shows a linear relationship between the

input signal and the output coordinate only in the linear case when & =1 As the
exponent O decreases, the nonlinearity of the static characteristic increases. For very
small values of the exponent O the static characteristic (1.67) tends to the characteristic
of the relay element, and the output coordinate, regardless of the reference input,
reaches its maximum value for any values of the setting signal other than zero.

Despite the fact that the considered cases are the simplest in terms of using
nonlinear activation functions, it is clear from the expression (1.67) that the coverage
of nonlinear feedback even of the integrating element does not always guarantee zero
steady-state error. This fact creates prerequisites for design of closed-loop EMS with
the desired nonlinear static characteristic and response to the level of the reference
input level.

To impart the desired properties, it is possible to combine several nonlinearities
within a single EMS. As an example, let us consider the case when the nonlinear
activation function is present both in the direct channel of the first-order EMS and in
its feedback channel. Such an EMS is described by an equation (1.56) and can be
classified as a system with an embedded control algorithm. Equating the right-hand
side of the equation to zero allows us to write the following expression for the static

characteristic

* o -
y1—|Ya |t sign(y;) =0, (4.646)
Moreover, as follows from the analysis of the denominator of the right-hand side

of the expression (1.56), when this condition is met in the system, due to the unlimited
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Increase in the gain factor, a sliding mode occurs.

Thus, it can be stated that the nonlinearity at the controller output does not affect
the static properties of the system because even in the sliding mode, its output
coordinate will be related to the reference signal by the relation (1.67), which in the

case under consideration will take the form

Y1 = 1_8%/3’7 = a%/yif - (4.647)

Summarizing the obtained results and the presented calculations, it can be
concluded that the steady-state mode of a system with an irrational activation function
coincides with the steady-state mode of a linear or relay system only in specific cases.
In other cases, it occupies an intermediate position between the modes in these systems.
Moreover, the accuracy of the system is affected by the location of the nonlinear

element in the system structure.
4.4. Study of time characteristics of EMS

The steady-state values of the coordinates of dynamic systems calculated in the

previous section, together with the initial conditions
y1(0) = yo (4.648)

form a set of boundary conditions for solving the dynamic equations (1.50) and
(1.54).

Having solved these equations, we determine the time characteristics of dynamic
systems with an irrational activation function and the main dependencies that define
the parameters of the motion trajectory of nonlinear systems.

We will carry out research for the stepwise

y1 =1(1), (4.649)
linearly increasing

y1 = Ct (4.650)

and nonlinearly increasing
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* _ 2
y1 = Cot (4.651)

reference inputs.

4.4.1. System response to a unit step

Let the dynamics of a closed-loop system be described by the expression

_ Y *
PY1 = _kl—lB +kiyp
[y (4.652)
and the reference input is a unit step function.
Assuming that the output coordinate of the object is positive, we represent the

equation (1.75) as follows

_ Y _
Py1 = _kl_llg + k1 (t) = kg yr" + kel ().
Y1 (4.653)
Let us introduce a new state variable X, defined by the relations
1-a

1
o =y, S x o px= py
(04

Xl
(4.654)
and allows us to represent the equation (1.76) in the following form

1-a

1y px= —kl(xllo‘)d + k1 (t) = —kgX + kel (t)
a (4.655)

or
1-a
X o pX = —oky X+ akq1(t). (4.656)
In general, the equation (1.78) cannot be solved analytically. Let us consider
specific cases of its solution:
« when @=1the equation (1.78)is transformed into a linear differential equation
px = —ky X + ky1(t), (4.657)

the solution of which is known

MONOGRAPH 200 ISBN 978-3-98924-097-1



At
Scientific thought development ‘ 2025 Part 1 %

x(t) = kl(l— e_klt).

(4.658)
By virtue of expressions (2.342) we have X=Y1 hence
y(t)= kl(l— e_klt).
(4.659)
« when @=0, 5, the equation (1.78) takes the form
xpx =-0,5k;x+0,5k;1(t). (4.660)

Mathematically, equation (1.82) is an Abel equation of the second kind, which
can be solved either parametrically or using non-elementary functions. Such non-

elementary functions include the Lambert W function, which is the inverse of

f (x) = xe¥, (4.661)
i.e. it allows solving an equation of the form
X —
Xe =y (4.662)
in the form
X =LambertW (y). (4.663)

The solution to the equation (1.82) using the Lambert W function is as follows:

L

x=LambertW|e 2 2 |1,
(4.664)

where "1 is a constant of integration to be determined from the initial
conditions.

Based on the expression (2.342), the following relationship can be written

y(0) = x*(0) =0, (4.665)

according to which
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Ly
LambertW|e 2 |+1=0

(4.666)

and the desired constant is

kg (4.667)
Substituting the constant of integration into the expression (1.86) allows us to

represent this expression as follows

—1—k—1t+ jm

x=LambertW|e 2 +1.
(4.668)
Squaring the last expression determines the desired motion of the closed-loop

system.

—1—Lﬂ+ 7

y,=| LambertW |e 2 +1
(4.669)

Analysis of the obtained expression shows that the presence of a nonlinear
activation function in the feedback leads to the formation of trajectories of the system's
movement that differ from exponential ones.

Now let us consider a closed-loop system whose trajectory is described by the
equation
a
‘ ,o <1

YI—Yl

PYa = (4.670)

and the reference action is a unit step function.

Let us assume the output coordinate of the object is positive. Since the activation
function is symmetrical relative to the origin, this assumption is not restrictive, since
the results obtained will also be symmetrical relative to the origin. Then the equation

(1.91) can be represented as follows
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oy =(vi-v) o7

Let us introduce a new variable X, defined by the relations
1-a

* 1 *
fo =y YL X % PX= Py - Py

Xl
(4.672)
Taking into account that a stepwise effect is applied to the input of the system,

the relations (1.93) will take the form

1-a
Ko =y gy, Sx o px=—py,.
a (4.673)
The relations (1.94) allow us to represent the equation (1.92) in the following
form
l-a
—ZX @ px= (xl/“)a = —X
o (4.674)
or
201
px=ox & . (4.675)

d

By replacing the Laplace operator P with the differentiation operator dt | the

equation (1.96) can be reduced to a separable differential equation

dt=—%
—ax ¢ (4.676)
The solution to the equation (1.97) will be
X= ! :

(0

(at—t+Ay Jot (4.677)

and the constant of integration ~ + is determined by the initial conditions from
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the expression
x*(0) = v -~ y1(0) = ;. (4.678)

Substituting the expression (1.98) into the dependence (1.99) att =0 allows us
to determine the constant of integration
o-1

A=y (4.679)

- A :
Taking into account the constant * 1, the equation (1.98) takes the form

1
X = :
a
_o1 g1
ot —t+ yl a
(4.680)
Substituting the expression (1.101) into the first dependence of (1.94), we get
* B 1
Yi—Y1= 1
o\
_o-13g
ot—t+ yl a
(4.681)
or
_ 1
Yi=Y1 - 1
_o-13g1
at-t+y, o
(4.682)

The expression (1.103) allows us to state that if an irrational activation function
Is at the input of the integrator, then the transition function of the system will be a

power-law dependence.

4.4.2. System response to a ramping signal

We will assume that the closed-loop EMS is described by the differential
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equation

py1 = Y1 —|ya|* sign(yy), <1 (4.683)

and the reference input is a linearly increasing signal (1.73).
Substituting the reference input (1.73) into the equation (1.104)allows us to write
a differential equation of the form
=1 ot —|ya|” sign(yy), ae<1.
dt (4.684)
Assuming that the output coordinate of the object is positive, we can represent
the equation (1.105) as follows

s _

aqt—y, a<l
dt (4.685)
Let us introduce a new variable X such that
1 1 1-a g g
o - ax
XO(, - yl’_x (04 _:_ﬂ_
dt dt (4.686)
The relations (1.107) allow us to represent the equation (1.106) in the following
form
l-a 1\¢
1 dx —
——XOL — =t —| X¢ =qt—X
o dt

(4.687)
Direct solution of the equation (1.108) in the general case is difficult, so we will

first consider several special cases.

 When =1 the considered EMS with a nonlinear activation function

degenerates into a linear EMS, the motion of which is described by the equation

dx
—-— = 1t - X
dt (4.688)
or in normal form
dx
— =X-qt.
dt (4.689)
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The solution to the equation (1.110) is obvious.

x:_cl+clt+A1e_t, (4.690)

where At Is the integration constant, which is determined from the equation
1.112) at t =0, x=0.
— -0
or
a=Ar (4.692)

Then, due to the expression (1.107), the desired output coordinate of the
considered EMS will be

_ —t
Y1 =—C +Ct+Ce . (4.693)
« When % =0, the motion equation of the considered system takes the form
—ZX% =cit—X
dt (4.694)
or
ox_1,_at
d 2 2 (4.695)

Equation (1.116) can be reduced to the Abel equation by introducing notations

0= o) = 2t

(4.696)
and new coordinate
1
&= [fi(t)dt =—=t,
2 (4.697)
for which the following statement is true
=07,
f,(t) (4.698)

Resulting Abel equation will have following form
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x% =x+ f(§).
dg (4.699)

The last equation can be solved only parametrically by introducing a parameter

T such that

211
arctan —— Y=
——In(r 2—1+¢)) NG~

-1

t=Ce 46—
then
211

—Eln(tz—’t—l—cl) 401 -1
— 2 4c, -1
x=Cre (4.700)

arctan ——

In other cases, analytical methods for solving the equation (1.106)are not known.
We will assume that the closed-loop EMS is described by the differential

equation

o *
| sign(y; —y), <1

P = (4.701)

and the reference input is a linearly increasing signal (1.73).
Substituting the reference input (1.73) into the equation 28allows us to write a
differential equation of the form
M- = legt — ya|” sign(cat — yp), @ <1.
dt (4.702)
Assuming that the output coordinate of the object is positive, we represent the

equation (1.123) as follows

M1t -y, ) o <.
dt (4.703)
Let us introduce a new variable X
1 . I-a d d
Clt yl’ —X a _X_ 1_ﬂ
dt dt (4.704)
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The relations (1.125) allow us to represent the equation (1.124) in the form

(4.705)
Direct solution of the equation (2.384) in the general case is difficult, so let us

consider a several of special cases:

« When =1 the considered EMS with a nonlinear activation function

degenerates into a linear EMS, the motion of which is described by the equation

_ox
dt (4.706)
or in normal form
dt (4.707)
The solution to the equation (2.386) is obvious.
X = cl(l—e‘t )

(4.708)
and thus, from the first equation of the system (1.125), the desired output

coordinates of the considered EMS can be determined

Vi :clt—ol(l—e‘t):cl(t—1+e‘t )

(4.709)
« When @ = 0,5 the equation of motion of the considered system takes the form
X
C,— 2xd— = X.
dt (4.710)
or
d__x, ¢
a 2 2 (4.711)

The equation (1.130) has no solution in elementary functions, but can be written

using the Lambert W function
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Xx=c,| LambertW| —— |+1|.

(4.712)

Substituting the found value of the coordinate X into the first equation of the

system (1.125) at & = 0’5, we determine the desired variable of the state of the EMS

- 12
Lt A

16
y; =¢t—| ¢ | LambertW A Y
G

(4.713)

Considering that at the first moment of time y1(0) = O, as a result of solving
the equation (1.131)

c’| Lambertw © "1 =0

(4.714)

we will determine the unknown integration constant
Al=-¢In(-¢). (4.715)
Finally, taking into account the integration constant (4.715), the expression

(1.132) will take the form

- -2
t

-t in(=

1°1+n( )

y; =¢t—| ¢;| LambertW ° o +1

(4.716)

or
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y; =¢t—| ¢;| LambertW | —e 9 |41

(4.717)

As can be seen from the comparison of the results obtained from the special cases
of solving equation (2.384), response of linear and nonlinear electromechanical
systems to a linearly increasing signal differ significantly, creating the basis for the
construction of high-precision tracking electric drives.

Generalizing the results for solving equation (2.384), we introduce the concept
of a “pseudo-characteristic equation”.

To explain this concept, let us consider the closed-loop electromechanical

system (1.129). Let us represent the second equation of the system (1.129) in the form

—2xdx = (X — G_L)dt (4718)
and divide both sides of the resulting equation by X=C
2X
——dx=dt.
G =X (4.719)

The equation (1.137) is a separable variables equation and its solution is obvious
—2x-2¢In(—c; +xX)+ A =t, (4.720)
where A Is the integration constant.
Thus, finding an unknown motion trajectory X instead of solving a differential
equation (1.129) reduces to solving a nonlinear equation (1.138).

Let us introduce a new variable Z, for which the relation is true:

In(-¢; +x) =z, (4.721)

then
X—C = e’ (4.722)

and
X=e"+¢ (4.723)
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Comparison of the equation (1.141) with the corresponding equation for tr;

linear system (1.127) shows the identity of the variable Z and the product of the root

of the characteristic equation, taken with the opposite sign, multiplied by time, i.e. it

can be stated that
=—Pt (4.724)

where P is the root of the characteristic equation of a linear closed-loop EMS.

Substituting the expression (1.141) into the equation (1.129), we get

The expression (1.142) because of equality (1.143) will be called “pseudo-
characteristic equation of the EMS with an irrational activation function for a linearly
increasing reference signal.”

Table 4.1 shows pseudo-characteristic equations for various degrees of the

irrational activation function.

Table 4.1 - Pseudo-characteristic equations for different exponents &

Exponent& Pseudo-characteristic equation
12 —22¢,—2e* -2¢,+ A —t=0
13 —62¢2 —3(e?)>—12c,e” —9c? +2A, -2t =0
1/4 —122¢7 —4(e?)®-18c, (e*)? —36ec: —22¢7 +3A, 3t

The numerical coefficients of a pseudo-characteristic equation of arbitrary
degree are determined by the order of this degree, and its roots determine the trajectory
of the motion of the fictitious coordinate X, and consequently the output coordinate of
the closed-loop EMS, which, in accordance with the expression, (1.125) will be

—nt_ Yo —t (aZ Vo
Y1 =Ct—x"" =it (e +01) ' (4.726)

It should be noted that among the pseudo-characteristic equations
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listed in Table 4.1, only the first one can be solved analytically with respea
to the variable z using known methods. In this case, such a non-elementary
function as the Lambert W function is used to express the solution.
Therefore, it is of interest to study the motion of the EMS in the “new”
time z, whose dependence on the "old" time t can be determined from the

pseudo-characteristic equation
t=af(2), (4.727)

where f(2) are the components of the pseudo-characteristic equation
that do not contain the variable t.

In the new phase space, the trajectory of the object's motion will be

; Ya
y; =¢af (z)—(e +c1) : (4.728)

Thus, the motion trajectories of systems with pseudo-characteristic

equations given in Table 4.1 will be as shown in Table 4.2.

Table 4.2 - Trajectories of systems for different exponents &

a Trajectory of movement

Pl Smrzetz-a)-(etha)

1 —%(62012 +3(e?)? +12c1ez+9(;12—2A1)—(ez+c1)3

14

4
—%(1220? +4e3? +18c,e%* +36e”c? +22¢] —3A1)—(eZ +cl)

Since the pseudo-characteristic equations for integer values of the

1
indicator @ include only components z and e’ it can be stated that in the

new phase space, the processing of the linearly increasing reference signal
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Is carried out linearly with a delay.

4.4.3. System response to a of complex shaped demand signal
The domain of analytical solution of equations (1.50) and (1.54)is limited to the
cases considered previously, where the input to the EMS) is either a step or linearly

increasing signal. With other reference inputs, it is not possible to find the solution of

these equations directly as a function of time t when O # 1 However, continuing the
approach of changing the independent coordinate proposed in the previous section, it
Is possible to transform the equations of systems (1.50) and (1.54) with an arbitrarily
complex changing input signal to an analog of the EMS, whose motion occurs under
the influence of a linearly increasing signal.

Let us prove the correctness of such a statement using the example of a first-
order linear EMS with a quadratically varying input.

Let the initial motion equations of the EMS have the form

dy; 2
o2y,
dt ! (4.729)

The solution to the equation (1.149) will be the dependence

— 2 ~t
y =20 —2ct+ctc + A, (4.730)

where the integration constant * * is determined from the initial conditions of

the equation 39 at t =0, we will assume that y1(0) = O, then

0=2¢+A (4.731)

or
(4.732)

. : . A . :
Taking into account the found integration constant ~ , the expression 39 will
take the form

Y = 20, — 20t + ¢pt® — 28, (4.733)
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Let us show another method to determine the trajectory of motion (1.153).

Let us move on to a new time T, which is related to time U by a quadratic

dependence
=1t (4.734)
And
t=+/1. (4.735)
Let us find the differential of the expression (1.155)
dt
dt=——.
2t (4.736)
a
Then, in the new time T, the derivative At will become
dt dt (4.737)

Taking into account the derivative (1.157) and the ratio (1.154), the equation
(1.149) will take the form
d
Zﬁi = C]_T — yl'
dt (4.738)

The solution to the last equation is

ylz(}l’c—ZCl\/;+20_L+Ale_\/;, (4.739)

where at ©=0:¥1(0) =0 tne constant A1 takes on a value that is defined by

expression (1.152).

Substituting the value of the constant At and the expression (1.154) into the
expression (1.159) leads to the previously obtained dependence (1.153), which allows
us to judge the correctness of introducing the “new” fictitious time T for solving the
considered equations with an arbitrary input signal.

Let us generalize the obtained results. Let the considered EMS in operator form
be described by the equations
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Py1 = (3’;c - y)” (4.740)

And

PY1=Y1 — V1~ (4.741)
Let us enter new coordinates
1 o

XY~y S % PX= py: - Py
o (4.742)

and
! La

X5 =Y 1y o PX = Py
2 T : (4.743)

Taking into account the notations (1.162) and (1.163), equations (1.160) and
(1.161) will take the form
1-a

* 1 o
- = X=X
Py =% P

(4.744)
and
1-a
Lo aye
— X2 pPX= y]_ - X2.
o (4.745)
d

Replacing the Laplace operator P with the differentiation operator dt | the
equations (1.164) and (1.165) can be represented as follows

1-a

dy 1 o X _ X
dt « dt (4.746)
and
La
Zx% L= yp - X,
o 2 dt (4.747)
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We will assume that the demand signal of arbitrary shape depends on time

y1 = 1(0). (4.748)
Let us introduce a new time T, related to real time by the dependence
t=1(). (4.749)
Then the differential will be true
dr = wdt’
dt (4.750)
and derivatives
de_ dt ok _dedt
dt df(t)’ dr dtde (4.751)
d_x
From the expression for the derivative dt | it follows that
dx _ dx de
dt drtdt (4.752)

Taking into account the accepted notations, the motion equations of the

considered EMS will take the form

o dr dt  * (4.753)

and

o2 dedt = % (4.754)

The obtained equations have a form similar to those considered previously.
Therefore, for the investigating of EMS with a complex input signals, the following
algorithm can be proposed:

* Introduce a new time T which obeys the dependence (1.168).

* Transform the motion equations from the old-time basis to the new one.

» Use the calculations of the previous section to study systems with a linearly
varying input signals.

» Perform the reverse transformation of the obtained results.
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4.4.4. Temporal characteristics of high-order EMS

Unlike the trajectories of a closed-loop linear system, the analytical
determination of the trajectories of an EMS with a nonlinear activation function by
directly solving the corresponding system of differential equations is associated with
certain challenges due to the order of the nonlinear system. Therefore, we transition
from the equations of motion of the EMS with a nonlinear activation function to the
corresponding equations of integral curves. This approach allows us to reduce the order
of the considered system and thereby simplify its mathematical description.

L et the motion of an electromechanical object of the N -th order be described by

a system of differential equations in Brunovsky form

PY1=Y2: PY2 = Y35 " PYn-1= ¥Yn; PYn =V. (4.755)
d
P——
By performing the substitution dt | we bring the equations (1.175) to the
form

d d dy,_ d
A: yz, ﬁ: yg, yn 1 = yn, A:V_

dt dt dt dt (4.756)

and expressing the differential of the independent variable dt through the state

variables
ﬁ:dt' ﬁ:dt-... Yn-1 =dt: ﬁ:dt
Y2 Y3 Yn v (4.757)
we get
dyl _% - ...= dyn_l — dyn
Y2 Y3 Yn v (4.758)

By choosing the variable Y1 as an independent one and using the relations
(1.176), we can write a system of equations of the form
dy, _¥3. dYng_Yn.Oyn_V
dy; vy, ’ dy; Y, ’ dy; Y, (4.759)
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or in general terms

dv. v.

L: yj+1’ j:21...’n_1;

dy; Y,

dyn _ v

dy; Y (4.760)

The resulting system describes the integral curves of the considered EMS. The

system of equations 40 does not contain a variable t and therefore has a dimension
N—1 sucha system of equations is convenient to use when controlling the full vector

of state variables. In the case when the control input V does not depend on the K -th
dy,
coordinate, the fraction Yk+1 can be excluded from the relations (1.178). This also
reduces the order of the system 40 and simplifies its description.
Thus, the order of the system of equations describing the integral curves of the

considered EMS is at least one less than the order of the original system of motion

equations and allows us to determine the variable states of the system through a new

independent coordinate Y1, Subsequent substitution of the found solutions into the
equations (1.176) and their integration over time allows us to determine the unknown
trajectories of motion.

We will consider the peculiarities of solving the equations describing the motion
of the EMS in the phase space formed by the state variables of the electromechanical
object using the example of a second-order EMS, the dynamics of which in Brunovsky

form is described by equations.
PY1 = Yo,

PY2 =V (4.761)
and the control input in the general case has the form

V= %1 —kayp —kay2sign(ys —kiyy —ka¥2)- -, 769

We will assume that the coefficients ky and K are selected to ensure asymptotic
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behavior of transient processes in the system, i.e. the condition is satisfied along the

entire trajectory of motion

*

y1 —kiy; —kay2 =0. (4.763)
This assumption allows us to represent the equations (1.181) together with the
algorithm (1.181) as follows
PY1 = Y2,
pY2 = vi — ki KoY. (4.764)
In the case where the condition (1.183) is not met, the dynamics of the system

(1.184) will be described by the equations
Py1 = Y2,

Yyr —kyyy Koy, 0f Vi —kiyg—Koyp 20;
—0\‘/— y1 +kiyr+koyo, if yp =Ky —koyo < 0,(4_765)

Py2 =

i.e. the switching line Y1 —kiy1 —kay, =0 splits the system (1.185) into two

subsystems

PY1 = Y2,
PY2 = (%/YI —kiy1 —kay, (4.766)
and
PY1 = Yo,
Py2 = —(%/— Vi + ke +KaYa, (4.767)

which are symmetrical with respect to the switching line. Dividing the second

equation of the system (1.184) by the first, we eliminate the independent variable t

Yo % = O\L/YI kY1 —KaYs.

N1 (4.768)

Using known analytical methods does not allow us to determine the solution of

the differential equation (1.188). However, solutions can be found for a number of

special cases.
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Let us consider these solutions.

* Let the feedback coefficients kg and K be equal to zero. In this case, the

considered EMS is described by a system of differential equations
PY1 = Yo,
PY2 =V (4.769)

and corresponds to an open-loop system, the block diagram of which is shown
in Fig. 4.9.

Y2 Y1

3 =
S H

yf%'v

Fig. 4.9. Block diagram of open-loop second-order EMS

The analytical solution of the system of equations (1.189) with respect to Y1

under a constant reference input, obtained without reducing the order, has the form

1( =\ .
y1= 5(&’1)‘”2 + At + A,
(4.770)

: : A : o
where the integration constants ~ * and Ao are determined from the initial

conditions
d
n(0)=0,"t =0
t=0 (4.771)
by ratios
A=0,A =0 (4.772)
Thus, the equation (1.191) will take the form
1, *.2
= _ t ,
Y1 5 Y1

(4.773)
The expression (1.194) agrees well with the previously obtained results of the

study of open-loop systems and is obvious. We will consider the obtained results as
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reference.
Now we solve the system (1.189) by reducing its order. To do this, dividing the

second equation by the first, we get

dY2:O\L/y7I

dy; Y (4.774)
or
d *
Yo d—y2 =V -
Y1 (4.775)

As already mentioned, equations of the form (1.196) are Abel equations of the

second kind and have a solution

1
o

y2(y1) = i\/Z(Y1 )“ Y1+ A (4.776)

Considering the initial conditions A=

| 1
y2(y1) = Z(YI )0‘ Y1- (4.777)

Substituting the expression (1.198) into the first equation of the system of

equations (1.189)
g N
A=yy)=2 Z(yl)“yl,

dt (4.778)

we will reduce the resulting equation to a separable variable equation

L = idt’
2 *1/OL
i n (4.779)
the solution of which
1 *L/ o
Y1 = Eyl (t+ Az)2

(4.780)

taking into account the initial conditions, takes a form that fully corresponds to
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the previously obtained expression

1 [~
V==X yltz.
2 (4.781)

* Let us close the considered EMS by feedback on the output coordinate Y1 (Fig.
4.10).

Y2 Ui
k1

Fig. 4.10. Block diagram of a second-order closed-loop EMS

(H w/e ]K v
— 2 O

SR
3=

Mathematically, this corresponds to a nonzero coefficient kg in the motion
equations (1.184)

PY1 = Y2,

pY, =i —keys

(4.782)
In the equations (1.204) we will perform the substitution
-y : N
W =y; —Kyyp; aw® T pw= py; —kq py; (4.783)
and we will represent the system (1.204) as follows
py; —aw* pw _
= y2,
Ky
Pyz = W. (4.784)

Assuming that the reference action Y1 does not change, we represent the system
(1.206) in normal form

_ kyo
pw = _W’
Py, =W (4.785)
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and write down the equation of the integral curve

0

dys __ow

dw Ky, (4.786)

which is a separable variable equation

kiyody, = —ow*dw (4.787)

the solution of which is obvious
Jklyzdyz = —IaWadW,
1

kv =_
5 1Y2

yo ==+

o
WOHl,
o+1

V2
ky (oL +1)

\/— oo +1)kyw*
(4.788)
Taking into account the notation (1.205), the last expression can be represented

as follows

J2 .
— /- 1)k —k o
k(o +1) a(o+1)ky(yp — Ky yp)

yo =%

(4.789)

where the “+” sign 1s taken when the coordinate Y1 increases, and “—” when it

decreases.

Substituting the found expression into the first equation of the system (1.204),

we get a differential equation for determining the unknown coordinate Y1

2 .
— 1\ 1)k —k o
k(o +1) oo +1)ki(y; —Kyyr)

Py, ==*

(4.790)

The solution of the equation (1.212) determines the motion trajectory ya(t) in

the class of exponential functions

(kltz(owrl)2 exp(o, t)+2y, o +2yfoc)
2kjo(o+1)

1= Cou#l

(4.791)
where
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o 2a(o+)
ky (0—1)%t2

exp(a,t) = e (1-Tojo 21 (4.792)
When O = 1, the equation (1.212) takes the form
Py1 = kL o
2k , (4.793)

and its solution, taking into account (1.205), will be
J-kt
eV 1 +y

Ky (4.794)

Analysis of the expression (1.214) shows that the range of values of the functions

1=

N —Kqt
exp(a, t) and €V 1 s the range of complex numbers, which corresponds to the
occurrence of oscillations on the curve of the transient process. This fact is beyond
doubt, since when & =1 the considered EMS turns into a well-known conservative

system with a transfer function
K

2 ]
Tp®+1 (4.795)

W(p) =

and when & 7&1, it can be classified as a conservative dynamic system of the

second order with a variable time constant depending on the control error

W(p)= —f
Tl -y Jp? +1 (4.796)

* Now let the coefficient K be non-zero, and the coefficient ky to be equal to
zero. In this case, the considered EMS has one zero root of the characteristic equation,

and its dynamics is described by the following equations

PY1 = Yo,

Py, = O(\/ y; — Y. (4_797)
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The corresponding block diagram is shown in Fig. 4.11.

*

Yi myf — kayo % v 1 Y2
) > " » !

3=

ks

Fig. 4.11. Block diagram of a second-order closed-loop EMS

with a zero root of the characteristic equation

Generally speaking, to determine the trajectories of the system shown in Fig.

4.11, itis convenient to use the calculations obtained in the study of first-order dynamic
systems. In this case, the coordinate Y2 is determined, and then, by integrating it, the

variable Y1 is determined.
However, this approach involves solving two differential equations and
contradicts the considered methodology of studying EMS using integral curves. Let us

compose an equation of the integral curve for the system (1.219)

dy, _§¥i-Y2
dy; Y2 (4.798)

Let us introduce a notation for the expression under the radical

W=y -y (4.799)
and write down its differential
-1 _ *
oaw®dw = dy; —dys,. (4.800)
With a constant reference input, the expression (1.223) will take the form
1 g —
Taking into account the differential (1.224), the expression (1.221) will be
ow*ldw _ w
dy; Y —w (4.802)
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or

dw w2

dyl a(yj’f - Wa). (4.803)

The equation (1.226) is a separable equation and can be represented as follows

oy =W 4

dy; = -
2_
we (4.804)
Then, the solution to the equation (1.227) will be the dependence
~ OLW2a_1 OLWa_lyI
Y1= - -
200—-1 a-1 (4.805)

Taking into account the dependence (1.222), the expression (1.228) can be
represented as follows

21/, 1-1/o  *
Y1

_o(y —y2) M alyr —Ya) |
20,—1 a-1 (4.806)

Y1

The dependence (1.229) found in this way can be used in two ways:

1. To determine the coordinate Y2 in a function Y1 with subsequent solution of

the differential equation

PY1 = Y2. (4.807)

2. To directly determine the desired coordinate Y1, excluding the solution of the
differential equation (4.808)

However, in this case the coordinate Y2 must be a known function of time, i.e.
determined according to the calculations presented earlier.

Analysis of the equation (1.230) shows that the first method is reduced to solving

a nonlinear equation (1.229) with respect to Y2, which in general has no analytical
solution. Therefore, it is preferable to use the second method together with the
calculations presented in the previous section.

The considered expressions and relations show that in the general case, for
arbitrary values of the exponent @, it is not possible to determine an analytical
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expression for the transition function of a system with internal feedback and an

irrational activation function. Therefore, further research will include the results of
numerical calculations.

KAPITEL 5/ CHAPTER 5
SYNTHESIS OF CLOSED-LOOP ELECTROMECHANICAL SYSTEMS
WITH NON-LINEAR ACTIVATION FUNCTION

5.1. Motion of characteristic equation roots of a closed-loop system with a non-
linear activation function
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5.1.1. The concept of free root movement

The use of the root method for the synthesis of control systems is, on the one
hand, fairly simple and informative, and on the other hand, a powerful tool for setting
the desired dynamics of a closed-loop system. Moreover, currently, only time-invariant
characteristic equations are used in modal synthesis, the coefficients of which do not
change during the operation of the system. However, there are studies devoted to
dynamic systems with free movement of the roots of the characteristic equation 10, i.e.
systems in which the values of the coefficients, and therefore the roots of the
characteristic equation, constantly change as a function of state variables, control
Inputs, time, etc. Such characteristic equations can be described by a dependence of the

form

D ai(nu,t,--)p; =0.
i=0 (5.809)

From the control theory perspective, equations whose coefficients change as a

function of state variables are of the greatest interest

> a(n)p; =0.
=0 (5.810)

Let us consider the change in the coefficients of the characteristic equation of a
system with an irrational activation function using the example of a first-order dynamic
object

Py = &gy, + mu. (5.811)

Let's assume that control is being applied to the object
— a’ H
U =—k|ny|" sign(ny). (5.812)

where 1 = Y1 = Y1,
Non-linear control (1.5) can be represented in a form similar to linear control if

we introduce the concept of “variable gain factor of the controller”
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U =—-g(m)n. (5.813)
Dividing the control input (1.5) by the control input (1.6), we obtain
1= —k|ny|" sign(m,)
—g(m)m (5.814)
where
k - M “ k
g(nl) = ‘ ‘ = 1-o "
‘111‘ ‘T]]_‘

(5.815)
Substituting the control algorithm (1.6) into the equation (1.4), we get a system

of equations that describes the dynamics of a closed-loop electromechanical system
PY1 = ag Yy + MU,
U =—g(ngny. (5.816)
The block diagram of the closed-loop system, which is described by the

equations (1.9), is shown in Fig. 5.1. The corresponding transfer function can be

defined as follows

1/ m
g(nm; . P g(ng)my
o(p)= l1-ay/p _  gMym —ay
1/p 1
1+ g(ng)my p+1
- api/p g(m)my —ag . (5.817)
y*(p)y  —n(p) o) U(p) ™ : yilp)

L Qi1 [«—

Fig.5.1. Block diagram of the investigated control system

Comparison of the transfer function (1.11) with the transfer function of the

aperiodic element
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K
W(p)=
Tp+1 (5.818)

shows that the investigated control system is equivalent to a first-order aperiodic

element with a gain factor and a time constant

g(n)m T = 1

g(mg)m—ay; g(n)m—ay (5.819)

Taking into account the dependence (1.8), the parameters (2.283)can be

K=

represented as follows

mik|n, ¢ myk
K(n) = 1(1‘1]1‘ = 1 o
mlk‘nl‘ —311‘111‘ mlk_all‘nl‘
1-a
1
T =M -

mykjm|* —agny| mlk‘nl‘a_l_all mlk_all‘nl‘l_a.
(5.820)
The expressions (1.13) show the change in the parameters of a closed-loop
system as it moves from any initial position to the steady-state point, which is

determined by solving the equation of steady motion of a closed-loop system
1Yy +mMg(my)m =0. (5.821)

When O = 1, expressions (1.13) are converted into the well-known
dependencies
_ mk _ 1
MK—ayq MK —2ayq (5.822)
in order to determine the gain and time constant of a linear control system with

an algorithm
U = —(kny) (5.823)
Thus, the parameters of a control system with an irrational activation function,

which are described by the expressions (1.13), are a generalization of the known results

obtained for linear electromechanical systems.
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Let us consider the values of the parameters (1.13) when the system moves from

a point in phase space lying on the boundary of the system's domain of definition to

the origin. At the first moment of time, the deviation "1 becomes equal to one

*

m=% Y1

=1 "y =0 (5.824)

and the expressions K(nl) and T(nl) are respectively equal to

1

k
:L’ T(nl) _lzﬁ
M= rnl 11 (5825)

Comparison of expressions (1.15) and (1.18) shows their identity and allows us
to conclude that the movement of a system with an irrational activation function begins

at the boundary of the domain with parameters corresponding to the parameters of a

linear system.

If the control system reaches the origin, then the deviation "1 becomes zero, and

the values of parameter (1.13) can be determined by considering the limits

k k

lim K (ng)= lim e =Ty
l-a

im T (n)= tim — =g

(5.826)
Analysis of the expressions (4.611) shows that when the origin is reached, the
system (1.9) becomes inertialess with a unit gain factor, i.e., it is equivalent to a relay
system operating in a sliding mode. However, taking into account that the control
system (1.9) with the algorithm (1.5) is static, achieving a zero steady-state error in it
is possible only for very small values of the exponent O. In other cases, for the

considered closed-loop system, the domain of definition of the functions (1.13) is
limited, on the one hand, by the initial deviation of the system n1(0), and on the other

— by the point of the steady-state mode ().

MONOGRAPH 231 ISBN 978-3-98924-097-1



Scientific thought development ‘ 2025 Part 1 %

An analysis of the results of mathematical modeling of the studied contra
system with single parameters under a single reference input allows us to construct the
dependences of the equivalent gain factor and time constant of the system on the
control error, shown in Fig. 5.2.

1.0

0.8t
~—~ 0.6
K04p B e 2 U

2

910 08 0.6 —04 02 0.0

: a=10
04b _ e 05:0,1

T(Ul

0.0 02 ~06 ; 0.4 0.2 5.0
1

Fig. 5.2. Dependences of equivalent dynamic parameters K(nl) and T(nl)

on the deviation "1
Often, when analyzing the dynamic characteristics of control systems, instead of
analyzing the time constants, the roots of the characteristic equation are considered.
For the considered closed-loop system, the characteristic equation can be represented

as follows

P +1=0.
g(my)m —agg (5.827)

The solution of the equation (1.20) allows us to determine the desired value of
the root

p(m) = —g(ny)my; + 2y (5.828)

or taking into account the expression (1.8)
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u . (5.829)

The graph of the dependence of the root of the characteristic equation (1.22) on

the deviation "1 is shown in Fig. 5.3.

—10;5 ~0.8 ~0.6 ; —04 02 0.0
1

Fig. 5.3. Movement of the root of the characteristic equation

The analysis of the dependencies shown in Fig. 5.2 and 5.3 confirms the
previously made conclusions about the reduction of the static error of the system for
the control input with a decrease in the exponent @ and allows us to formulate several
theorems on the equivalent dynamic parameters of closed-loop systems with irrational

activation functions.
Theorem 1. The values of the gain factor of a closed-loop system K(nl) in
steady-state mode with a constant reference input Y1 (t) and different exponents & lie

on a single straight line.
Proof. To prove the theorem, we define the gain of a closed-loop system as the
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ratio of the output signal to the input signal in steady-state mode.

)

e *
ya (t) (5.830)

Taking into account the expression (1.4), the coefficient (1.24) can be

t—>o0

represented as follows

K, = yf(t)+n1(t)‘
yi(t) [t (5.831)

or
Ke = 1+—”1(t)‘ .
y1 (t)t—> o0 (5.832)

The linear dependence of the gain K on the deviation "1 at a constant reference

signal Y1 (t) in steady-state mode has been proven.

Theorem 2. The values of the time constant of a closed-loop system T(nl) in

steady-state with a constant reference signal Y1 (t) and different exponents & lie on a
single straight line.
Proof. Let us write the transfer function of the closed-loop control system for a

generalized first-order dynamic object

o(p)= gK/Tip+1 oKy
1+ gK/Mp+1 Tp+1+gK,
__9Ky/gK; +1
1+ pT/gK; +1 (5.833)
and write down the equivalent gain and time coefficients
K, = 9Ky :
gK; +1

T, =Ty/gK; +1. (5.834)

Having equated the values of the coefficients (1.25) and (1.28)
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oK, :yf(t)+m(t)‘
gK; +1 yf(t) t — o0

(5.835)

Let us find the component gK, +1

n(t) ‘t — 0 (5.836)

The expression (1.30) allows us to represent the equivalent time constant Te as

follows
Te=-T4 _n*(t)
1 (t) (5.837)

The linear dependence of the equivalent time constant on the value of the steady-

t—>o00

state error of a closed-loop system is proven for a constant reference signal Y1 (t)
Taking into account that for the considered control object the root of the
characteristic equation of the closed-loop system is determined by an expression of the

form

b L
=1
Te (5.838)

we can formulate a corollary to Theorem 2: The values of the root of the

characteristic equation of a closed-loop system p(nl) in steady-state with a constant

reference signal yf(t) and different exponents @ lie on a single hyperbola.

The proof of this statement is obvious and follows from the substitution of the
time constant (1.31) into the expression (1.32).

The analysis of the results obtained when proving the theorems formulated above

shows that the parameters of a control system with an irrational activation function

depend on two quantities — the deviation n1('[) and the reference input Y1 (t) It should

be noted that these quantities are not independent. The deviation value nl(t) IS

determined by the parameters of the control object, the reference input and the
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exponent O, In general case, the deviation n1(t) Is also affected by the disturbance.
Therefore, the expressions (1.26), (1.31) and (1.32) can be represented by the following
dependencies

K, =1+ fy (yf(t),a)t_)oo,

[

Te:_TlfT(yI(t)’a)

Pe = fp(yf(t)’a)

t—>a0 (5.839)

The functions i ()’ fr ()’ fp(') are determined as a result of substitution the
results of solving the equation of static equilibrium of a closed-loop system (1.9) into
expressions (1.26), (1.31) and (1.32).

Summarizing the above calculations, the following conclusions can be made: the
steady-state values of the gain and time constant of a closed-loop time-invariant
electromechanical system with a non-linear activation function linearly depend on the
control error. In transient modes, these dependencies are described by irrational
functions (1.13).

5.1.2. Trajectories of free root movement

The calculations given in the previous section show that the roots of the
characteristic equation of a system with an irrational activation function change their
value depending on the control error. However, in addition to the absolute values of
the roots of the characteristic equation, their distribution on the complex plane is
important because the same roots, when placed in different quadrants of the complex
plane, significantly affect the curve of the transient process, altering it from
asymptotically stable to unstable.

Let us consider the influence of the activation function on the distribution of the

roots of the characteristic equation of a closed-loop second-order system, the perturbed
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motion of which is described by the equations

Pru = an2; P2 =axmtapn, +mU. (5640

For a dynamic object (1.34), optimal control

u=f(S)=—k|S|"sign(s) (5.841)

will be searched from the condition of minimization of the integral functional

o0

1 1+a
| = [|[sf™ +Clul o [dt.

0 (5.842)
In the control input (1.35) and the functional (1.36), the switching line is

determined by the expression

S =My +Vipny, (5.843)

where the weighting coefficient V12 js related to the coefficients of the

Lyapunov function
2
V= _ZVimmj Vi =Vii
L=l (5.844)
by the dependency [15]
V1o =V lVys. (5.845)

The coefficients of the Lyapunov function Vin in accordance with the modified

symmetry principle are determined through the parameters of the control object
Vip = =8, Voo = ay). (5.846)
The system of equations (1.34) together with the control input (1.35), equation
(5.843) and coefficients (1.38) and (1.39) allows us to write down equations describing

the dynamics of a closed-loop electromechanical system with an irrational activation

function
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PN =a1oM>;,

a
m—inz

PN, =8y My +amM, —MoK
2y)

o
) a-
Slgn(m—ﬁnzj-
92 ) (5.847)

Using a variable coefficient

Is|” a1
g ——sign(S)=|S
(5)="5-sion(s)=1s| _—
allows us to represent the system (1.40) as follows
Py = a1oM2;
mya
P = [ag1 — mokg(S )y + {azz + ; 12 kg(S)}ﬂz-
22 (5.849)
Taking into account the notation (5.843), the coefficient (1.41) will be
a a-1
0(5) =[5 = my — 22w,
22 (5.850)

Then, denoting the coefficients of the closed-loop system as follows

m.a
bip =@yp;by =8y —Mykg (S ); by =ag, + 212 ka(S),
a2 (5.851)

we will write the system (1.40) in the form

PN = bomy; PN = Doy +bypmy. (5.852)

The performed transformations allow us to represent the dynamics of the original
closed-loop non-linear system (1.40) in the form of equations (1.43) that are similar to
the equations describing the free motion of a linear system.

For the system (1.43) we will create a determinant
_0-p by
Ap)= "
21 22— P (5.853)

which, when expanded, gives the characteristic polynomial

A( p) = p2 — by p—byp0y. (5.854)
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The roots of the polynomial (1.45) are determined by the dependencies
2
_ by E \/ b2, +4by1by,
P12 = :
2 (5.855)
which, taking into account the notations (2.312), will take the form

— 9 m,g(S Jaok n
2 28,

P12

2
1 a
+ 5\/[5‘22 +m,g(S )k ﬁj +4(ap; —myog(S K )ay,.

22 (5.856)

Since the coefficient 222 is negative, the first two terms of the expression (1.47)
are also negative. Comparing the sum of the first two terms with the radical expression

shows that the roots of (1.47) will be negative real numbers if the inequality is satisfied

2
a
(azz +ng(8)k i\ +4(3.21 —ng(S)k)alz >0
\ a ) (5.857)
The expression (1.47) and inequality (1.48) show that the roots of the

characteristic equation of a control system with an irrational activation function for

different values of the coefficient g(S) can take real and complex values.
The inequality (1.48) allows us, with known parameters of the control object and

the controller, by solving the equation
m2a3g(S)?k?/a3, +(2myap,k —4mkay, )g + a2, +4ag,ay =0,
(5.858)

which is obtained from the inequality (1.48), to determine the value of the gain
factor g(S )b that transforms the complex conjugate roots into the real ones

_ap (azz +2\~an8 )

M2y 5K (5.859)

g(S),

Thus, during system startup, the roots of its characteristic equation will be

complex conjugate if the equivalent gain of the controller
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is less than the value

K., = a2 (@20 £ 2/~ ayp851 )
. .
M23y7 (5.861)

In this case, the damping properties of the closed-loop electromechanical system

decrease and its boost occurs. When the coefficient g(S) reaches the value g(S )b,
the roots become real and further movement occurs along asymptotically stable
trajectories.

In the case where the movement must initially be carried out along asymptotic
trajectories, based on the known initial value of the coefficient g(S )0, the minimum

permissible value of the gain factor Kp of the controller can be determined using

dependencies similar to (1.50)

K, = ax (8 + 2\~ apay )

mM,24,9 (S), (5.862)

Physically realizable values of the gain factor Ky are those calculated in

accordance with the dependence

, = 2 (a2 24~ a3 )

m,24,9 (S) (5.863)

The above calculations allow us to make several conclusions:

* The use of a variable coefficient g(S)’ which is a function of the coordinate
of the representative point on the equilibrium state line of the controller, allows us to
describe the dynamics of a closed-loop electromechanical system with an irrational
activation function in the form of differential equations of the free motion of the
system. The resulting system of differential equations has a form similar to a system of
linear differential equations and can be studied by known methods of the linear theory

of dynamic systems.
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 The roots of the characteristic equation of a closed-loop electromechanica
system with an irrational activation function (CLES IAF) depend not only on the
parameters, but also on the coordinates of the perturbed motion of this system. This
property of CLES IAF creates the basis for the formation of such an activation function,
which, when the system moves, will ensure the desired distribution of its roots and
thereby form the required transient process.

* When the values of the controller gain factor are less than that determined in
accordance with the dependence (1.53) and for large deviations of the controlled
variable, the roots of the characteristic equation of the CLES IAF can be complex
conjugate. In this case, the system's stability margin decreases while its response speed
increases. This conclusion allows us to formulate the following recommendation: the
startup of any dynamic system with an irrational activation function should be carried
out in such a way that for large deviations its roots are complex conjugate, and when
approaching a given value of the controlled coordinate they become negative real.

* The equivalent gain factor of the controller, at which the transition from the
complex-conjugate roots of the characteristic equation of the CLES IAF to real ones
occurs, does not depend on the coordinates of the perturbed motion of the system and
Is determined by its parameters. This conclusion allows us to assert that the change in
the type of roots will occur at any initial deviations in the system, thereby allowing the

prediction of its motion.

5.1.3. Stability analysis of closed-loop EMS with non-linear activation function

The calculations given in the previous sections show that the roots of the
characteristic equation of a non-linear system move along certain trajectories.
Moreover, the sliding mode occurs in a system with a large gain factor in in the vicinity
of the origin of the phase space. It is obvious that the ways of moving from any initial
point of the phase space to the origin of its coordinates are infinitely many, as is the

number of trajectories of the roots of the characteristic equation. Taking into account
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that both elementary and non-elementary functions can be used to specify the variable
coefficients of the desired characteristic polynomial, determined by combinations of
the trajectories of the roots, the problem of analyzing and synthesizing a closed-loop
EMS with a non-linear activation function in general is unsolvable. Therefore, before
choosing the reference trajectory of the roots, the type of the desired control input
should be specified.

In general, the algorithm of operation of a controller with a non-linear odd
activation function is a combination of the state variables of the EMS and the control

inputs

U= (Y1, Y2 " Yms Yir Y2, Y )s (5.864)

moreover, the number of control inputs M is not necessarily equal to the number

of state variables N; moreover, in most practical cases, single control input is fed to

the controller input Y] , Which determines the desired level of the controlled variable
Y]

This algorithm allows achieving high dynamic characteristics of EMS and

ensures the desired quality of control processes. However, the definition of a function

of several variables f() is complicated by the lack of an analytical connection
between the trajectory of the non-linear system and the roots of its characteristic
equation.

Therefore, we will consider the control algorithm, which is formed according to

the expression
U=1(S) (5.866)

where the switching line S is determined by a linear combination of the

components of the state vector

1=1 . (5.867)
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The process of EMS control is characterized by the symmetry of the static
characteristic of the controller implementing the algorithm (1.57) relative to the origin.

This fact allows us to represent the control (1.57) in the form
U=g(S]S, (5.868)

Where g(‘S‘) IS a variable coefficient

f{sSh
g(S|) = BT
B (5.869)
Substitution of the control input (1.59) into the equations of motion of a
generalized electromechanical object of the N-th order, specified in Brunovsky form,

allows the equations of the closed-loop EMS to be written as

PY1=Y2i = PYna=Yni P =9(SDS (5670
or taking into account the expression (1.58)
Py1 = Y2,
PYn-1= Yns
- n
pY, =9(S |)(anj —Zaiyi]-
i=1 (5.871)
Expanding the brackets in the last equation of the system (1.62), we get
PY1 = Y2,
PYn-1= Yn:

n
Py, =9(ISha;y;—D ag(S)y;.
i=1 (5.872)

or taking into account the first N -1 equations of the system(1.62)
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PY1=Y2,

PYn1= Yn»

n .
Py, =9(SDa;y; - Y ag(S)p" ™ ys.
i=1 (5.873)

From the last equation of the system, it is easy to obtain the characteristic

equation of a closed-loop EMS with a non-linear activation function

n
p" +> 2g(IShp' =0
i=1 : (5.874)

The coefficients of the characteristic polynomial (1.65) of a closed-loop system
are determined by the trajectory of the change in the gain of the non-linear element and
the parameters of the switching line that determine this change. Consequently, these
guantities also determine the properties of the closed-loop system.

Using the found characteristic polynomial, we will study the stability of the
system. For this, we will compose and analyze the Hurwitz determinant and its
diagonal minors of a closed-loop system of the third order. In accordance with the

expression (1.65), the characteristic equation of such a system will be

p*+239(IS)p° +229(ISNP+ag(ISN=0. (575
The Hurwitz determinant for this system is

a;9(ISl) ag(s)) O
Az=| 1 ag(s)h 0

0 a39(Sl) ag9(S)) (5.876)

and its minors are

2

239(S|) alg(lsl)‘

1 ag (l S |) (5.877)

and
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A1 = a39(| S |) (5.878)

We will assume that the coefficients i , determining the switching line and the
gain of the controller O[(Y) are positive.

Then the positivity of the minor A1 will be obvious.

The minor 22 is positive if the condition is met
232,9°(1S) -2 9(IS] >0 (5.879)
or
a3329(| S| > a. (5.880)

The Hurwitz determinant itself satisfies the condition
3 2.2
aza,29%(S ) —ag*(IS)) >0, (5.881)
which, after simplification, degenerates into the condition (1.71)
a3a,9(|S|)—a; > 0. (5.882)

As follows from the analysis of the obtained results, as the gain coefficient
g(IS ) increases, the value of the Hurwitz determinant and its minors increases, and,
as a consequence, the stability margin of the closed-loop EMS also increases. This
result is paradoxical from the point of view of classical automatic control theory, but

can be explained by an increase in the stability of the system operating in sliding

modes, and is confirmed by the results of mathematical modeling of a third order

system, which is described by equations (1.64) with unit feedback coefficients i and

different values of the gain factor g(lS 1) (Fig. 5.4-5.7 and 5.8-5.11). Figures 5.4-5.7
reflect the results of studying linear control systems. Fig. 5.8 and 5.9 are provided for
a relay control system, and Fig. 5.10 and 5.11 — for a control system with a non-linear

activation function.
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Fig. 5.6. Transient processes with gain factor g(Ish=1
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As can be seen from the provided graphs, the relay system, as the system with

the highest gain factor of the controller, exhibits the least overshoot, and therefore the

maximum stability margin.

Summarizing the above analysis of the stability of a closed-loop third-order

EMS, it can be stated that for the stability of a system with a non-linear activation

function it is sufficient that the gain factor g9(lS ) obeys the following inequality

g(sp>22%.
]

(5.883)
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Generalizing the condition (1.81) to the case of an arbitrary dynamic system of

the N-th order, we can say that the value of the gain factor 9(l S |), at which the

closed-loop system is stable, is determined from the condition of positivity of the N -1

diagonal minor of the Hurwitz determinant
M (n—l)(n—l) (al ’ g(l S |)) > O (5884)
he last expression allows determining the minimum permissible values of the

gain factor g9(S ) at which the system remains stable. These values for different
distributions of the roots of the characteristic equation are shown in Table. 5.1.

Table 5.1. Gain factor values

Gain
Polynomial factor
9IS Dmin

Newtonian distribution

p?+29(IS woP -+ 9(SN)>[0

p%+3g(|S[)wep® +39(|S wh p+og 9(IS)>1/9

p*+49(IS o p*+69(|S Jw) p? +49(|S g p+0° 9(IS)>/5
Butterworth distribution

p*+1,49(S o p+9(IS g g(Sh>p

P2 +29(IS)wyp? +29(SNwgp+9(S s MR

p*+2,69(|S)wgp°+3,49(|S w5 p” +2,69(|S)wgp+g(|S e’ 9USD>(.41667
Distribution implementing sequential regularization based on the modified

symmetry principle
p?+(g(IS)+1)wyp+wag(S|) g(SD>p

5.2. Determination of Control Objective

5.2.1. General recommendations for justifying the choice of integral quality
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functionals B

The results obtained in the previous chapter indicate a clear connection between
the solution of the problem of analytical design of controllers using the modified
symmetry principle and modal control. Therefore, the synthesis of control algorithms
as a result of solving optimization problems is of interest.

Let us first consider the general methodology for the mathematical justification
of quality functionals that are minimized by optimal controls with a non-linear
activation function.

All calculations will be carried out for a generalized dynamic object of the third

order, the perturbed motion of which is described by the equations

pn1 = byyny +bpony +bigngs;
PM2 = byng +0pm5 +bygns;
PNz = bg g +bgony +bggng +maUs. (5.885)

It should be noted that any electromechanical system can be reduced to a
dynamic object of the third order with a known degree of accuracy.
To increase the static accuracy of control systems, we will expand the phase

space in which the dynamics of the control object (1.84) is described,

PMo = M1

Py = by +0ppmy +bian;

Py = boyng +bormy +0x3m3;

PNz =bginy +bgymy +bgzng + mUs. (5.886)
Generalizing the systems (1.84) and (1.85), we note that here we will consider

linear or linearized electromechanical objects with a single input, which are generally

described as follows

n
pni = X bjjnj+mpU, i=1..n
)=l (5.887)

and
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pMo =Mk
n
pni = 2 +mpU, i=1..n
J=1 (5.888)

where K is the number of the controlled variable, N is the order of the control
object.

We introduce a quadratic Lyapunov function into consideration, which
determines the dissipation of the stored excess energy on the trajectories of the
perturbed motion (1.85)

n
V= _ZVijﬂij
11=0 (5.889)

Vij =Vii- (5.890)

For a dynamic object that is described by equations (1.85), the Lyapunov
function (1.88) will be

—\/ 2
V1 =Vooo +2VorMom +2VoNoN2 +2VogNoNs +
2 2 2
VMg + 2V, +2Vigg +VooM2 +2VosNaNs +VasN3: (5 .801)

Let us define the quality functional, the minimization of which corresponds to
the achievement of the control goal on the trajectories of the perturbed motion (1.85).
This functional will be sought in the class of integral functionals, the integrand
of which consists of two terms: one of which depends only on the deviations of the
controlled coordinates and determines the dynamic and static characteristics of the
control system, and the second, which determines the consumption of control energy,

only on the control input.

e 0]

= [[F (g, .+ mp) +G(U)]dt.
0 (5.892)

For the object (1.85) and the functional (2.357), replacing the Bellman function

with the Lyapunov function, we will compose the basic functional Bellman equation
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dv B
—L4 F(Mg.,n,M2:M3)+GU) =0,
dt (5.893)

where dvy/dt Is the total derivative of the Lyapunov function (1.88)

dv; &V
G Zn, M

i=0 i (5.894)
or for a generalized dynamic object of the third order (1.85)

dVv.
d—tl = 2(VooMo +Vorny +VoaN2 +Vosna )y +

+2(Vigng +Vigng +Viono +Viang ) (byymg +biom, +byans )+
+2(VogNg +Varmy + Voo +Vazn3 ) (Domy +boom, +bogns )+
+2(V3oMg +Va1My +V3aM, +VagNg ) (0g1my +bspmy +bagng +mgU )(5.895)

or taking into account the relationship (1.89) between the coefficientsVij

dV.
d—tl = 2(VooNo +Vorny +Vozan2 +Voans )y +

+2(Vo1Mo +Va1my +Viono +Vignz ) (brmy +bomy +biang )+
+2(VoaMo +Viamy + VoM +Va3N3 ) (211 +Bp5m5 +bagnz )+
+2(Vogno +Vagmy +Vaan +VagNz ) (Bs1my +bspnp +bagng +mgU ). (5.896)

The total derivative of the Lyapunov function (1.94) fully corresponds to the

derivative found for a similar linear object and is given in 15.
From the total derivative (1.94), we can extract the total derivative of the

Lyapunov function with respect to time
dv/

dt
+2(VoaMo +VaaMy +VizN +Vigng ) (Bramy +biomp +bigng )+

+2 (Vozﬂo +Viomy +Voomo +Vagns )(b21ﬂ1 +byom, +by3n3 )+
+2(Vo3no +VagNy +VogNz +Vaghg ) (B31my +bsom; +0gams3) (5.897)

= 2(Vooﬂo +Vorm +Voon2 +Vosns )111 +

for free motion
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PMo =Ms
PNy = byymyg +Bomp +bygns;
P12 = Boymy +bomy +Bo3ms;
PNz =041 +Dgpm +b33Ms. (5.898)

The method of structural-algorithmic synthesis of optimal control systems for
electromechanical objects, described in 15, stipulates that this derivative is used to
determine the coefficients of the Lyapunov function (1.90) ,as a result of which, on the
trajectories of free motion, (1.97) the derivative (1.96) vanishes, i.e.

dvy _

P

+2 (Voo +Vagmy +Vizn, +Vaigng ) (bymg +biomp +bigng )+

+2(VoNo +Vi2M +VooNz +VosNz ) (0511 +025m, +bygng )+

+2(Vogno +Va3my +Vaany +VagNg ) (031 +bspn, +bagng ) = 0. (5.899)
Substituting the value of the derivative (1.98) into the Bellman equation (1.91),

2(Voono +Vorny +VoaNz +Voshz )y +

we simplify the equation (1.91) and present it in expanded form

2(Vsono +V31my +Vaomy +Va3ns ) m3U +

+F (Mo, m,M2,m3)+GU) =0 (5.900)
or
SU +F(Mg,n1,M2,M3)+GU) =0, (5.901)
where
S=2my (V3ono +V31m +V3on, +V33n3). (5.902)

Expression S will be called the equilibrium equation of the system.

For an electromechanical control object of arbitrary order N, the dynamics of
which are described by the equations of perturbed motion (1.87), the equation (1.101)
will take the following form

n
S=2my ) Vipn;-
i=0 (5.903)
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Differentiation of the equation (1.99) with respect to the control input U allows

us to obtain the dependence
2mg (Vaono +Vaimu +Vaon2 +Vasn ) =-0U) (5 904

or taking into account the expression (1.101)

S=-g(), (5.905)
there
_oG()
U)=——7
ov) oU (5.906)

The desired optimal control can be found as a result of solving, in the general

case, a Ton-linear equation (1.103)
U = —f[2m3(Vaong +Varmy +Van, +Vgns)) (5.907)

or in general terms

U=—f(S)=—f(|S])sign(S), (5.908)

where function () is an odd function of its argument
f(-8)=—f(8)=f (IS ])sign($), (5.909)
Thus, the synthesis of optimal controls with a Ton-linear activation function can
be conditionally divided into two stages: determining the coefficients of the Lyapunov

function (1.90) through the parameters of the electromechanical object and determining

such a ron-linear activation function that corresponds to the condition
f(gU))=U, (5.910)
i.e. functions f(S) and 9 L) are inverse to each other

f(§)=-U=-g7'),gU)=-5=-F7(S), (501
which follows from the analysis of equations (1.104) and (1.106), generalized to
equations (1.110).
The use of dependencies (1.110) allows us to uniquely link the optimal control

algorithm given by the expression (1.107) and the second term of the functional (2.357)
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G(U):jg(U)du :—jf—l(S)du.

(5.912)
Differentiating the first equation of the system (1.110) with respect to time
du __of(s)ds
dt oS dt’ (5.913)
we can define the differential dU
dU = _&
0S (5.914)
and, substituting it into the integral (1.111), we get
G(U)=[gU)du =[fH(s)=> o (S) ds=s A gs.
0S (5.915)

Let us now move on to the definition of the first term of the functional (2.357),
which can be found from the equation (1.99) by substituting the value of the integral
(1.111) and the control input (1.106) into it.

To determine this component of the functional, we substitute the values of the
expressions (1.101), (1.111), (1.107) into the equation (1.99)

of (S
-1 (8)+ F(ng i o a) + [5 T2 ds =0
(5.916)
It clearly follows from the equation (1.115) that
of (S
F (10,1, Mz.15) = 57 (9) - [5 - s.
(5.917)

It is easy to see that substituting the value of the function that determines the
dispersion of accumulated excess energy on the trajectories of the perturbed motion
(1.116) and the expression that determines the control energy consumption (1.111) into

the functional (2.357), allows us to obtain the following quality functional

TKSf (S)- js o s) dsj js o s) ds}dt—

0

= j Sf (S)dt,
0 (5.918)
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which can be interpreted as the energy that is dissipated during the control of aﬁ
electromechanical object (1.87).

However, using the quality functional found this way does not allow us to obtain
an unambiguous solution to the Bellman equation (1.91) due to the absence of a control
input in the integrand of the quality functional.

A similar situation arises in the synthesis of optimal systems with discontinuous
control of the form

U =—sign(S) (5.919)
for which the first equation of the system (1.110) will be
f(S)=-U=sign(S) (5.920)

It is obvious that substituting a function (1.119) into a functional (1.117) allows

us to obtain a known functional used in creating relay systems.

| = j Sf (S)dt =
0
=js-sign(3)dt=j|5|dt.
0 0 (5.921)

However, despite the identity of the functionals (1.117), (1.120) and functional
0.0)
| = j[Sf (S)—js%dsqg(umu}dt
0 (5.922)
from a methodological point of view, it is preferable to use the functional (1.121)
as the control goal, as it explicitly highlights the energy components characterizing the
control process.

5.2.2. Determination of the quality functional for linear optimal control systems
Before moving on to defining control objectives for objects whose dynamics is

represented by equations different from (1.84), and considering particular cases of

using various activation functions, we will show that the obtained functionals are a

generalization for a wide class of control objectives in relay and linear systems and, in
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the case of linear controls, correspond to the well-known Letov functionals 28.

Let us use the results given in 15, and consider the control input

1
U=-—5,
2C (5.923)
under the action of which a dynamic object from any initial position moves to

the origin along exponential trajectories. The linearity of such control is evident.

Consequently, the conjugate functions (), g(U)dividing the plane SU into two

half-planes in the ratio 1.2C (Fig. 5.12), can be represented as follows in accordance
with expressions (1.123) and (1.110)

1
f(s) =—U=—5;
(S) C

gU) =-S=2CU. (5.924)

Then, the function that determines the quality of transient processes in an

electromechanical system

1 1 1
F (s My Mp Ma) =S =S — [S —dS = 82,
(0,11, M2:M5) =8-S =[S

4c (5.925)
T 1T
> 0.0
_1'92.0 —li.S —li.O —Ci'.S 0..0 0.i5 1.i0 1.i5 2.0
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Fig. 5.12. Division of a plane SU into two half-planes C=1

Integrating the last equation of the conjugate system (2.384) allows us to

determine the component reflecting the control energy spent on the transient process

— - — 2
G(U)—jg(U)dU —IZCUdU =cU?. (5.926)

Taking into account the expressions (1.126) and (1.128) the desired functional

will take the following form

4
oL C (5.927)

Taking into account the value of the expression (1.101), we write the functional
(1.129) in the form

| :j[isﬁcuz}dt.

o 2
m 2
| = I{TB (Vaong +Varny +Vaanz +Vagns)” +cU Z}dt-
0

(5.928)
Graphically, the functional (1.130) represents a curve changing according to

exponential laws. An example of such a curve is shown in Fig. 5.13.
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Fig. 5.13. Trajectories of change in the quality criterion of control processes

Comparison of the functional defined in this way with the known results shows
its complete identity with the known functional 15.

This allows us to conclude that the functional (1.130) is a special case of the
functional (1.121) under the condition of linearity of the conjugate functions (2.384).

The obtained confirmation of the correctness of the proposed approach allows
us to proceed to the consideration of control systems with non-linear activation

functions and the definition of control objectives for them.

5.2.3. Construction of integral quality functionals characterizing control
processes of linear systems in closed phase spaces

Currently, in the theory of optimal control, integral quality functionals, which
are variations of the Letov functional, are used in the synthesis of linear control
systems. These functionals are defined for an open domain of the space of state
variables and, accordingly, their minimization is carried out by optimal controls that
are not limited in modulus.

To take into account natural limitations on the control signal, a limitation of the
output signal is forcibly introduced into the synthesized optimal algorithms 15.

However, the controls defined in this way minimize the original quality
functionals only in the linear part.

Therefore, as an example of using the methodology given in the previous section,
we will consider the definition of the control objective, which is achieved on the
trajectories of the perturbed motion (1.85) by optimal control (1.123), which is limited

in modulus

U :—sat[is}.
2C

(5.929)

where sat(.) IS a "saturation” type function
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PN iango, it (xpa
sign(x), if [x[>1,
sat(x)=4-1, x<-1, = : _
X, it |x<1
X, —-1<x<1

(5.930)
Graphically the function (1.133) looks as follows:

sat(x)

Fig. 5.14. The sat(.) function

Taking into account the expression (1.133) and control (1.132), we define the

conjugate functions gU) and F(S) as follows:
U =-f (S):—sat{is},
2C

S =—g(U)=-sat (), (5.931)
where
1...40, Xx=1,
sat ™ (x)=4-1...—o0, x=-1,

X, Ixsl (5.932)

A graphical representation of the function (1.135) is shown in Fig. 5.15.
The integral of a function (1.135) is determined by analogy with polynomial

functions of odd degrees
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L if |xlEL

1
sat ~(x)dx =
Jsat () {x2/2, if  |x|<1.

(5.933)
Graphically the function (1.137) looks as shown in Fig. 5.16.

sat~Y(x)
A
1 L — —
I
|
X
_;| | -
0 1
|
I
— — -1
: - sat™i(.)
Fig. 5.15. The function '
:sat_l(x)dx
A
0,5
¥ X
I _zl_»
-1 0 1

t1(x)dx
Fig. 5.16. The function Isa (x)d -

Then, taking into account the expression (1.137) and using the dependencies

(1.114) and (1.116) found in the previous section, we determine the components of the
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quality functional, which is minimized on the trajectories of the perturbed motion of
the system (1.85) by optimal control (1.132)

o) j(U)d jt‘l(U)dU { 1, if |U>1,
= [g(U)du= [sa =1 _
u</2, if |[U|<L. (5.934)
and
1 0 1
F(Mg,M,N»,N3)=S-sat| —S |- |S—sat| —S |dS =
(Mo, M1, M2:M3) {ZC } s {20 }
—_ |S|’ |S|>1 J' 01 |S|>1,ds_
“lo,5-52/C, S|l ISkl
0, |S|>1,
S|, 1S|>1,
= 2 —1 82 =
0,5-82/C, |S[<1 S|<1
8C’
1SI, ISP,
= 2
> Iskt.
8C’ (5.935)

Substituting the components (1.139) and (1.140) into the functional (2.357)
allows us to determine the following type of functional, the minimization of which is

carried out by optimal control with a piecewise-continuous activation function (1.133)

S|, ISp1, (1, if |UEL
= j 2 + 2 . dt.
0,125-S4/C, |S|<1. |U%4/2, if |U<1
(5.936)
Taking into account dependencies (1.133), (1.134) and (1.135), we represent the

functional (1.141) as follows

|S |, |S|>1, 1, if |[SP1,
‘f 2 V2, dt
0,125-S4/C, |S|K1. |U“/2, if |S[KL.
(5.937)

or
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|:OOH|S|+1’ : : if |3|>1}0It

0 0,125-S°/C+U“/2, if |S|K1. (5.938)
An interesting feature of functionals (1.142) and (1.143) is the variability of their

structure, which allows these functionals to be represented as two functionals

o0
L= [[IS|+Cldt,C =1,
0

o0
Iy = j[o,125- S4/C +U 2/2]dt =
0

0.0]
= j[o,lzs IS|2 /C+|U |2 /2]dt,
0 (5.939)
combined by the switching rule

l,, |S[<1. (5.940)

From the analysis of the expressions (1.144) it follows that for large deviations

from the equilibrium line S, the optimal control minimizes the integral quality

functional I on the trajectories of the perturbed motion of the system (1.85).
Considering that similar results were obtained earlier for relay control systems 15, we
can make a conclusion about the motion under the action of the maximum possible

control input

U =-sign {is}
2C (5.941)

along trajectories

n
S=2m, > Vim; >1,
i=0 (5.942)

The correctness of this statement is confirmed by the analysis of the expression
(1.133).
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As the system approaches the equilibrium position, the equation of the

equilibrium line (1.102) becomes true for the relation

3
S =2mg» Vpyim; <1,
i=0 (5.943)

and this means that the controller implementing the law (1.132) exits saturation,

and the further movement of the control system with the generalized electromechanical

object (1.85) occurs under the condition of minimization of the functional I2.

Thus, in the presence of a constraint on the module of the control input, the
quality of the control processes is characterized by the values of the functionals Iy and

I2. The transition from one functional to another occurs when the equilibrium line

reaches the constraint value

IS (5.944)
Moreover, since this magnitude equals to a conventional unit, the transition from
one functional to another is not accompanied by discontinuities, and therefore cannot

serve as a reason for increasing the oscillation of the control system.

5.2.4. Determination of quality functionals characterizing control processes in
systems with **Square root with sign consideration®" activation function

To clarify the general patterns and features of the synthesis of integral quality
functionals for non-linear optimal control systems with an irrational activation
function, we first consider an optimal control system with a non-linear activation
function of the “square root” type.

As a control object we will consider a generalized third-order dynamic object,
the dynamics of which in the extended phase space is described by differential
equations (1.85).

In the publication 39, it is proposed to perform optimal control of such an object

in accordance with the algorithm
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or taking into account the expression (1.101)

U =-sart(s), (5.946)
where sqrt(.) Is a function of the type " sign-adjusted square root"
00 {sign(x), |x|>1,
sgrt(x) = _
\/MSlgn(x), | x|<1. (5.947)

A graphical representation of the function (1.153) is shown in Fig. 5.17.

A sqrt(x)

1___

\J

g

Fig. 5.17. The sqrt(.) function

Taking into account the expression (1.153) and control (1.152), we define the

conjugate functions gU) and F(S) as follows:
U =—1(S)=-sqrt(S),

S =-gU)=-sqr(V), (5.948)
where
1, if  x=1,
sqr(x) = -1, if x=-1,

xsign(x), if |x|<L. (5.949)

Graphically, the function (1.156) looks as shown in Fig. 5.18.
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Fig. 5.18. The sqgr(.) function

Considering that
j sign(x)dx=|x|, (5.950)

the integral of the function (1.156) is determined by analogy with polynomial
functions of odd degrees

1...+00, if x=1,
[sar()dx=41...400, if x=-1,

3 .
|x|” /3, if |x|<1. (5.951)

Then, taking into account the expressions (1.153)—(1.156), (1.159) and using the
dependencies (1.114) and (1.116), we determine the components of the quality
functional, which is minimized on the trajectories of the perturbed motion of the object
(1.85) with optimal control (1.151)

1, if |UJ=L

G(U):jg(U)du:_[sqr(U)dU:{|U|3/3, it |U<L.

(5.952)
and
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9,
F(no,m1,n2,M3) = S-sqrt(S) - [S g SANt(8)ds =
ISl ISP, K N
ISP, Isk1 ‘|1/24iS], ISkl
_{|3|’ ISP1, {0, IS|1,

ISP, ISl |U3yISP, ISkl

{ISI S 21,

2i13y|S B, |S|<1. (5.953)

Substituting the components (1.160) and (1.161) into the integral (2.357) allows
us to determine the type of functional, the minimization of which is carried out by

optimal control with a non-linear activation function (1.153),

|S| ISP, (1, if UL
_I i3sP, [sit. U ps, it ULt
' - ’ — 1 (5.954)

Taking into account the dependencies (1.153) and (1.155), we represent the

functional (1.162) as follows
ISI |1SP>1, 1, if |SP1
_I P, (st TR/, if [Sl1]
|S|+1 if |S|>1
_I Ui, if |S .
PHUP B, if |S| (5.956)

Similar to the functionals (1.142) and (1.143), which were defined in the

previous section, the functionals (1.163) and (1.164) can also be classified as

or

functionals with a variable structure, allowing them to be represented as two

functionals
I, = [[IS|+Cldt,.C =1; |2:j[2/ |S|3+|U|3/3}dt
0 0 (5.957)

combined by the following switching rule
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| _{Il, |S [>1,

2, ISI<l. (5.958)

From the analysis of expressions (1.165), it follows that for large deviations from

the equilibrium line S , the optimal control minimizes the integral quality functional

(1.85) on the trajectories of the perturbed motion I1. Considering that this functional
was obtained earlier for relay control systems 15, we can conclude that the motion is

under the influence of the maximum possible control input
=—sign(S). (5.959)
The correctness of this statement is confirmed by the analysis of the expression
(1.153).

Analysis of functionals (1.163) and (1.164) and their comparison in the domain

|Si<1 with functionals (1.142) and (1.143) allows us to conclude that in control

systems with a square root-type activation function, the absolute values of the
functionals are greater compared to linear systems.
The above creates the preconditions for a comprehensive consideration of

control systems with irrational activation functions.

5.2.5. Determination of quality functionals characterizing control processes in

systems with an arbitrary order irrational activation function

For the generalized electromechanical control object (1.85), the optimal control

can be represented as follows:

U =-1,(5), (5.960)
where
1, if S>1,
f(S)=4 -1,  if  S<-1,

|S|*sign(S), iIf -1<S<1, (5.961)

here O is any real exponent.
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As follows from comparison of functions (1.153) and (1.156), the function

conjugate to the function (1.169) is

1, if U=1,
f,(U)=<-1, if U=-1,
UY%sign(U), if UL, (5.962)
and its integral can be represented as follows
[f,0)au :{1"'f+3001 e
|U | /(1+1/o), |U <1, (5.963)

Taking into account the expression (1.169) and control (1.168), we define the
conjugate functions gU) and f(S) as follows:
sign(S), if |S|>1,
|S|*-sign(S), if —-1<S<1,
(1---+o0)sign(U), if |U|=1,
uY%sign(u), if |Ul<1,

U :_fl(S):_{

s:—g(U>:—f2<U):{
(5.964)

Then, taking into account the expressions (1.169), (1.170), (1.171) and using the
dependencies (1.114) and (1.116), we determine the components of the quality
functional, which is minimized on the trajectories of the perturbed motion (1.85) by
the optimal control (1.168)

1, U =1,

G(U)=[gU)du= | f(U)dU = Lo

u| " /(1+1/), U <1 5 g6

and
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0
F (o, m2,m3) =S - f1(S) - [S - f1(S)dS =

:{|5|, |S|>1,_J.{O, ISBL, o _

ISE skl YlalS[*, |S|k1

_fIsl Isp1,_ o, SEL,

_{|S|1+°‘, 1S|<1 {oc/(1+0c)|8|1+a, IS|<1
|S], ISP 1,

B {| S j1+a), [SEL. (5.966)

Substituting the components (1.173) and (1.174) into the functional (2.357)
allows us to determine the following type of functional, the minimization of which is

carried out by optimal control with an irrational activation function (1.169)
| T S| 1S 21,
= +
o LUSH*/A+a), |SI<1.

Lo,
U Y% 14 1/0), U 1. (5.967)

Taking into account the dependencies (1.169) and (1.172), we represent the
functional (1.175) as follows

|:Of H SPL
o LIS /A+a), |Sk1.

N { 1, S| 1,} it
U Y 14 1/a), S |<1. (5.968)

| _::|:{|S|+l, |S|Zl,:|dt
- 1+o 1+1/a :
oLUS e M ey |U P M, [sfeL ] (oo

Similar to the previously considered cases for control systems with activation

or

functions of the "saturation” and "square root with sign" types, the components whose
minimization is ensured by the controller's operation in different zones can be explicitly

identified in the functional (1.177), and the functional itself can be reduced to the form
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(1.166). However, due to its obviousness, this form of the functional will not be
considered.

Instead, let us pay attention to the coefficient O, which determines the type of
activation function. Among all possible values of &, we will highlight several
characteristic points and segments:

. o€ (=00) _ this type of systems containing a complex hyperbolic activation

function and requires further investigation.
Both the study of the static and dynamic properties of systems with hyperbolic
activation functions and the determination of extremals of the minimized quality

functional are of interest.

« 0. =0 _ this value of uniquely defines the relay control system, which,
according to the algorithm (1.146) optimizes the functional along the trajectories of the
perturbed motion of the electric drive (1.97)

o (IS 141, ISP,
| = lim | Lto dt,

a—00] ||S |1+O° I(1+ o)+ |U |T I(1+1/a), |S|<1. (5.970)

which, taking into account the constraint on the control signal (1.146), can be

I:°j<°H|s.|+1, |S|21}dt
SLUSL  ISKkL.

simplified as follows

(5.971)
o€ (0,1)

— this value of @ defines a control system with an irrational
activation function. Moreover, such a system occupies an intermediate position

between systems with relay and linear controls in terms of its characteristics40.

.« =1 _ this value of @ defines a linear control system, which, in accordance
with the algorithm (1.132), optimizes the functional on the trajectories of the perturbed
motion of the electric drive (1.97)
| :TH S|+(1...+%), |SP 1,}“

ISP 12+|U 212, |S|K1.] "

0 (5.972)
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which, up to the weighting coefficients, corresponds to the previously found one
(1.143)

o€ (14e0) _ specific solutions for the synthesis and use of quadratic and

other controllers 41 are known and require further investigation.

5.2.6. Construction of functionals of additive form for control systems with
irrational activation function

The use of quality functionals, discussed in the previous sections for the
synthesis of optimal systems makes it possible to satisfy a wide range of control
objectives for numerous technological processes and production systems.

However, the use of non-linear functions (1.153) and (1.169) does not always
allow the formation of the desired trajectories of the perturbed motion due to the finite
range of values of these non-linearities. Therefore, to solve the problem of forming the
desired trajectory, we will generalize the results obtained in the previous sections and
look for control inputs that ensure the achievement of the control objective, in the

following form

U, :-sa{ﬁwi f (s)}

i=1 (5.973)

where f (S) are alternating irrational functions depending on the coefficient &

; Wi are some weighting coefficients.
Let us find the quality functional that is minimized by control (1.186) on the
trajectories of motion (1.84).

In an open domain, control (1.186) can be represented as follows:

m m

Uy =D w; fi(S)= D wU;.
i=1 i=1 (5.974)

We will assume that each I -th term of the control input (1.187) in the open

domain minimizes the functional (2.357), which in this case takes the form
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o0

li = [[F(S)+G L)t
0 (5.975)
where the unknown functions Fi (S) and GiU) are determined in accordance
with the methodology discussed in the previous sections.

Analysis of the algorithm (1.187) allows us to represent the functional

minimized in the open domain as follows

I-}DWJ,—IEDW[F (S)+G; (U)]dt
0i=1 (5.976)
In a closed domain (1.189), the functional will take a form similar to (1.143)

}}N|f )+(1...+0), §§w|f( )>1,

| :J. 3 dt,
YW [R(S)+G V)], Dwilfi(S)L.
| Li=l =1 _ (5.977)
or
o ZWIf )| +(1...+ ), [SP|Sy
I :I ] dt,
0 Zwi[Fi (S)+Gi (U)]1 | S |S| Sgr |’
L li=1 _ (5.978)

where ~9" is the coordinate of the representative point on the switching line
where the control system is closed-loop. In general case, this coordinate is determined
by solving the equation

m
ZWi | fi (Sgr)|: 1.
i1 (5.979)

As an example, we define a functional that is minimized on the trajectories of

the perturbed motion (1.84) by the control input
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1 :
=—sat| —( S++/|S|sign[S] }
{ZC( ) (5.980)

The first control term (1.193) minimizes the functional (1.144), the second,

taking into account the expression (1.161), subject to the constraint S |§1, delivers a

minimum to the functional

:éj(zmsmu |3)dt.
0 (5.981)

Algebraic summation of functionals (1.144) and (1.194) allows us to write the

following quality functional

1 %1 1
| =+ —(2\/|:~:|~°’+|u|3)+—(|5|2 +2|U 12)at
2C 7| 3 2
0 (5.982)
or
152 1 1
= (—\/|5|3+—|S|2j+(—|u ?+]U |2) dt
2C 3 2 3
0 , (5.983)
which is minimized by control (1.193) in the open domain.

Before moving on to defining the quality functional that is minimized by control
(1.186), we will solve the equation (1.192) and determine the position of the
representative point at which the control system opens, accompanying the controller
entering saturation.

For the control input (1.193), equation (1.192) will have the following form

(1Sgr 1+1Sqr 1)=2C. .98

S
Solution of the equation (1.197) with respect to [Sgr|

|Sqr[F/0,5v8C+1-0,5

allows us to write the control as follows

(5.985)
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sign(S+\/|S|sign[S]), 1SI1>[Sgr |,
S+4/|S|sign[S], SI<IS g, |. (5.956)

Taking into account that the control (1.199) is a piecewise-continuous function

containing two zones, the integral quality functional minimized by this control will be
sought in the form

| :%Il, 1S Pl Sqr |

2 IS Sgr . (5.987)

As noted earlier, the functional I IS minimized by control that is not limited in
modulus, therefore, for control (1.199) the functional I will have the form (1.196).

To define the functional I1, we introduce the notation

=S+,/|S|sign[S], (5.988)

when taking it into account, algorithm (1.199) can be represented as follows

ign(S’), |S'>1,
U:_{Slgn( ), 1S']

S/, |S"|<1. (5.989)

The form of the first term in the control (1.201) is similar to the control (1.146)
that minimizes the functional (1.144).

Thus, taking into account the adopted designation (1.200) and the quality
functional (1.196) defined for the control system without taking into account the
constraint on the control signal, the functional that is minimized by the control (1.199)

will take the form

1S ++/|S|sign[S]|+1, |S>[Sg, .

3 dt.
2“ +2IsE |+ ['U'+|U|] HEE

1
2C

O— 8
.

ar |
L 1 (5.990)

5.2.7. Construction of quality functionals for control systems with exponential
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activation function

Control systems with an irrational activation function, being essentially non-
linear, occupy an intermediate position between linear and relay systems. The controls
implemented in such systems are limiting cases of controls with irrational activation
functions, confirming the hypothesis that systems with irrational activation functions
are generalizations of known linear and relay systems.

All of the above creates the prerequisites for a controlled modification of the
exponent of the activation function @ of the control input (1.168). In this case, the

optimal control will be sought in the class of functions of the form
f5(S
U =-f,(5)2¢) (5.991)

Before proceeding to the definition of the control objective, the achievement of
which is carried out by control (1.204), we define the quality functional, the

minimization of which is carried out by control of the type

U =-c2Gsignf1,(s)],

C 1],

C=0. (5.992)
Strictly speaking, unlike the control (1.204), control (1.205) is discontinuous

and, depending on the constant C, implements two different static characteristics,
shown in Fig. 5.19-5.20.
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1.0

—0.5

-1.0

Fig. 5.19. Static characteristics of the optimal controller

with exponential activation function, Y = T(S) 5t €=0,5

The presence of first-order discontinuities in control (1.205) does not ensure the

formation of high-order sliding modes. However, the consideration of this control is of

a methodological nature, associated with the clarification of the foundations of the

synthesis of optimal controls with an exponential activation function.

As before, we will look for the minimized quality functional in the form (2.357)

In accordance with the expressions (1.110) for control (1.205), we determine the

conjugate functions f(S) and g(U)

f(8)=—g*W)=c"2Gsignf ()],
g(U)=—f"(S)=logc |U |sign[U].

(5.993)

The graphs of the inverse functions gU) corresponding to the functions shown
in Fig. 5.19-5.20 are shown in Fig. 5.21-5.22.
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2.5 . . .

_2{_}

; ;
1.0 -0.5 0.0 0.5 1.0
S

Fig. 5.20. Static characteristics of the optimal controller with exponential

activation function, Y = T(S) st C =2

Then, integrating the second expression of the system (1.208) with respect to the

G(U)

control input allows us to uniquely determine the component that determines

the control energy consumption

G(U):jg(U)dU :jlogC U |sign[U]dU :%jlmu |sign[U]dU =

Ul(In|U[|-1
:| |(InU]| ):C1|U (InJU|-1)+Const, C;=InC.
nC (5.994)

As follows from the analysis of the expression (1.211), the function G(U) IS

sign-constant and has a clearly defined extremum.
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1'91,0 —0.5 0.0 0.5 1.0

LT

Fig. 5.21. Inverse static characteristics of the optimal controller with

exponential activation function, © = 9(U) 4 C=0,5

L0 ! ! ! ! ! ! !

—0.5

~10 L i i i L
~20 —15 ~1.0 —0.5 0.0 0.5 1.0 1.5 2.0

U

Fig. 5.22. Inverse static characteristics of the optimal controller with

exponential activation function, S=9U) 4c=2
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To find the component T (M0:M1:M2:M3) that determines the motion of the

control system, we write the following expression

F(Mg.M1.M2.m3) =Sf (S)— fs 8f(‘c’)ds_

fz(S)
S oC of5(S) ds =

=52 signi 1,(5)- oy(S) oS
2

of, (S
ﬁds_

(5.995)
Determining the integral forming the second term of expression (1.213) in

=5¢2C)signf 1, (s)1-Inc [sc2 ) signf 1,(s)]

general form for an indefinite function f2(S) is difficult. Therefore, it makes sense to

consider finding the value of the expression (1.213) for different functions f2(S) :

We will begin the determination of the function (1.213) with the case
f2(S)=3S (5.996)

Substituting the value of the function (1.214) into the expression (1.213), we

obtain
F (Mo, My M) = SCFlsign[S]-InC jsc'slsign[S]%ds _

=5CPlsign[s]-InC [sC®sign[S]ds =

InC|S|C|S| clsl cBl Bl
4 _ —

=|s|cPl- == ==
InC InC InC C;

(5.997)
Substituting the values of the expressions (1.215) and (1.211) into the integral

(2.357), we obtain the following quality functional, which is minimized by the control

(1.205)
o0 C|S|
1=]|| & [ lnuI-Cyu ) |dt
0 1
(5.998)

As follows from the analysis of the functional (1.216), to implement controls of

the type (1.205), the minimized functional must contain the logarithm of the control
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input and the exponential function S,

Let us take as a function f2(S) defining the component (1.213) of the functional
(2.357) an irrational function

f2 (S) = \/l S | (5.999)
Substituting the value of the function (1.217) into the expression (1.213), we
obtain

csl 1
F(nO’nlinZ’n?)):Z C ( |S|__]
1 G (5.1000)

Substituting the values of the expressions (1.218) and (1.211) into the integral
(2.357), we obtain the quality functional, which is minimized by the control (1.205)
7| s 1
j 2= | \IS|-= |+(C, U [InU|-C,|U]) |dt.
0 Cl Cl

| =
(5.1001)

Using a hyperbolic function as a function f2(S) that determines a component
(1.213) of a functional (2.357)

1
f2(S) = (s
S| (5.1002)
allows us to obtain the expression
S| cM
S| (5.1003)

The integral that forms the second term of the expression (1.221)cannot be

defined using elementary functions. However, using the exponential integral

Fi(a,2) = [e %k, 3diy

1 (5.1004)
allows us to represent the expression (1.221) in the form
F (Mg, MM2.Ms) = S|CYP +InCEi (1,_'”_Cj_
S| (5.1005)
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Substituting the values of the expressions (1.223) and (1.211) into the integral
(2.357), we obtain the quality functional, which is minimized by the control (1.205)

| :TMB ICYSl 4 1n CEi(l,—IlnTT]}LCﬂU |(In|u |—1)}dt

0 (5.1006)

Using the upper incomplete gamma function expression to calculate the second
term (1.213)

(s, X) = ojots‘le‘tdt,
X (5.1007)
which is related to the integral (1.222) by the relation
Ei(a,z) = 2°'T(1-a,z) (5.1008)
allows us to generalize the obtained results to the case of an arbitrary exponent

A in the function fZ(S).

As an example, we define a quality functional that is minimized by optimal

control
U =—C®" sign(s), a.=0. (5.1009)
For control (1.227), the expression (1.213) will take the form
r** _isieinc)

o
F(Mo» My MaoMs) =IS|CPI +—4 -
Y(=DalnC (5.1010)

Substituting the expressions (1.228) and (1.211) into the integral (2.357), we

obtain the quality functional, which is minimized by the control (1.227)

r* seme)

Is|ch” 4 —« +Cy|U|(InJU |-1) |dt.

¢(-1)aInC

i 1 (5.1011)

I
O =8

Attempts to further complicate the function f2 (S), in particular, transitioning
to additive forms of the type
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fo(S)=> w; f;(S)
i=1

(5.1012)
lead to the necessity of using non-elementary functions to determine the value

of the integral

| :js oc 2®) M2(S) 4s

o (S) 03 (5.1013)

In this case, it is possible not only to expand the range of solutions of the integral

(1.231), but also, as a consequence, to expand the class of functionals (2.357), and

therefore to increase the domain of possible controls.

2 7 2
erf(x)=ﬁ je_t dt
0

Thus, the use of the error function (5.1014)

allows us for a function f2 (S) of the form

f2(S) = Wl\/m+W2 |S| (5.1015)
to find the value of the integral (1.231) minimized by the control input
U = _c VIS Sl Gy, 5.1016)

However, due to the complexity of the resulting integrand, it is not considered
here.

The calculations given in the previous sections show that for optimal controls
with a wide class of activation functions, a minimized integral quality functional can
be found analytically. Moreover, in general, this functional may not be defined through
elementary mathematical functions.

Let us define the quality functional, the minimization of which is carried out by
the optimal control of the form (1.204). Such control is quite general in terms of
realizing different static characteristics.

According to the system (1.110), the conjugate expression for the dependence
(1.204) is
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— c—_g¢-1 InU
gU)=-5=-4 (In fz(S)j'

(5.1017)

Accordingly, the component G(U) of the functional (2.357) is determined by

the integral
-1 InU

G(U):jg(U)olu:—jf2 [ Jdu

In 1,(S) (5.1018)
By differentiating the equation (1.204), we find the total derivative
f_(S f_(S

duU _ of1(S) 2( )8f1(8)+8f1(8) 2( )81‘2(8) dS

dt of1(S) 0S of»(S) 0S dt
(5.1019)

In accordance with the derivative (1.237), the differential dU s determined by

the expression

S S
o0) 2 os) o) 2 oty(8) |

du =
o(S) &S o,(S) &S

.(5.1020)
Substituting the differential (1.238) into the integral (1.236) allows us to

determine the component G(U) of the functional (2.357) that is minimized by the
control (1.204)

6U)- JS[%(SVZ(S) oh(s) , ohy(s)'?> afz(s>JdS_
(5.1021)

of(S) oS of,(S) oS

Using expressions (1.116) and (1.239) allows us to define the component
F(g, M) of the functional (2.357)
(S
F () = SH(5) ) -

s ()2 oty (5)_an(s) 2™ ary9)
o (S) S of,(S) 85 '
(5.1022)

A generalization of the expression (1.204) is a control of the form
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U =-ty(s,) 252) (5.1023)

where
S1=51(Mj), Sz =52 (M) (5.1024)
By analogy with expressions (1.236) and (1.240), functions ~ (N1:"**Mn) ang

G(U) for such control are

_ _ -1 InU
G(U)=[g(U)dU =—[f, (In 1:1(Sl)jo|u

(5.1025)
and

F(ng,--mn) = Sp fy(Sy) 2852)

Jog| 0272 ota(sy) ety 202 af2(52>]d52

of1(S1) 051 of2(S2) 05

(5.1026)

respectively.
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KAPITEL 6/ CHAPTER 6
BRINGING THE EQUATIONS OF MOTION OF ELECTROMECHANICAL
OBJECTS TO THE BRUNOVSKY FORM

6.1 Principle of transformation of linear dynamic equations

At present, the Brunovsky form is the most general representation of the
dynamic equations of control objects. The interest to use equations in this form is
explained by its high universality, which effectively "nullifies" all internal feedback
loops, while the direct channel is defined as an n-th order integrator. Thus, by applying
a specially designed control input to the object, the mathematical description of the
electromechanical system is significantly simplified.

The equations of motion for both linear and nonlinear control objects can be
transformed into the Brunovsky form using well-known methods, such as feedback
linearization (FBL) [46]. This transformation is carried out by forming a control input
applied to the electric drive, defined as a function of its state variables.

The drawback of such a transformation is the unpredictable order of the
transformed object, which results from splitting the equations describing a specific
control object into external and internal dynamics equations, followed by the exclusion
of the internal dynamics equations from consideration. The order of the external
dynamics equations under consideration may either match or be lower than the order
of the original system of equations. This fact essentially complicates the formulation
of general rules for selecting the structure and definition of the controller’s parameters,
requiring case-specific studies for each specific object.

The next drawback of the FBL is the strong dependence of the control input that
carries out the feedback linearization, from parameters of control object. In general,
feedback linearization is a procedure designed for and applied to stationary dynamic
objects. If the parameters of the control object change, incomplete compensation of its
inertia and internal feedback loops or overcompensation may occur. In both cases,
usage of control algorithms, designed for full compensation of control object’s inertia,

does not ensure the desired quality of control processes.
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To eliminate these drawbacks, we will use the concept of inverse dynamic
problems [47] to synthesize the control input that transforms the dynamics of an
arbitrary electromechanical object into the Brunovsky form.

Unlike feedback linearization, this approach forms the control input applied to
the electromechanical object using some controller. This control input may be formed
in both open-loop and closed-loop systems, where the structure of the controller is
determined by the structure of the control object, the presence and sign of feedback,
and the desired order of the transformed system of equations.

To illustrate the principle of the proposed approach, let us consider the reduction
of the equation of motion of an electric motor with a zero-inertia electromagnetic
torque generation channel into the Brunovsky form. The corresponding equation of

motion has the following form

1 1/ ko
pPO=——0+ u,
T To (6.1)
where  is a rotor speed, u is a supply voltage, T is electromechanical time
d

: - pP=— : .
constant, K@ is a structural coefficient, dt s the differentiation operator.

Let us find such a control input U that transforms equation (6.1) as follows:

po=V, (6.2)

where V is some control input.
To achieve this, we derive the transfer function of the control object from
equation (6.1):
o(s) 1/kd
u(s) T.s+1’

W, (s) =
(6.3)
where w(s) and u(s) are the Laplace transforms of the rotor speed and input

voltage, respectively, and s is the Laplace operator.

6.1.1. Transformation of motion trajectories in an open-loop system

Let us first consider an open-loop control system for the speed electric drive,
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where voltage u(s) is being generated by a certain power controller with a transfer

function Wc(s) to be determined. The corresponding block diagram is shown in Fig. 6.1

—

Vis u(s w(s
e [ e

Fig. 6.1: Block diagram of an open-loop electromechanical system

The transfer function of the control system shown in Fig. 6.1, is determined by
the transfer functions Wc(s) and W,(s)

ols(s) W (S)W (S)

(6.4)
We will determine the transfer function of the controller W¢(s) based on
condition (6.2), according to which the transfer function of the control system should

have the following form

Wis)= 2 1
ols V(S) S. (6.5)

Equating the transfer functions (6.4) and (6.5), we find the transfer function of

the controller

1

ols(s) S
We(s) = W.(s) 1/kd
T.5+1

(6.6)
After performing simple transformations, the transfer function of the controller

can be represented as

W, (s) = chTmS +1
S (6.7)
or
W, (s) = kT, S
S (6.8)
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Block diagram of the open-loop control systems, in which the transfer function

of the controller is determined by the expression, is shown in Fig. 6.2

Ui(s) ] u(s) [ w(s)
/k®
k® " Tims+1

V(s)[

o
v

Fig. 6.2: Block diagram of an open-loop electromechanical speed control system

The transfer function (1.8) allows us t to conclude that in a first-order open-loop
system, the transformation of the dynamic equations to the Brunovsky form is carried
out by applying a control action (formed by a Pl-controller) to the input of the
electromechanical object. The coefficients of such a controller are determined by the
parameters of the electric drive.

Results of the research of the motor speed control system, the block diagram of
which is shown in Fig. 6.2, are presented in Fig. 6.3

Analysis of the motion trajectories shown in Fig. 6.3 demonstrates that the
synthesized open-loop system is equivalent to an integrating link. Despite the fact that
the order of the closed-loop electromechanical system is equal to two, its state variables
are identical, allowing the synthesized electromechanical system to be considered a
first-order system. Compensation of the electric drive's inertial effects is achieved by
setting an appropriate gain coefficient of the controller. Compensation of the back EMF
feedback of the motor is performed using the proportional component of the control
action U,. Formation of reference trajectories of motion of the electric motor is carried
out due to the appropriately determined integral component U;.

Let us show that the motion of an open-loop control system of an electric drive,

shown on fig.6.2, is described by the equation in Brunovsky form.
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—
4 U,
—U
2
0
0 0.5 1
100 —w
50
0

0 0.5 1
t,sec

Fig. 6.3: Dynamics of open-loop electromechanical systems under a constant

reference input VV = 100.

To do this, based on the block diagram of the closed-loop control system

(Fig. 6.2), we write the following equations

1 1
pO=——Mw+
T kDT

m

oU =KOV +KkOT oV,

U;

(6.9)
Integrating the second equation in system (6.9), we obtain the well-known PI

controller algorithm

U= kCI)\L+ kDT V.
P (6.10)
Substituting the control action (6.10) into the first equation of system (6.9), we
get
PO = 1 + ERS +V.
T Top (6.11)

Taking the common factor out of the brackets and grouping terms involving
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speed and control action on both sides, we rewrite equation (6.11) as

[p+ i]a) = (1+ iVj

Multiplying and dividing the right-hand side of equation (6.11) by the

differentiation operator p, we obtain
T Tn )P (6.13)

po=V. (6.14)

It should be noted that in equation (6.13), the expression in parentheses

or

represents the characteristic polynomial of the control object

1
D(p)=p+ T
m (6.15)
which can be used to solve various problems of analysis and synthesis of

electromechanical systems.
6.1.2. Transformation of motion trajectories in a closed-loop system
Let us now consider a closed-loop electromechanical system with a speed power

controller W¢(s) and an inertia-free feedback channel. The block diagram of the system

Is shown in Fig. 1.4.

Vis u(s ; w(s
S D) FE e

A

Ko

Fig. 6.4: Block scheme of closed-loop electromechanical system
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Transfer function of the closed-loop speed control system of the electric drive

(Fig. 6.4) is determined by the expression

W, (s) 1/kd
T.s+1
1/ ko

kKo
T.s+1 (6.16)

According to the concept of inverse dynamic problems (IDP), having set the

Wz (S) =
1+W,_(s)

desired closed-loop transfer function as

* 1
Wz (S) -
S (6.17)
one can define transfer function of the controller
1
W, (s) = >
1/ ko [1_ 1 ka)}
T,s+1 S (6.18)
or after transformations
W (s) = kchmS—:l.
5%, (6.19)

The transfer function of the controller (6.19) allows us to reduce the closed-loop
system shown in Fig. 6.1 to the first order integrating link; and in case of negative
speed feedback, this results in structurally unstable PD regulator.

Analysis of the transfer function (6.19) shows that the structural instability of
the controller can be eliminated by replacing negative speed feedback with positive

one. In this case, the transfer function of the controller will be as follows

W (s) = kCDT”‘S +1

s+k, (6.20)
By generalizing the transfer functions (6.19) and (6.20), the following

expression can be written
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T.S
S

+k

+1

0 (6.21)

which determines the structure and parameters of the controller in a closed-loop

W (s) = ko

electromechanical system with positive and negative feedback. The synthesized
controller contains a differentiating component which generates an additional forcing
effect Uy, compensating for the inertia of the control object. The internal feedback on
the engine back EMF is compensated by the proportional component U, of the
controller.

The block diagram of the electric drive speed control system, which uses a

controller with transfer function (6.21), is shown in Fig. 6.5.

V_(S)@ jop L1 ”J(Sh 1/k® w(s)

S :|: ku..‘ ] Tm 8+ 1
+

A

Ko

Fig. 6.5: Block diagram of the speed control electromechanical systems with

transfer function (6.21)

Fig.6.6 represents the block diagram closed-loop speed control system of an
electric drive, in which the transfer function regulator (6.21) is presented as a

combination of elementary dynamic links.

7, )
V(s) Up(s)‘ u(s) P w(s)
’\ % { O_’k‘@ Tn{s.—i—l '
4|7 -
b,

Fig. 6.6: Block diagram of electromechanical speed control system

MONOGRAPH 293 ISBN 978-3-98924-097-1



e
Scientific thought development ‘ 2025 Part 1 %

The results of the research on the time characteristics of the speed control
system, shown on Fig.6.6, are given on Fig.6.7 for permanent, linearly increasing and
harmonic asking influences.

On basis structural schemes closed systems, shown in Fig. 6.6, we can formulate
the harmonic reference inputs

PO=— iJ_rka) W+ iika) Up+V;
T T

m m

Unlike the block diagrams shown in Fig. 6.5 and 6.6, whose analysis clearly
demonstrates the compensation of zeroes and poles of the transfer function of the
controlled object in order to represent it as an integrating link with a unit time constant,
equations (6.22) do not demonstrate such an obvious transformation of the dynamics

of the considered electric drive into Brunovsky form.

| 10
10—y 10—, _
9}
UP o UI’
) U 5 U / g
0 1 2 0 1 2 200
200 ‘ 200 100
100 100 T
—100 bt
0 i 0 0 5) 10
0 1 2 0 1 2 t,sec

Fig. 6.7: Dynamics of the closed-loop electromechanical system under various

reference inputs V

The analysis of system (6.22) is further complicated by the increase in its order
compared to the order of the controlled object. Therefore, before proceeding with
further research, we will demonstrate that system (6.22) is equivalent to differential
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equation (6.2). To do this, we express the control action V from the second equation of
system (6.22)

V=pU +k,o-k\U, 623

and substitute it into the first equation of this system. After simple algebraic

transformations, we can write the following differential equation

1 1
pa)+_|_—a)—_|_—Up _pUp =0
m m (6.24)
or after taking the common factor out of the brackets
1 1
p+—lo=lp+—U,.
Tm Tm
(6.25)

Since the expressions in parentheses are identical, we can conclude that

o=U,. (6.26)

Taking equality (6.26) into account, system (6.22) takes the following form

po=V; pU_ =V. (6.27)

It is obvious, that the first and second equations of the system are identical,

therefore they can be combined into one.

po=\V. (6.28)

Equation (6.28) proves the validity of the statement that system (6.22) represents
another form of recording the equations of motion, which is equivalent to the equations
in Brunovsky form.

The above calculations allow us to formulate the following theorem.

Theorem 1 The state variables of a closed-loop electromechanical control

system, the motion of which is described by linear differential equations of the form
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Py, =8y, +a,Y, +V,
PYr =8y +ayY, +V, (6.29)

where coefficients

d;; = —ay,,

Ay = 8y, (6.30)

are identical.

Theorem 1 has several corollaries:

Corollary 1 An electromechanical system described by equations (6.29) with
coefficients (1.30) exhibit free motion. In the absence of a control input V at the
system's input, as shown in Fig.1.6, the motor speed remains unchanged. acceleration
of the drive to the desired speed by applying a constant reference input different from
zero and then switching to speed stabilization mode by abruptly reducing the control

action V to zero (Fig. 6.8)

100

0 05 1

t,sec

Fig. 6.8: Transient processes of electric drive start-up as a function of time t =
0.5sec

MONOGRAPH 296 ISBN 978-3-98924-097-1



Scientific thought development ‘ 2025 Part 1 %ﬁ‘“
Corollary 2 With a constant reference input V, the time required to accelerate

the electric drive to desired speed w *is determined by the expression

\ (6.31)

which allows us to build control systems as a function of time.

Corollary 3 The transformation of the electric drive motion equation (6.1) to
the Brunovsky form (6.28), based on the inverse dynamics problem concept, is
invariant to the sign of feedback. This fact allows us to build closed-loop systems with
both positive and negative feedback.

As follows from the analysis of transient processes shown in Fig. 6.8,
compensation of inertia and internal feedback through the use of a power regulator,
synthesized based on the inverse dynamics problem concept, together with time-based
control principles, allows us to create a system that is optimal in terms of minimum
losses in windings electric machine.

Let us show that the control input in a closed-loop system is similar to the control
algorithm in an open-loop system. For this, based on block diagram shown in
Figure 6.4, let us write down the control action generated by the regulator

Considering equation (6.1), we write the control action (6.33) as follows:

T, +1
u=—t I+ (\/+k W),
s¥k, K (6.32)
where Ky =l/Ke 0
TV +V Tk sw+K,w
KySFKK, Tk SFKK, (6.39)

Considering equation (6.1), the control action (6.33) can be rewritten as
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Tk
COTVHV e
KsT Kk K,STK,K,

(6.34)
By expanding brackets and combining like terms in equation (6.34), we obtain

following expression for determining the control input
KsU =TsV +V (6.35)

or

T 1, 1T+1

= + = V.
KV  K,s s K,

(6.36)

The control input (6.34) allows us to formulate the following theorem

Theorem 2 When bringing the motion trajectories of the electric drive to the
Brunovsky form, the control input applied to the object does not depend on the
structure of the control system, the sign, type, or parameters of the feedback.

A corollary of this theorem is the following statement.

Corollary 4 The control input (6.34) is equivalent to the input that is formed in

an open-loop system.

6.1.3. Transformation of motion trajectories in a closed-loop system with inertial
feedback

The controller in the closed-loop electromechanical system described above is
synthesized based on the condition of a non-inertial feedback channel. However, in
real electromechanical systems, feedback signals are noisy, and various filtering
devices are used to compensate the noise [48,49].

Application of such devices increases the order of the system, and their inertia
can lead to a reduction in the stability margin of the electric drive. Therefore, the
feedback channel's inertia must be considered when synthesizing the controller.

Let us consider a closed-loop electromechanical system, the structural diagram

of which is shown in Fig. 6.9
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V(s) u(s) g 1 w(s)
— O Wels) " T.-?fSH
+
ke |
T.,s+1 |

Fig. 6.9: Block diagram of the electromechanical speed control system with an

aperiodic link in the feedback channel

Transfer function of the controller will be determined based on the condition that
the transfer function of the closed-loop system shown in Fig.6.9 should be equivalent
to the transfer function of the integrating link (6.17). Let us determine the transfer

function of the closed-loop system shown in Fig. 6.9

W, (s) 1/ kd W, (s) 1/kd
W, (s) = T.5+1 B T.s+1
(s) = —
13W.(s) 1/k®o  k, 15W.(s) kK /k®d
T.S+1T s+1 (T, s+1)(T, s+1)

(6.37)

By equating the transfer functions (6.17) and (6.37), we determine the transfer

function of the controller

koT T s*+(T +T,)s+1

W_(S) = m2
o K, T‘"SZ+1811
ko kK, (6.38)

or, after converting to standard form

Ts°+2¢, Ts+1
“Tis°+2¢,T,5F1

W, (s) = k
(6.39)
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kC :k_cp’ T1: TmTa) ’ Elz—Tm +Tw ’ -I-2 = T_a)’ 62:—1
k, 2T T, K, 2Tk,
(6.40)

The block diagram of a closed-loop control system with inertial feedback is
shown in Fig.6.10

3
V(S)Q I Tfs2+2qus+1“(fi) 1/k® w(s)
CTZ5%242e5TosF1 | T,,s+1
T
ko .
T,s+1 |

Fig. 6.10: Block diagram of the electromechanical speed control system with

aperiodic link in inertial feedback channel

Analysis of the obtained transfer function of the controller allows us to draw the
following conclusions:

. As in the case of a control system with non-inertial feedback, the dynamic
link, describing the controller must be structurally unstable when using negative
feedback.

. The transformation of a closed-loop control system with an inertial
feedback channel into an integrating link is accompanied by compensation of the
inertias of both the controlled object and the filter in the feedback channel.

. Unlike the system with non-inertial feedback, in the case under
consideration the characteristic polynomial of the controller is determined by the
parameters of the feedback channel filter and has a higher order.

Since the numerator order of the transfer function of the synthesized controller
does not exceed the denominator order, such a controller can be implemented using
any available hardware base. Moreover, the response of the closed-loop
electromechanical system to noise components in the reference and feedback channels
is not degraded.

Fig. 6.11 shows the block diagram of the same system in the case of
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implementing the controller based on elementary dynamic links. N
As can be seen from the given block diagram, even though the numerator of the
synthesized controller's transfer function is of a nonzero order, i.e., contains differential
components, it is not necessary to use differentiating links to implement such a
controller.
Thus, using the inverse dynamics problem (IDP) approach to transform the
motion equations of the electromechanical system into the Brunovsky form eliminates
a well-known drawback of the classical controller synthesis method based on IDP [49].
According to the classical approach, the controller was required to include pure

differentiation links and generate large-amplitude control inputs.

2
Tl
QE'Tl —

;7 3 I
L (S) 1 ( 1 k‘ ]_If,l‘_-(I] ""LJ(S)
— 5 5 T o Trosi

/N =
15 2¢
T3
:F
ko
T,s+1

Fig. 6.11: Block diagram of the electromechanical speed control system with

aperiodic link in feedback channel using elementary dynamic links

6.1.4. Order of transformed control object
In the cases considered above, the transformation of the control object (6.1) is
carried out by the controller, whose transfer function has the same orders of numerator
and denominator. This is explained by the sameness of parameters of the original
control object and the transformed one. By applying the synthesized controllers, the
transformed control object is analogous to the object obtained from using the FBL.
However, unlike FBL, the use of the concept of inverse dynamic problems

allows to change the order of the transformed control object by generalizing the desired
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transfer function (6.17) for the case of a transfer function of the form

1
W (s) ==,
S

(6.41)
where a is a desired order of the transformed control object.
By equating the transmission functions (6.16) and (6.41), we can determine the

transfer function of the controller

W, (s) = kq)ﬂ

a —
" ¥k, (6.42)
Fig. 6.12 shows the block diagram of the control system, whose controller is

implemented in accordance with the transfer function (6.42)

E]l
V(s) T s u(s) ] @(5)
O—r 1 O] Ld 1/k® .

[/ ]')( 5)
\ ga—1 I/'T;_f (3) Ts+1
+ 1. |

Fig. 6.12: Block diagram of the electromechanical speed control system

Let us show that the motion trajectories of a closed-loop system, given on the
fig. are described by equations in Brunovsky form of a-th order. To do this, we write

down the motion equations of the considered closed-loop electromechanical system

1 1
pO=——w+ U;

U =k&(T,U, +U);
PP, =V tk 0Fk U ;

PY, =Uq. (6.43)
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Having solved the third and fourth equations of system (6.43) relative to the

components ¢ °

=V 2k, 0)——— =V k60)

ol 4+
k - kw (6.44)
and substituting them into the second equation of the same system, we will
receive
1 1
pO=——0+ U;
T, kDT,
T p+1
U = kqbfgLH((v +k ).
P =8 (6.45)
Rearranging the first equation of the system (6.45) the following way
B 1
kO(T_p+1) 6.46)
let us substitute the second equation of system (6.45) into resulting equation
1 +1 Vtk o
- DYy 1k ) =
k(T mp+1) p tk, phEk, (6.47)
or
plotk o=V £k, (6.49)
from which it follows that
a —
pro=V (6.49)

a-1

By introducing fictitious coordinates =1 .. , the equation can

be represented as a system
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po=;

P& = @y,

pa)a—Z — a)a—l;

P, =V. (6.50)

Thus, it has been proven that the use of the IDP allows us to represent the motion
equations of an arbitrary electromechanical system to be represented in Brunovsky
form. Unlike FBL, the order of the transformed system of equations is determined not

by the structure of the object but is chosen at the stage of controller synthesis.

Fig. 6.13: Formation of acceleration trajectories of 1st and 2nd order in a closed-

loop electromechanical system of the 1st order

Fig. 6.13 shows the motion trajectory of the considered closed-loop
electromechanical system and the generated voltage U.
Comparison of transition processes given on Fig.6.13 shows that with the same

reference input, increasing the order of the transformed system leads to a reduction in

control input and a decrease in speed. Thus, increasing the exponent a may be one of
the methods to prevent the controller from entering saturation. It is obvious that
implementation of this method leads to a reduction of the system's response speed.

Given the above, the following statement can be formulated: to improve the
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controllability of the closed-loop system, it is necessary to limit its speed.
6.1.5. Transformation of high-order dynamic objects

The results obtained in the previous section create the prerequisites for
eliminating pure differentiation links when implementing controllers designed for
inertial dynamic objects by using the IDP approach. We will demonstrate how to
synthesize such controllers using the example of a generalized third-order
electromechanical object Let us assume that the dynamics of such an object is

described by normal differential equations in epy operator form

SYi =ap Y, ta,Y, +a;5Ys,
SY, =ayY; tayY, +a,Ys,

SYs =83, Y; +83,Y, +85Y; + MU, (6.51)

where Yi are state variables of the considered electromechanical object, %i and

M3 are some coefficients, U is a control input.

Equations (6.51) can be presented in canonical form
SX; = X5,
SX, = X3,

SX; = BX; +0,%, + by X, + MU, (6.52)

X . : : .
where ' are new state variables of the considered electromechanical object,

g and Ms are some coefficients: by associating the variable Y1 with the variable X

,l.e.
Y1 =% (6.53)

In this case, the coefficients bi are the coefficients of the characteristic

polynomial of the matrix A, compiled from coefficients %,
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Equations (6.52) are convenient for determination of the transfer function of the

control object, which for the given system takes the following form

W(S):Xl(s): - I;/IB .
U(s) s°+b,s“+b,s+b,

(6.54)

It is obvious that for an object that is described by the transfer function (6.54),
the order of the highest differentiation operator in the controller algorithm that
transforms the dynamic equations (6.51) to Brunovsky form will be determined by the

expression

p=3-a. (6.55)

For a linear dynamic object of n-th order, this expression can be generalized as
follows
p=N-a. (6.56)
The last expression allows us to assert that in order to reduce the order
derivatives in the control algorithm and respectively decrease mistakes, caused by
differentiating noisy signals, it is necessary either to increase the order of transformed
object, or to decrease the order of the original object.
The implementation of the first approach is obvious and based on the sequential
connection of the o -th order integrating link and the controller defined according to
the symmetry principle. In the considered case, the transfer function of the controller,

which brings the object dynamics (6.51) to the form

s"x=V, (6.57)
will be
3 -
b.s'”
W (S) _ ; | _ iisi—l—a
c Mas® i3 M, (6.58)

To implement the second approach, we find the roots of the characteristic
equation A; of the considered object and decompose its transfer function into partial

fractions [50], which corresponds to the parallel connection of dynamic links with
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transfer functions that are simpler than ones of the original object. This procedure wiI~I
hereafter be referred to as parallelization, and the corresponding structure will be called
a parallelized structure.

Depending on the roots of the characteristic equation, the transfer function (6.54)

can be represented in two ways. Let us consider each of them.

Three real roots of the characteristic polynomial

For real roots, the transfer function of the object takes the form

M, A B C

W(s)=— > = + + ,
s +b;s”+b,s+b s-4 s-4, s-4,

(6.59)
where coefficients A, B and C are determined by equating the coefficients of

terms with the same powers of s on both sides of equation (1.59)
A+B+C =0;
_(2'1 +12)C _(/’l‘l +2*3)B_(/12 +/13)A: 0;

A AsA+ L, 4B+ 4 4,C =M, (6.60)

and respectively they are equal

_aM,
(A A)A-A)
B = les ;
(11 _12)(/12 _ﬂ’s)
C= M .
My = Aol = Dol + 7 (6.61)

The block diagram of the object (6.51) compiled based on the transfer function
(6.59) is shown in Fig. 6.14.
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R B
S*/‘\g
Uls - x1(8)
> > (O—>
S—)\l
S—)\g

Fig. 6.14: Block diagram of parallelized electromechanical system

To determine the structure of the controller that brings the dynamics of the object

shown in Fig. 6.14 to the Brunovsky form, one of the parallel channels must be

A

selected. In this example, the channel with the transfer function S_ﬂl Is chosen (in
Fig.6.14 it is highlighted with bold lines).

According to the symmetry principle and assumption that the object is
transformed into a first-order integrating link, and the structure of the controller
(Fig. 6.15.) is determined relative to the selected channel; after structural

transformations, the resulting diagram shown in Fig. 6.15 takes the following form

B
S*Az
(s > U(s)
— —>-(O> 8_41 >
— =
S—)\;-;

Fig. 6.15: Block diagram of controller for parallelized electromechanical system

Analysis the last block diagram shows that the dynamics of a parallelized object
with real characteristic equation roots can be transformed into Brunovsky form using
a PI controller with feedback. The feedback loops include real differentiation links, the

number of which is one less than the order of the original object.
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1
a6 | [ b
-0 O+—
L
Cs
5—A3

Fig. 6.16: Block diagram of a transformed controller for parallelized

electromechanical systems

These links' parameters are determined by the known parameters of the aperiodic
links that make up the parallelized structure. Thus, instead of performing n-1 multiple
differentiation of the input signal, the proposed approach allows to use the first
derivative of (n-1)-th order.

Let us show that the transfer function of this controller is still described by
expression (6.54), despite the performed structural transformations. To do this, we

represent its transfer function as follows

W.(6) (5= A)(s = A)(s = o)

= (A+B+C)s® + (-A(4, + ) —B(4 + 4) —C(4 + 4,))s + AL A, + BAA +CAA

(6.62)

Due to the relations (6.60), the first two terms in the denominator of (6.62)

become zero, and the last term equals the coefficient Ms. Taking this into account, the
transfer function (6.62) can be represented as follows

W (5) = S A= A)s— %)
Mgs (6.63)
It is obvious that if A; are the roots of the characteristic polynomial of the

considered object, then the transfer function (1.63) fully coincides with the transfer
function (6.54).
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One Real Root and Two Complex-Conjugate Roots of the Characteristic

Polynomial

Parallelized transfer function of dynamic object with complex conjugate roots

of the characteristic equation has the following form

M, A Bs+C
W(s) =— > = + :
S°+b,s*+b,s+b s—-4 (s—-4)(s-4) (6.64)
where %% are complex conjugate roots of characteristic equation.

Coefficients A, B and C are determined as follows

A= j1'v|3 .
&=l =Xl + 2l
B AM; ;
75 = Aoty = 20l + A
C = A, 245M
&=l = Al + Aol (6.65)

The parallelized block diagram of such an object is shown in Fig. 6.17.

Due to the different orders of terms in the parallelized transfer function, there
are two possible approaches to controller synthesis, depending on the choice of the
direct channel.

Using the results obtained in the previous paragraph, we will determine the block

diagrams of the regulators shown in Fig. 6.18-6.19.

Bs+C

o) | "= e

- S*Al :

Fig. 6.17: Block diagram of parallelized electromechanical system with complex

conjugate roots of characteristic equation

As follows from the analysis of the block diagrams in Fig. 6.18-6.19 for dynamic
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object of 3-rd order with complex conjugate roots of characteristic polynomial, tfg
order of the controller does not exceed two, at any combination of the direct and
feedback channels. Moreover, in any controller scheme, the numerator and
denominator orders of the first- and second-order dynamic links are the same,

indicating the absence of pure differentiation links.

Bs?+4C's

) ( (S—)\g)(S—Ag)
ri(s) U(s)

C S—)\]_ .
As -

Fig. 6.18: Block diagram of the controller, when a first-order aperiodic link is
chosen as the direct channel.

As
(Q_Al

118 Meowea L Y)

: Bs?2+C's i i

Fig. 6.19: Block diagram of the controller, when a second-order link is chosen
as the direct channel

Algorithm for controller design for a high-order electromechanical object

Analysis of the controller structures described above allows us to formulate the
following algorithm for controller synthesis, which transforms the dynamics of an
arbitrary EMS into Brunovsky form and does not contain pure differentiation links:

. Based on the known mathematical description of the control object,
determine the roots of its characteristic polynomial;

. Using division into elementary fractions, perform parallelization of the
considered object;

. Based on the simplicity of practical implementation, choose one of the

parallel channels and invert the block diagram of the object relative to this channel;
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. Install an integrating link into the direct channel of the controller, the order
of which determines the desired order of the transformed object and perform structural
transformations of the resulting dynamic object.

To sum up given calculations, it can be stated that the usage of proposed
algorithm generalizes the concept of the controller regulator and allows us to consider
it not as a sequential and/or parallel connection of elementary dynamic links, but as a
certain dynamic system, whose motion trajectories complement the trajectories of the

controlled object.

6.1.6. Transformed electromechanical object of fractional dimension

As shown in the previous section, the type of motion trajectory of transformed
object is significantly influenced by the order of transformed object, can be selected
based on considerations of the technical feasibility of implementing the synthesized
controller on the chosen hardware. Classical control theory operates with dynamic
objects of integer order. However, choice of only integer values of indicator @
significantly limits possible motion trajectories of the transformed object. Meanwhile,
modern differential calculus summarizes the order of derivatives and integrals to non-
integer values [51], [52]. Using fractional differentiation and integration operators
allow to summarize transfer function of the closed-loop systems to be generalized to

the case of a fractional-order integrating link
W, ()= -
s (6.66)
Such link can be described by various dependencies [53]. However, the most

commonly used definition of a fractional-order integral is as follows [54]
i =Gl@ l

s* s (6.67)

where operator S is determined according to the Griinwald-Letnikov formula

[55]

La G T(2-a)
> 'N'ED{ N } 2 e Ty

(6.68)
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where I'(.) is a gamma function [56, 57]
The transfer function of such a link differs from the transfer function of the
integer integrating link. Fig. 6.20 shows the transition functions of the dynamic link,

which is described by the transfer function (6.66)

0 1 2 3 4 5
Fig. 6.20: Transition functions of dynamic link (16.66) at different exponents o

As follows from the analysis of the transition functions given above, the reaction
of the fractional integrating link to the step input occupies an intermediate position
between reactions of corresponding integer-order elements. This creates the
preconditions for generation various unique motion trajectories of the transformed
object. Moreover, motion along these trajectories is carried out under control impact,

found as a result of solving the differential equation

PUFxk U=k p+1)(V -w),

(6.69)
which was received using a controller with the transfer function
Ts+1
WC (S) - kdjo:n?
S F Ko (6.70)

which generalizes the transfer function (6.42).
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To summarize expressions (6.69) - (6.70), we can formulate next statement:
Usage of IDP to transform the equations of motion of a generalized electromechanical
system into Brunovsky form leads to the construction of controllers that represent

inertial dynamic systems.

6.1.7. Transformation under conditions of external disturbance compensation

The transfer functions of the controllers discussed above were obtained under
the condition that the generalized electromechanical system operates in an ideal idle
mode. This mode is the simplest from the perspective of control theory, because all
voltage applied to the motor windings is determined by the desired operation mode.
However, the operation of most electromechanical systems involves not only
maintaining the desired speed but also generating an electromagnetic torque that
balances the torque on the motor shaft.

In this case, the electromechanical system is described by following equations

1 1/k® 1
pPO=——wm+ u-—M,,
T, T, J

(6.71)
where J is the reduced moment of inertia of the electric drive, M. is a torque on
the shaft.
The block diagram of the electromechanical system, described by equation
(6.71), is shown in Fig. 6.21.

M,
1
J
U | 1/kd l_ 1 w
- T?Tl +O ] s
1
T

Fig. 6.21: Block diagram of the electromechanical systems
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According to the IDP block diagram of the closed-loop system will take the form

shown in Fig. 6.22.
Analysis of diagram, shown in Fig. 6.22, shows, that the synthesized control

system is a combined system, meaning that to fully compensate for external

disturbances, the control input must be formed considering these disturbances.

| M. | M.
1 1
J J
7 l + " ] l _ W
Yo e s O] kOT,, |— YLE2 L L
| il
+ T T,

Fig. 6.22: Block diagram of closed-loop combined electromechanical system

Otherwise, i.e. when using the diagram shown in Fig. 6.23, a dynamic

disturbance error occurs, which is determined by the following expression

_ otk
Aw= ;0 T e o
o (p+T,) (6.72)
| M,
1
J
+ .T.'rn J ‘ ﬁ

ke

Fig. 6.23: Block diagram of closed-loop electromechanical system

Analysis of expression (6.72) shows, hat the synthesized system is an a-th order

astatical system with respect to disturbances. Transient processes in such a system have
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the form shown in Fig. 6.24

0 05 1
t,sec

Fig. 6.24: Transient of a closed-loop system under a disturbing influence

As follows from the analysis of the graphs shown in Fig. 6.24, the closed-loop
electromechanical system without a compensation loop fails to reproduce the desired
motion trajectory. Therefore, the main drawback of control system synthesis, which
brings the dynamics of the controlled object to Brunovsky form based on IDP and FBL,
IS necessity to compensate for external disturbances, which complicates the control
system.

It should be noted, measuring the disturbance is not always technically feasible.
This necessitates the development of a methodology for transforming the equations of
motion of an electromechanical system into Brunovsky form without using information
about the disturbance. Such a methodology would expand the application of both IDP

and FBL to a broader class of dynamic systems subjected to external disturbances.
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6.1.8. Transformation of motion trajectories of multichannel systems with single
output to the Brunovsky form

The material presented above described the use of IDP for transforming motion
trajectories of linear single-channel objects. However, many technical systems in
general and EMS in particular are multi-channel and are characterized by the presence
of two or more energy transmission channels. An analysis of existing multi-channel
EMS shows that these channels are combined into a single system that determines the
electromagnetic torque generated by the EMS.

Such combination can be achieved using both linear operations like
"addition/subtraction” and nonlinear ones like "multiplication/division”. More
complex algebraic operations can also be used.

In this section, we will consider two-channel EMS, in which the formation of
the total electromagnetic torque occurs according to linear laws. Among all possible
types of channel interactions, the following are characteristic ones:

1.  The simplest option — two EMS channels are connected according to the

diagram shown in Fig. 6.25.

Fig. 6.25: Block diagram of the simplest two-channel EMS.

Let’s isolate the first channel, in which processes are described by the transfer
function Ws(s) and then let's define transmission function of the controller (according
to IDP), which brings the dynamics of the considered channel to the Brunovsky form

of a-th order
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kl
s“W,(s)

W, (s)== k, €(01)

(6.73)
where K; is a coefficient, taking into account the influence of the first channel on
the formation of the output variable. Similarly, the transfer function of the controller
for the second channel can be defined
K,
S"W,(s)

W, (s) == k, =1—k,
(6.74)
Block diagram of ACS, built using controllers (6.73) and (6.74), is shown in Fig.
6.26. This diagram consists of two parallel channels with an equivalent transfer
function of the following form

W, (s) ==

s* (6.75)

(s ——wi(s)

T+ PR
seWi(s) 1
V| £ y(s)

1k |22V,
- :t P I{’E (1 .‘a') = ‘[’{’IQ (S )

Fig. 6.26: Block diagram of the simplest ACS of two-channel EMS.

Extending these calculations to multi-channel EMS, it can be argued that if the
EMS does not have feedback loops or cross-feedback between channels, the structure
and parameters of a multi-channel controller are determined solely by the transfer
functions of each channel. The influence of each channel on the formation of the output
coordinate is taken into account by the corresponding coefficients. The above case
describes the principle of constructing a multi-channel controller, which brings the
dynamics of a multichannel EMS to the Brunovsky form. Illustrating the principle of
constructing, considered example is idealized, since in real technical systems there are

feedback loops and cross-connections.
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2. Let us consider the reduction of motion trajectories to the Brunovsky form
for electromechanical object, block diagram of which is shown in Fig.6.27. In this

diagram, one of the channels is enclosed in an output feedback loop with a transfer

function Wiy ().
Wip(s) |+
Us) | (5
S S
1 5 : Wl(s) U1
£ ly(s)
CP—»—»
Us(s) Ya(s)| &
WQ(S)

Fig. 6.27: Block diagram of a two-channel EMS with feedback loops.

Using the method of structural transformations, we modify the diagram shown
in Fig. 6.27 as follows (Fig. 6.28)

Finally, after the transformations, the diagram in Fig. 6.28 will take the form
(Fig. 1.29). Thus, the presence of feedback on the output leads to the appearance block
with a transfer function at the output of the block diagram of the ACS. This transfer
function is

1
T IFW,(SW,(s)

W'(s)
(6.76)

In this case, the procedure for synthesizing the control action which brings the

motion trajectories of the considered system to the desired state, differs from the

previously examined case only by the presence of the block WI(s).
This fact allows the structural scheme of the ACS of the considered EMS to be

represented as shown in Fig. 6.30.
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Fig. 6.29: Simplified transformed block diagram of a two-channel EMS with

feedback loops.

— /1 (s} —1(5)
o £ Wi(s)
Wy (s) L\
V A ]i 1 (s)
A 1F Wi(s)Wp(s) } { (s FW(s)W(s) [
_ Ja(s —1/21| 5 +
R T L (TE)

Fig. 6.30: Block diagram of a two-channel EMS control system with feedback

loops.

The EMS shown in Fig. 6.27 is a prototype of a dual-motor electric drive, the

block diagram of which can be represented as follows (Fig. 6.31)
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I‘i’rfbl (S)
U(s) [ yi(s)

S was)

Sl Wi(s) H——

=
(8]
—_—
Vs
—

U S q
2(#) Wi(s)

L Wiia(s)

Fig. 6.31: Block diagram of dual-motor automatic control system.

Applying structural transformations like those described earlier on the diagram

shown in Fig. 6,31, allow us to represent the considered block diagram n as follows

(Fig. 6.32)

Uy(s) ()

— Wi(s)
+ ] Ws(s) y(s)

T Ol T W )W 01 () FWa (5) W02 (5]
Us(s)r— ya(s)| E
H"Q (S)

Fig. 6.32: Block diagram of dual-motor automatic control system.

According to the IDP, the transfer function of the controller for the object, the

block diagram of which is shown in Fig. 6.32, is determined by the expression

LEW, (ML (Wi (5) W (Wi, )]k 1k
W,(9)s” W(s) Wi (s)

(6.77)

W(s) =

A generalization of the calculations and diagrams presented in this section

allows us to argue that the presence of feedback loops along the coordinate, depending
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on the state variables in parallel channels, leads to transformation block, of the bloc?
located after the common summation point. Such a transformation allows us to exclude
the specified feedback from consideration and reduces the problem of controller

synthesis to determining the inverse transfer functions of each of the channels and the

(21

common channel. Dividing the transfer function of the common channel by P allows
us to present the ACS dynamics in the Brunovsky form.

3. Unlike single-channel systems, multichannel EMS are characterized by
the presence of cross-connections, i.e., connections between channels. As an example

of such an EMS, let us consider a system block diagram of which is shown on Fig.6.33.

Ui(s yi(s
O om0
+ +
S, 4 y(S)
Ws(s) |« O——
+
Us(s U (s
2( ) W, (g) .}2(

Fig. 6.33: Block diagram of two-channel EMS with cross-feedback.

Structural transformations, similar to those described earlier, allow us to
represent the diagram of a two-channel EMS with cross-feedback as shown in Fig.
6.34. As follows from the analysis of the transformed structural diagram, the presence
of cross-connections unlike feedback connections, modifies the transfer function of the

channel from which this connection originates.
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UQ(S)

WQ(S)

Fig. 6.34: Block diagram of two-channel EMS with cross-feedback.

This fact leads to that, unlike ACS considered previously, ACS for EMS with
cross-connection leads to the formation of asymmetric transfer functions of the
controllers, which bring the dynamics of each channel to the Brunovsky form. This

statement is confirmed by the following transfer function of the controller,

_1( ko 1-k
W) s” (Wl(s) - W,(s) W (SE) +1)} (6.78)

which corresponds to the block diagram, shown in Fig.6.35.

The presented calculations and block diagrams prove the feasibility of using the
IDP when transforming the dynamics of EMS with multiple inputs and one output into
the Brunovsky form. The contraoolers synthesized during this process ensure the
formation of motion trajectories for each channel, taking into account their structure,
parameters and availability of both feedback- and cross-connections between channels.
Use of such synthesized controllers leads to the formation of parallel channels, the
equivalent transfer function of which reduces original multichannel system to a single-
channel one. Thus, the transformed object in Brunovsky form is an object with single
input V and single output y. This fact enables further synthesis of controllers of the

variable y without considering the multi-channel nature of the system.

MONOGRAPH 323 ISBN 978-3-98924-097-1



Scientific thought development ‘ 2025 Part 1 %

I’r +

—| M O] Wa(s) —

Fig. 6.35: Block diagram of a two-channel automatic control system of EMS

with cross feedback.

6.1.9. Transformation of motion trajectories of multichannel systems with multiple
output to the Brunovsky form
However, in addition to the previously considered systems with a single output
and multiple inputs, systems with multiple inputs and multiple outputs are also quite
common. These systems are characterized by the presence of cross-connections
between channels. To illustrate the proposed approach, let us consider an
electromechanical object whose dynamics is described by generalized differential

equations of the form

P =3y +anY, + U,
PY2 =8y + a5y, + MU, (6.79)

Block diagram of the considered object (6.79) is given in Fig. 6.36
The considered object contains two cross-feedback connections, formed by the
coefficients aj, and ay;, respectively. Having solved the system (6.79) with respect to

the variables y; and y,, we eliminate these cross-feedback connections
y, = U.m, (o —ay,) +U,a,m,
1~ 2 J
P+ p(=ay —ay,) + 838, — 8,8y,
_ U,a,m +U,m,(p—a,)
5 :
P+ p—ay —ay,) + 81,8, — 8,8, (6.80)

Y,
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Fig. 6.36: Block diagram of dual channel EMC

Us Y2
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As follows from equations (6.80), as a result of performing the described
transformations, the order of the control object increases, which is due to the mutual
influence of the channels of the original object.

The block diagram of the dynamic object (1.80) is shown in Fig. 6.37 and does
not contain cross-feedback connections.

Thus, it can be assumed that through algebraic transformations, the cross-
feedback connections can be eliminated from the equations of any multichannel
dynamic system. In this case, an algebraic-differential combination of the original
control inputs is applied to each channel's input.

Let's prove this statement by introducing of new control inputs
Vi =Uimi(p —ay,) +U,a,m,;
Vv, =Ua,m +U,m,(p-a,),

(6.81)
and represent the system of equations (1.79) in following form
Vi :
yl = 2 ’
P+ p(=ay; — 8y) + 8448y, — 8,8y
Vv,
Y, =— .
P+ p(=ay; —ay) + a8, — a8y (6.82)
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| @11@22 — Q12021
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Fig. 6.37: Block diagram of transformed two-channel EMS

Block diagram of dynamic object, built based on equations (6.79), is shown in
Fig. 6.38.

As can be seen, neither the equations nor the diagram contain information about
cross-links. Thus, the previously stated assumption is proven.

Analysis of equations (6.81) together with the structural diagram of Fig. 6.38,
shows that after introduction of control inputs (6.81), the channels of the control object
are described by the identical equations and have the same structure. This fact allows
us to represent the block diagram of the controller, that brings the dynamics of the
considered object's channel to the Brunovsky form of a-th order, as shown on Fig.6.39.
The following control algorithm corresponds to the block scheme in Fig. 6.39

V. = A, 18y, — Qypdyy — (a11 + a22)p + p2 Y-*.

P (6.83)
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| —a11G92 + A1209] [F—
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Vi / (0
~ Y2
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1air + as

1 —a11G92 + Q1209]

o e
W =

W =
|

Fig. 6.38: Block diagram of dual-channel decoupled EMS

™~ A11A22 — Q12021

—app — a2
p 3
yi 1 X \ ‘/?

S O

Fig. 6.39: Block diagram of controller

To determine the control inputs U; and U,, applied to the object's inputs, we will
solve equations (6.81) with respect to U; and U,
U, = : Vilp —a,) -Vsay, :
m(p° + p(—ay; — a,,) + 83,8y, — 33,3,)
U, =— Vigy +V, (0 —ay)
P+ p(—ay; —8y) + 83,8, — 83,8, (6.84)
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and substitute algorithm (6.83) into them
Ulzp_all Ay

m,p“ & m,p“ 2

- a * a. *

u, = P azzz Yo — 21(12 yi.
m,p m,p (6.85)

Applying control inputs (6.85) to the input of the object (6.79) leads to the fact

that the dynamics of the channels is described by the following equations

PEYL=Y1i PEY, =Y (6.86)
regardless of the order of the original object, the order of each channel can be

selected separately based on the feasibility of the control input and the complexity of

the corresponding controller.
The block diagram of the control system for object (6.79), which implements

control algorithms (6.85) is shown in Fig. 6.40.

11 —l r”u

in
Ty oy

I

131 a2

112 a2

o L
] Iaa

Fig. 1.40: Block diagram of ACS

Analysis of the block diagram in Fig. 6.40 shows that the structure and
parameters of the controller, similar to the one found, can be obtained in accordance
with the principle of symmetry and reversibility of operations and, in general, being
quite evident, confirms the correctness of performed transformations and their physical

meaning.
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The use of IDP allows to synthesize a multi-channel control system that E
symmetric relative to control inputs, which allows to decouple cross-feedback
connections object of the object and the formation of desired movement trajectories for
each channel.

The above calculations allow us to argue that the use IDP allows to build high
precision control systems, generate the desired motion trajectories only under the
condition of complete knowledge of the structure and parameters of the control object.
This fact complicates the practical use of IDP, since most technical objects, especially
electromechanical ones, operate under changing parameters. This necessitates the
development of a methodology for transforming motion trajectories of complex linear
and nonlinear control objects with changing or unknown parameters under the

influence of a wide range of disturbances.
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CONCLUSIONS

The conducted research and the synthesis of accumulated experience have made
it possible to develop a holistic approach to the analysis and synthesis of control
systems for electromechanical objects. The work demonstrates that applying methods
for transforming motion equations into the Brunovsky form significantly simplifies the
process of control system design, allowing the original nonlinear dynamics of the
object to be represented in a structure convenient for generating control signals. This
approach makes it possible to directly specify the desired motion trajectories and to
efficiently synthesize control algorithms based on the principles of modal and optimal
control.

Particular attention is paid to eliminating the shortcomings of classical inverse
dynamics methods, which require the use of pure differentiation links and often
generate control actions with large amplitudes. This leads to reduced system stability
and increased energy consumption. The monograph and the additional chapter show
that integrating the concept of inverse dynamics problems (IDP) eliminates these
shortcomings, providing robustness and energy efficiency for the resulting systems.
The implementation of this approach enables the synthesis of more flexible and stable
algorithms that can compensate for internal inertias of the object and external
disturbances, even when the model parameters change.

A significant contribution to the development of control theory is the study of
multi-channel and multi-purpose systems, for which transformation and adaptation
methods using generalized coordinates and feedback have been proposed. The
solutions discussed allow the design of controllers that operate under conditions of
uncertainty, achieving high control accuracy without excessive energy costs. An
Important advantage of this approach is the use of higher-order sliding mode control,
which eliminates traditional problems such as signal chattering and ensures smooth
operation of electric drives under variable loads.

The monograph pays great attention to the digital aspects of control system

design, including the filtering of noisy feedback signals, which are inevitably present

MONOGRAPH 330 ISBN 978-3-98924-097-1



Scientific thought development ‘ 2025 Part 1 %
in real electromechanical systems. It has been shown that the use of low-pass filters~,
cascade observers, and active noise suppression methods significantly improves the
quality of control signal formation and the accuracy of object state identification. These
solutions are particularly effective in the construction of closed-loop systems based on
frequency-controlled electric drives widely used in modern industry.

The results related to the application of fractional calculus are of particular
importance. The work demonstrates that the use of fractional integration and
differentiation operators (particularly based on the Griinwald—Letnikov definition)
expands the class of possible motion trajectories and allows the construction of
generalized system models beyond the framework of traditional integer-order dynamic
objects. This approach enables the synthesis of new types of controllers capable of
accounting for complex non-stationary object dynamics and ensuring improved
transient performance.

The analysis carried out shows that energy optimization of control systems must
be considered in conjunction with robustness and adaptability issues. The proposed
methods allow the construction of performance functionals that include not only speed
and accuracy criteria but also requirements for minimizing energy consumption. This
opens up prospects for the development of intelligent control systems capable of
adapting to changing operating conditions without losing efficiency and stability.

The work also demonstrates a close connection with modern scientific trends —
control digitalization, cyber-physical system integration, the use of digital twins, and
machine learning algorithms for predictive analysis. The research results are applicable
to a wide range of objects, from industrial machines and robotic complexes to transport
systems and energy equipment. The additional chapter proposes solutions for
optimizing motion trajectories in multi-output systems and for compensating external
disturbances, which significantly expands the theoretical and practical foundation of
the research.

The monograph is intended for both educational and scientific applications. The
results of the work are already being implemented in the academic programs of leading

Ukrainian universities such as Lviv Polytechnic National University, National
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Technical University of Ukraine "lgor Sikorsky Kyiv Polytechnic Institute," Ukrainian
State University of Science and Technology, Zaporizhzhia National University,
National Technical University "Dnipro Polytechnic,”" and Melitopol State Pedagogical
University named after Bohdan Khmelnytskyi. These results contribute to the
development of modern courses focused on electromechanical system control, energy
efficiency, digital technologies, and robotics.

In general, the work represents a comprehensive study that combines
fundamental theoretical developments with practical solutions. It demonstrates that the
integration of methods for transforming motion equations into the Brunovsky form, the
concept of inverse dynamics problems, higher-order sliding mode control, fractional
calculus, and digital technologies creates a new platform for building intelligent control
systems. These systems not only ensure high control quality and adaptability to
changing conditions but also significantly reduce energy consumption and increase

equipment reliability
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