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Introduction

Based on the three-dimensional linearized theory of elasticity for prestressed
media, a scientific direction has been formed that studies dynamic processes in
composites with periodic architecture. In particular, works [1-4] investigate the
features of elastic disturbance propagation under conditions of homogeneity of the
initial stress-strain state. The phenomenon of wave motion belongs to the fundamental
interdisciplinary categories, which allows it to be analysed at various levels of
complexity — from theoretical to applied engineering. At the same time, establishing
the physical laws of how initial mechanical stresses affect the acoustic properties of
bodies is of great practical importance.

The systematization of achievements in this field, as well as a thorough
interpretation of previously established facts, are partially covered in critical reviews
[1, 2] and in fundamental monographic publications [3-5].

Within the framework of three-dimensional linearized elasticity theory for
preloaded media, a scientific approach to the analysis of elastic wave dynamics in
periodically structured composites under conditions of homogeneous structure has
been developed. The theoretical foundation for these investigations was provided by
classical solutions systematized in fundamental works [3—6]. The existing array of
scientific results can be classified into three key areas:

1. Homogenization concepts. Works [3, 4, 5] present a methodology for
approximating layered composite structures under initial pressure to a model of an
equivalent homogeneous medium.

2. Analysis of planar disturbances. Publications [7-9] are devoted to the study of

mechanisms for the transmission of plane waves through multilayer systems.
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3. Study of curvilinear waves. Studies [10—12] focus on the propagation of
torsional and axisymmetric wave processes in the radial directions of periodic
composite structures.

The studies described in [9, 11-13] are based on the assumption of ideal adhesion
and continuity at phase boundaries. These findings are most comprehensively
summarized in monographs [3, 5]. At the same time, the structure of real composites is
usually characterized by the presence of various defects on the interlayer surfaces. To
analyse how such imperfections correct the dynamics of plane harmonic waves, a
detailed study of the limiting interaction scenario — the effect of complete slip of layers
— was conducted in [10]. The issue of the transmission of axisymmetric disturbances
in layered structures with uniform pre-stress under conditions of sliding contact
surfaces was addressed in scientific articles [11, 12].

The results of the review indicate a thorough understanding of the processes of
transmission of plane and axisymmetric harmonic disturbances in prestressed layered
composites. This issue has been studied in detail for two extreme scenarios of interlayer
interaction: unconditional adhesion (full contact) and free mutual displacement (full
slippage). It should be noted that for torsional waves, similar calculations are currently

limited only to conditions of ideal surface contact.

2.1 Formulation of the scientific problem and the chosen research method

The object of analysis 1s a multilayer composite structure with residual stresses
formed by periodically alternating two types of layers. It is assumed that within each
layer type, the physical and mechanical parameters of the material and the indicators
of the initial stress-strain state are identical.

In the process of scientific analysis, the system of Lagrangian coordinates

™ is used, which in the conditions of the initial stress state are identical to

Y=Y
Cartesian coordinates. The coordinates 7', 8, y; are also used, which in the base state

correspond to the cylindrical system. The Cartesian coordinate system (y;, V,, Y3) is
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oriented so that its third axis is perpendicular to the boundaries separating the structural

layers. The components of the layers are modelled as isotropic hyperelastic media with
an arbitrary potential deformation energy. If transversely isotropic materials are
considered, it is assumed that their axis of symmetry coincides with the direction of the

axis V.

The concept of shear waves refers to normal waves whose radial propagation is
caused by torsional vibrations of an infinite layered medium. In this case, the initial
stress state is assumed to be uniform (homogeneous).

ud = (A, — Dx,,; Ay, = const. (1)

In addition, we assume that within each individual layer, a stress-strain state with

signs of axial symmetry arises.

0(j) _ co() 0(j), o) _ _0() 0(j),
Si10 =Sy F 8335 Oy =0,y 0 F 03375

Given the above assumptions, the analysis of displacement parameters that meet
the established requirements will be the main focus [3, 4]

3) = 0; uéj) = ug)(r’,yg,r); ugj) = 0; ufﬁ) =pW) = 0. (3)

u

Under these circumstances, when formulating general solutions for spatial

dynamic linearized problems of elasticity theory, in the context of their application to
circular cylindrical coordinates, it is advisable to use the following approach

' ='WD, y,1); XD =0. (4)

Under the circumstances described, the procedure for calculating displacement

(/)
indicators %/ for each individual layer is based on the analytical dependencies given

below [3, 4]

. 0o
ug) = -y, (5)

) () _
Regarding the components of the stress tensor € when Y3 = €O p—pr the

following calculation formulas were derived

G ()9 ()
Q39 = K'3113 6_3,3”9 - (6)

In the system of dependencies (5), the values of the functions are found by solving
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the equations below.

' () (G)-1 97 1) 1 (-1 0% 1(j) —
(A + 13113k oo 5z P D' Yo ﬁ)llu 0 =0, (7)
2 ,
where 4] = O 41,0 density of the medium for each structural element

ar'z " r'ar’’
(layer) under preliminary loading conditions; T denotes the time coordinate. The
calculation k') of the components of the tensors «(j) is performed in accordance
with the specifics of specific scientific tasks [3, 5, 13].

Therefore, considering the above arguments, the analysis of the propagation of
torsion waves in incompressible multilayer composites under initial loads consists in
finding solutions to differential equation (7). In this case, it is necessary to adhere to
the principles of continuity at the boundaries between structural components and to
take into account the conditions of periodicity in accordance with the provisions of
Flocke's theory.

Let us examine the features of the radial propagation of torsional waves parallel
to the layers of the material. In this situation, based on the methodology [3, 5], to
calculate the “real” phase velocity of wave processes in a pre-stressed layered medium,
it 1s advisable to establish the following

YD, y,,T) = lIJ’U)(O)(y3)H(§1)(r’k)e‘i“”; C=wk™; j=12. (8

In formula (8), k and w represent the wave number and cyclic frequency; C
determines the “real” phase velocity of torsional oscillations. The mathematical
description of waves diverging to infinity is performed using the Hankel function of
the first kind of zero order Hél) (x), while %' (y,) denotes the amplitude function.
Hereinafter, the symbol (0) marks all parameters related to amplitude values in
representations of type (8).

By substituting expression (8) into system (5) to calculate the displacement

components, the following analytical dependencies are derived:
. . d .
ug (', y3,7) = g’ () 5 Hg (ke ™7,

uéj)(o)(ys) = —p'NO)(y,), 9)

Similarly, by substituting expression (8) into formula (6), to calculate the
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components of the stress tensor Q'0) at 3 = €0nS L

'(])(T‘ )/3,1') — Q,(])(O)(}/3) H(l)(T‘ k)e—la)‘c

r(])(O)(ys) — _ /(1)136_313111'(]')(0)(313). (10)

By substituting expression (8) into equation (7) to find the amplitude function

DO the following dependence was formed
’ ’ 1 d? ’ ’ 1 1(j
(K g]1)13’€ §]2)21 dy + p Dw?k (]) kz) @) = 0. (11)

Given that in formulas (8)—(1 1) all dependencies are based on amplitude
parameters, the requirements for continuity at the boundaries of the layers and the
conditions of periodicity will also be formulated in terms of amplitudes. To this end,
let us consider a pair of adjacent layers. Suppose that the first layer (whose parameters
have index 1) is located within the coordinate interval along the Oy; axis in the region
0 < y; < h'D, while the second layer (with index 2) occupies the region —h'?) <

y5 < 0 on the axis @Y.

Given that in formulas (8)—(11) all dependencies are based on amplitude
parameters, the requirements for continuity at the boundaries of the layers and the
conditions of periodicity will also be formulated in terms of amplitudes. To this end,
let us consider a pair of adjacent layers. Suppose that the first layer (whose parameters
have index 1) is located within the coordinate interval along the axis region, while the

second layer (with index 2) occupies the region on the axis.

At Y5 =0 the continuity conditions are satisfied.
OO0 =0; 02 (0) =0, (12)
and frequency
0’ 1 0
Therefore, in the context of analysing an incompressible medium, there is a need
to find a solution to the ordinary differential equation (11) that correlates with the

provisions of (12) and (13) based on the formalism given in paragraphs (9) and (10).

Based on the methodological approach described in [1], it is advisable to
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formulate the solution to differential equation (11) in the following form:
- TN N0 -
@O (y,) = Agj)e”‘%} Y3 4 Agj)e_”‘%j V3, AE{) = const. (14)
Let us modify expression (14) by introducing specific constants B,(lj ) for each
structural element, transforming the dependence relative to the central plane of the

corresponding layers. With this approach, the mathematical formulation (14) takes the

following form:

)

0 (2) ' ika'® 4
P @O (y,) = Bs(z)ezka32 (v2+31'®) | p@ ,—ikas?(ya+30' @) (15)

6

(/)
For (14) and (15), due to % in (11) denoted

o = \/Ké’f{; (pc2 —wBy); €=k (16)

Within the scope of this study, for incompressible layered composites under
prestress, it is advisable to decompose the basic problem into two independent cases.

The first concerns symmetric torsional waves, where the displacement parameters uéj )

are symmetric about the midplane of each structural element in radial propagation. The

gj ) are

second case covers asymmetric torsional waves, for which the indices u

characterized by asymmetry relative to the center of the layers Or'. In further analysis,

these types of wave processes will be investigated as separate physical phenomena.
Symmetric torsion waves. In the context of the situation under study, we establish

the following analytical relationships for expression (15):

Formulas (17), (15), and (9) show that ”gj) are symmetric about the center of each
layer. Then, from (17), (15), (9), (10), (12), and (13), the conditions of continuity and
periodicity coincide.

If imperfect adhesion (loose contact) is observed between the components of the
composite, the requirements for field continuity and periodicity conditions take the

following mathematical form:
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1
Bél)kaél)rc’g?n sin 5 kagl)h’(l) = 0;

BS(Z)kczgz)K’gzl)13 sin % kaéz)h’(z) = 0. (18)
Under conditions of loose coupling between layers, the mathematical form of the

dispersion equation is presented as follows:
agl)agz)ic’gll)m k'SP 5 sin % kagl)h’(l) sin % kaféz)h’(z) = 0. (19)
The mathematical structure of equation (19) allows us to find its solutions in

analytical form. The four solutions found for expression (19) are written as follows:

/(2) /(1) 242 /(1)
K 1221 K, AmEnfK 35

CZ ] p ; 3 — , , : ,
p'@ p'@D o'W f2p (D)2
1(2) 272,.1(2)
_ |K'i221 , 4TENSK 3{13 . _
C4 - \/ p' @) + p'@2p! ()2’ n=20,1.. (20)

Analysis of dependencies (19) and (20) indicates the absence of mechanical
interaction between the structural elements of the composite under conditions of
mutual sliding. The speed at which symmetric torsional waves propagate within each
layer is determined by its physical and mechanical characteristics, geometric thickness,
and level of prior stresses. Within the long-wave approximation, the calculation of the
propagation velocities of such waves for both layers is based on the first two analytical
expressions from system (20).

It should be noted that the initial components in formulas (20) describe the
propagation velocity of shear waves in a homogeneous medium in the presence of prior
stresses corresponding to the parameters of the first and second layers, respectively.

Let us consider torsional waves of an asymmetric type. For the scenario under
study, when constructing a solution in the form (17) for a pair of adjacent structural
elements, we establish the following relationships:

BS(J') _ _B6(j)' 1)

Taking into account constraint (21), based on expressions (15) and (9), we can

oo (/) : :
conclude that the indicators %¢  take on an asymmetric form with respect to the central

planes of the corresponding layers. Under these conditions, based on the set of formulas
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(21), (15), (9), (10), (12), and (13), the requirements for field continuity are identicﬁ
to the conditions of periodicity.

If a non-rigid type of contact is implemented between the structural components
of the composite, the mathematical formulation of the principles of continuity and

periodicity can be summarized as follows:

1
Bs(l)kaél)ic’%)lg coszkaél)h’(l) = 0;

Bs(z)kaéz)ic’gzl)lg cos%kagz)h’(z) = 0. (22)

Under conditions of imperfect coupling of structural elements, the dispersion
equation can be represented in the following analytical form:

aél)aéz)rc’g?13k’g21)13 cos%kaél)h’(l) cos%kagz)h’(z) = 0. (23)

The structure of expression (23) allows us to obtain its solutions in analytical

form. The four functions found that satisfy equation (23) are written as follows:

/(1 1(2
_ K 12)21_ _|K §2)21_
¢= (1)’ ¢= n(2) !
p p

1(2) 1(2)

(1) (1)
_[K'i%21 | K'3113 m2(1+2n)? _[K'i%21 |, K'3113 m2(1+2n)? _
¢= \/ p' @ + p'@  g2p/@2z ¢ = p'@ + p'@  k2p'/@2 7’ n=01.. (24)

Analytical conclusions from expressions (23) and (24) demonstrate that, under
conditions of mutual sliding, the mechanical connection between the components of
the composite is neutralized. The speed at which asymmetric torsional waves propagate
within each individual layer is determined by its physicochemical properties, geometric
parameters (thickness), and the level of pre-stress. Within the long-wave
approximation, the calculation of phase velocities for each structural element is based
on the initial two equations of the system (24). It should be emphasized that these first
components in formulas (24) characterize the dynamics of shear waves in a
homogeneous medium with corresponding initial loads for the first and second layers
separately.

For incompressible layered composites subjected to initial stresses, it is advisable

to decompose the basic mathematical model into two autonomous components. The
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first describes symmetric torsional waves in which the displacement components uéj )

are symmetrically distributed relative to the central planes of the layers during radial
motion along the Or’ axis. The second component concerns asymmetric torsion waves,
where the parameters uéj ) show signs of asymmetry relative to the geometric center of
each element. In the following sections, these types of wave processes will be studied
separately.

Let us consider torsional waves of the symmetric type. Within the limits of the
situation under consideration, we establish the following analytical relationships for
mathematical expression (24):

By = Bg. (25)

Based on the analysis of dependencies (25) and (4), it can be stated that the

distribution uy’

is characterized by symmetry with respect to the central plane of each
structural element. Under such circumstances, the requirements for field continuity are
identical to the conditions of periodicity. If a scenario of non-rigid (imperfect) contact
is realized between the phases of a layered composite, the corresponding analytical

constraints take the following form:
1
Bs(l)kaél)’c,gll)m sin > kagl) h'D = 0;

BP ka5 sins kalP '@ = 0, (26)
Under conditions of imperfect mechanical coupling of layers, the mathematical

model of the dispersion equation is presented in the following form:
agl)agz)ic’gll)m k'SP 5 sin % kagl)h’(l) sin % kaéz)h’(z) = 0. (27)
The mathematical structure of expression (27) allows us to obtain its solutions in

analytical form. The four functions found that satisfy equation (27) are presented in the

following form:

/(1
K 12)21_ C. =

/ ’ 2=
p (€Y)

1(2) (1) 219201 (1)
K'1221 _|K'iga1 | ATEncK 35

’ ’ 3= ’ + ’ ! 4
'@ oD T D22

@) /@)
_[K'i%21 | 4m?n2K'3115 _
C4 - \/ p’(Z) + p[(z)kzh/(z)z , N = 0,1_ (28)
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Analytical conclusions from expressions (27) and (28) confirm that, under
conditions of mutual sliding, the mechanical connection between the structural
components of the composite is neutralized. The speed at which symmetrical torsional
waves are transmitted within each layer is determined by its physical and mechanical
characteristics, geometric parameters, and the level of previous loads.

Within the long-wave approximation, the calculation of the propagation velocities
of such wave processes for both layers is based on the initial two equations of the
system (28). It should be noted that these first components in formulas (28) describe
the dynamics of shear waves in a homogeneous medium with corresponding initial
stresses for the first and second layers separately.

Let us consider torsional waves of an asymmetric type. In the context of the
scenario under consideration, when constructing a solution in the form (25) for a pair

of adjacent structural elements, we establish the following analytical relationships:
B(J) B(J) (29)
Given the constraint (29), analysis of expressions (24) and (5) shows that the
indicators uéj ) take on an asymmetric form relative to the central plane of the
corresponding layers. Under these circumstances, based on the set of formulas, the
requirements for field continuity and periodicity conditions are identical. If a scenario

of non-rigid interaction is realized between the structural elements of the composite,

these conditions acquire the following mathematical representation:
1
B(l)ka(l)ic’%)lg cos Ekagl)h’(l) = 0;

Bs(z)kaéz)ic’gzl)lg cos%kagz)h’(z) = 0. (30)

Under conditions of imperfect mechanical coupling of layers, the mathematical
form of the dispersion equation is presented as follows:

(1)a§2);c’§11)13;c’§21)13 cos % kaél)h’(l) cos % kagz)h’(z) = 0. (31)

The mathematical structure of expression (31) allows us to find its solutions in

analytical form. The four functions obtained that satisfy equation (31) are presented in

the following form:
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/(1 1(2
_ K 12)21_ _ K §2)21_
¢= (1)’ ¢= n(2) ’
p p

C = K’(112)21 + K’g11)13 w2(1+2n)? C = K’(122)21 + K’g21)13 w2(1+2n)? n=01 (32)
A p® p'@)  g2zpr@z A p@ p'@)  g2p'@)32 - D

The analytical conclusions derived from expressions (31) and (32) confirm the
absence of mechanical connection between the structural components of the composite
under mutual sliding conditions. The speed at which asymmetric torsional waves
propagate within each layer is determined by its physical and mechanical
characteristics, geometric parameters, and the level of previous loads.

Within the long-wave approximation, the calculation of the propagation velocities
of such wave processes for both components is based on the initial two equations of
the system (32). It should be emphasized that the first terms in formulas (24)
characterize the dynamics of shear waves in a homogeneous medium with

corresponding initial stresses for the first and second layers separately.

2.2 Problems of finding an analytical solution for a system consisting of a ring

element and two half-spaces under prestress

The analysis and search for solutions to contact problems in elasticity theory
remain priority vectors of modern science, especially given the current challenges in
engineering. Many applied problems are based on the principles of deformable solid
mechanics. These include, in particular: assessment and study of stress-strain indicators
of massive foundations and floor slabs under the influence of gravity, as well as the
design of cooling towers, water pressure structures, industrial chimneys, and other
critical infrastructure facilities and reinforced concrete elements [14-16]. The
introduction of innovative materials and the need to optimize their physical and
technical properties stimulate increased interest among researchers in in-depth study
of processes within the mechanics of deformable media. Numerous professional
publications and fundamental monographs [17, 18] provide a thorough analysis of the

aspects of contact interaction between plastic, elastic, and viscoelastic objects in the
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absence of initial mechanical loads. However, modern requirements of engineering arE
technological industries dictate the need for more complex models. Such approaches
must take into account the presence of initial (in particular, technological or residual)
stresses, the specifics of surface parameters, the action of friction forces, the level of
rigidity of the boundaries, thermal effects, as well as the wear resistance of contact
zones [19-21]. Systematization of the results of such research makes it possible to
determine the boundary conditions on the contact surfaces of deforming bodies,
bringing mathematical models as close as possible to real operating conditions.

According to the developers, the main value of the chosen methodology lies in
the possibility of finding a solution to the contact problem in a unified form for both
compressible and incompressible media with preliminary loading for any type of
elastic potential. This significantly expands the scope of practical application of the
derived analytical formulas. Accordingly, in this fragment of the work, the analysis of
the interaction of identical half-spaces and an elastic ring under the action of initial
stresses (assuming no friction and equality of the roots of the characteristic equation)
is carried out on the basis of the theoretical framework [22]. It should be clarified that
the parameters describing the ring stamp are marked with the index “3”, while the
indices ‘1’ and “2” are used for the upper and lower half-spaces, respectively. The
hypothesis of the identity of the initial stress-strain states of the stamp and arrays is
also accepted. It should be added that in the traditional formulation (without taking into
account the initial stress), a similar contact problem was investigated in [23].

Problem statement. Consider an elastic ring with height H, which is in a state of
pre-stress (Figure. 1). The geometric center of symmetry of the object coincides with
the vertical axis y; of the cylindrical coordinate system (r, 6, y3). The deformation
process (compression or stretching) of the stamp is caused by the action of two identical
half-spaces with initial stresses under the influence of an axisymmetric force
characterized by the resultant P. The nature of the external influence implies that points
on load-free surfaces and areas distant from the zone of connection of the half-spaces
with the ring are displaced relative to the base plane y;=0 by a distance €. Model

parameters: R; and R, determine the inner and outer radii of the object, respectively,
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and the half-height of the ring is h=0.5H.

External mechanical influence is implemented in such a way that the points of
pressure-free surface areas and zones located at a considerable distance from the
junction of the half-spaces with the ring element are shifted relative to the base
coordinate plane by a certain distance. Geometric parameters of the system: R; and R,
denote the inner and outer radial dimensions of the die, respectively.

In addition, isotropic elastic objects (both compressible and incompressible) with
arbitrary elastic potential are studied within the framework of scientific analysis. These
potentials are modelled as functions of algebraic invariants of Green's deformation
tensor, which have the property of double continuous differentiability [24].
Additionally, it is assumed that the influence of the stamp causes a slight disturbance
of the basic stress state in the half-spaces, which corresponds to certain criteria

The study was conducted in the coordinates of the initial deformed state Oy , with

Lagrangian coordinates and relations * =% (=13),

: e 2 2
In this case, we will limit ourselves to the case of unequal roots (§, # § ;) of the
characteristic (determinant) equation [24].

(r, 6, z)

-l
In the polar cylindrical coordinate system where %7V Vs

_ . _er2 12 . . . .
=, (=1.2), m =g o, =g . This satisfies the boundary conditions:

1) on the end surfaces of the elastic ring directly in the area of its interaction

(contact) % =*1/Vi where " :\/Z ,((=12).
W =, O = 0N, 0 =0, 0 =0 R<r<R) (=12) (34

2) on the surfaces of elastic half-spaces outside the zone of their direct connection

;gi) = 0, Q;ii) = 0’ u;(i) = 0, (0 <r< Rl abo r> RZ) (l = 1,2) (35)
3) on the side edges of the elastic ring-shaped element =& or 7 =1
0 =0, 03 =0, (17, [<h/v) (i=12) (36)
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The equilibrium equation, which determines the correlation between the vertical

displacement of the end surfaces and the total force P, is presented as follows:

RZ
P==2n[r| O |dr, |0 H O |, sy, (i=12)
B . (37)

Requirement (36) completes the formulation of the linearized spatial problem
concerning the contact connection of a cylindrical stamp of finite dimensions and two
elastic half-spaces that are in a state of preloading.

Basic dependencies and solution finding algorithm. We will estimate the stress-
strain state in contact zones for half-spaces with initial stresses based on linearized

differential equations [24].

1 [,
04 (pi0) = M=) | J Fow, pvin,

1

o 1+m, .
G M[ jan (e~ BT (p)dn - =0,
1 &=0 (37)
() my(s1—Sp) * F(n)
Us'(p;0) = === —=J, = =Jo(mp)dn,
'(l) (71)
r (p;0) = —(1—so) [ == J1(mp)dn, (38)
w' ,
where C44 = { ,1313
K'1313-
®'11111—® 3113 | ®'1331 4 ®'1313-®W'1331 ®W'11331®'1313 |
_ ) @usztoziz T _ ) o'z @313 ®'1111M+@' 1133 _ ZiVi o
m; = M41 L= K'1331 n K'1313—K'1331 A3q3 §= Ry’ ¢i=
U ’ ’ . 4
A3q3 K'1313 K'1313  A3q3+A1q1my
ii == %, n == le, (l == 1,2), S = Solzll_l, SO == (1 + mz)(l + ml)_l,
s; = (my — Dm7?, s, = (vymy)(vo,my) L, s3 = sevyv; L, F(n) — desired function,

Ju(x) — Bessel functions of real argument.

o . : 2 2
In a situation where the roots of the characteristic equation are equal (§, = ¢ ,),

the general solution for analyzing the stress-strain state of an elastic ring stamp [24]

under the action of initial stresses is established in the following form:

X=X1+vizii, (i=12) (39)
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h X =Coz, (3r2 _2212)"‘ 4, (”2 _2212) + Z[(Aél)lo(kalr)"' A/EQ)KO (kalr))Sl (Yiviz)+
whnere k=1

+(Tk(2)‘]0(akr)+Tk(I)YO(akr))Sz(akzl)l
Y, =Coz,(3r* =220)+ A, (1’ —2212)+Z[(B,§1)10 (ykvlr)—i-B,E”KO(ykvlr))S1 (Y viz))+
=1

A CHORY R ACHE) N CIE)!
where I,(x) — Bessel function of imaginary argument,
S1 = Cy sin(yxv1z1) + Dy cos(yxv121), S; = Exsh(ayzy) + Frch(agzy),
M 4@ pO) p@) PO @) _

S3 = Nysh(ayzy) + Mych(agz,), Cv, Dk, Ex, Fr, Nk, My, A5 A7 B BT,
constant coefficients, “¢7«~ own values of the task (2) — (5).

Given the above, the stress-strain state in a ring die (for compressible or
incompressible media) under the condition of equality of the roots of the characteristic

equation and subject to the boundary constraints (2)—~(5) will be described in the

following analytical form:

- ~ Y (o, R) o
U'® =225 0% ra,| ¥, r) -2 o) | 2E (o, z,) + Fosh(a,z,)) +
= 2 M e ) =T () | THEeh(ayz)+ Fish(a,2)

+(1+o,z)M,(ch(a,z,)+sh(o,z, ))J}Tk ,

C, & Y (a,R) 1
) = ZH N2 Y (o, ) - ——— Y T (a 1+m)a,| —(E, sh(a,z,)+
3r v kz_;{ { (o, 7) J.(a,R) 1 kr):|<( m,) k(vl( WSh(o,z))

+Fch(o,z))+ (sh(o, z,) +ch(a, z))M, j +(1+my)(sh(o, z,) +ch(a,z))M, >}Tk 5

Uy ﬁg{ak[mam—%a (ockr)K(mlhak ~(my =1y )[chwkzﬂ— o0

n

_Sh((xkzl)ij —-mo, (Fch(o,z,)— E sh(a, z, ))+i[m1 (0(12( -h)+ (l_mz)h]zo>}Tko

, = /o Y (o, R
0 = S S )| Y (o)~ AR G o) (o 2,) — Eyshoy 2)T, +
k=1 V| ‘]l(ale)

+(1+ mz)lza,%(sh(aszl) — ch(aszl))Mk) +40,(1 + mz)/TO}Tk,
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3 ~ 1 * Y (oo, R
) :v—l, 4, = = = = Gi{)’l(ale)—l(—kl)Jo(Othl)}
where my(s;—s,) 2(1+¢y—2¢,+2¢,) 15 J (o, R) Mk —
akh akh
(1+m1)[sh(7)+ch(7)]
. . h h Co—C1+ayC b
(6o +c1)[Ch(%)—Sh(%)]((1+m2)+(1+m1)(ak——(co (;11+;;’§62))>
v v (€O—€1+ak52) U1 U1(€0—€1+ak52)
F — _ ~1 . A — - M E — - - _ - - M
k g (Co+Cy) g (Co+Cy) fer ke g (Co+Cy) g (Co+C1) i
-1 / —1 -1,
&= {w1111w’1122: & = {/130)1133"%0) 1122M1
0~ - -1 i — -1 _
1 ! ! ! . ! ! ! 1.
AMaq1(A393) 7" (K1133 + K1313)K 11225 (K1133M — K3113)K 11221
(i =12),
where T~ sought constant.

Based on solution (8) for the stamp model, subject to compliance with the third
requirement (2) and the second requirement (3), we determine the eigenvalues of
problem (34)—(37). This is done for the scenario of identical roots of the characteristic
equation (n;=n;), where the value denotes the solution of the equation:

Ly vROK, (y vR)-1,(y, v\R)K, (v, vR,) =0,
— M
R (S (R R =X () (e R BT =0y
where p;, - solution of the equation i) = 0.

Based on the boundary conditions (35), we establish that C, = C, = 0.
Furthermore, after satisfying the first requirement (33), the procedure for determining
the unknown functional F(n) for expression (38) is implemented through a system of

triple integral equations:
| Fosoamdn=0 @ <r<e
0
Jy R Jomydn = () (Ry <r <Ry) (41)

[ Fosoaman=0 ©<r<r)
0

%1

where fry=¢+ Z—’l‘ [(akhml —vy(my — 1)) <ch (O;Llh) —sh (“Lh)> M, —
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aih aih Y; (axR1)
—m, (chh (—) ——Eysh (—) N Yo (agr) — Jolayr)| Ty +
U1 U1 ( kR1)

4 -
1

Subsequently, based on the system of triple integral equations (41) and the initial
boundary conditions (34)—(35), the unknown functional F(n)) for expression (38) is

found using an infinite set of constant values T

Fy 2{8w0n0)+z< (akhml vl(ml—l)(ch(a ”’j h(“'fhkawo(n,m—
n kL Y "

h h Y (o, R
a,m (chh( avkl - EkSh(aV_/:J]:l(WO (m,0) _Jll((z—iRl]))wo (M, 1y )j] +

+ i[nﬁ (Otlzf —h)+(1-m, )h]‘ZOTkWO (n:0)>’
n

1

m,

(42)

sinn 7 SinM cos Up—Ug SIn Ug COST]
Where IP(TI: 0) - n 1/)(77: ﬂk) - n2 ‘uk

Based on the second condition (2), we derive the following relationship:

7 Fa)orp) di = i3 {[Vo(app) — L g (g )] (L2
- [Fech (“"") — —E.sh (“"")] + aZ(1 +my)l, M sh (“"") —ch (“"")D +4(1+
+m)lp Ao} Ty (43)

where p = —2= — dimensionless coordinate.

2Ry
Let us perform the integration of expression (11) with respect to the variable

pJo(1,p)dp .

1 . R =0 Y(aR) o |2 1+m)
Jo(p) | )y (np)dndp = | 1) - L T T
{p (u p)! (M)J,(np)dndp (1+m1)11(5_so)kz;{|: J(a,R)" }( v (44)

{chh(“kh J—Eks}{a"hﬂ+ai(l+mz)le{sh(a"hJ—ch[akhJD+
i 4l Vi Vi
414 m, ), 4, TR RJ(“"R)} .
M,
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here t(l) _ RiapJo(unR1)Yi(agR1)—RitinJ1(UnR1)Yo(akR1)
where t” = p

RZ:“nJl (UnR2)Y1 (akR2) — Ryay o (UnR2)Y, (“kRz)

_|_

.un - ak
+@ _ RiayJo(UnR)J1(akRy) — R1.Un]1(linR1)]0(akR1)
nk B .un - ak
Rzﬂnh(linRz)h(“kRz) RZ“IJO(:“nRZ)jl(akRZ)
.un - ak

When performing calculations using formula (44), the following tabulated values

of integrals are used:

1 0
f pJo(Unp) f nYo(0,m)]Jo(mp) dndp = Yo (0, uy),
0 0

Jy mb@, me) fol plo(unp)o(mp) dpdn = Y (Un, i)

To determine the unknown coefficients x> (€ =012.) that appear in expressions

(38), (39), and (42), we derive the corresponding infinite system of equations:

T + Yo @enTn = B (k =0,1,2,...) (45)
~ 2 ~ 8 ~
where (), = —%; a, = E("ﬁ(“i —h)+ (1 —my))Ayoy;

a R, Z{ti? Y(aR)t’E?}(ak(nm)z[ (ockh]_Eksh(akhj}L
(1+m)l, (s —s,) S Jy(0R) w9y v

+(xi(1+mz)le{sh(av"hJ—ch(avhﬂ}t 414 m,)L, A R,J (W, R,)—RJ (1R, )}
1 1 “’n

_zi<&l:(akhm1 —v(m, _1))(0h[akh]—Sh(akhJ]Mkﬁik -
Tt \ v v,

oh oL _h(R)
S e R | O ey

k k
(—F [RI“D1(Ry) = RI“ D1 (Ry) |

22n+1(k + Dk T'(k + 1) ’

x?"r(2+k)r(0.5+n)I'(n+1+k)
nIr(2+n+k)r(0.5)r(1+k)

Wy =

where 7, (x) = Y_,

It should be noted that the parameters of system (13) are determined by the
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characteristics of the elastic potential, as well as the geometric dimensions (height arH
inner and outer radii) of the ring stamp. Using the equilibrium equation (37), we
determine the correlation between the magnitude of the vertical displacement and the
resultant applied force P in the following form:
P = 4meCyy(1 + my) 1, (R? — RDA,T,.
The unknown parameters found as a result of solving the algebraic system (45)

allow us to determine the values of displacements and components T (k=012,..) of

the stress tensor both in the arrays of half-spaces and in the elastic ring using analytical

expressions (38) and (40).

2.3 Contact problems considering the influence of initial stresses on contact

characteristics

The scientific significance of contact problems that take into account the influence
of initial stresses on interaction parameters is indisputable, since initial mechanical
loads are inherent in virtually all structural components and machine assemblies. The
particular interest in studying contact processes in bodies with pre-stresses is due to the
introduction of innovative synthetic materials capable of withstanding significant
initial deformations. In some cases, the deliberate creation of internal stresses (residual
or technological) is a sensible strategic decision for leveling the forces that arise during
operation, as well as for significantly improving the strength characteristics of
structures.

Formulation of the problem. Consider a system consisting of two strips made of
a homogeneous compressible or incompressible medium with an arbitrary elastic
potential. It is assumed that both elements have identical initial (residual) stresses. The
strips are connected at finite intervals of the form [-a+2kl; a+2kl], (I>a, k=0%1,£2....),
and k takes integer values (0,+1,£2...). The role of connecting elements is performed
by periodically located elastic pads, the thickness of which 7 is insignificant (Figure.
1). The mutual fastening of these elements is implemented at discrete intervals using a

system of periodically arranged elastic overlays with a slight thickness index (Figure.
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).

Full contact conditions:

u(y) =u(1); v(y1) = ux(y1); —a <y, <a. (49)

The purpose of the analysis is to establish the distribution patterns of contact
forces (normal and tangential components) at the interface between elements. Given
the periodic nature of the selected modelling method, the effect of the initial stresses
under each individual reinforcement element is identical. This allows us to focus on

studying only one contact zone - specifically, the one located within the interval [-a,a].

¥
i LIS LT o D AL S I f LIRS F Lt L L L s T A s S
v

{

) [

wE:. q.(yy) v

0\ A I

Gl R ~h Y,

-~ 73

a 0 a -a+2! a+2] ¥

5

Figure 1 - Graphical model of the location of connecting elements and applied
forces. Here, H denotes the thickness of the main strips, and / denotes the
thickness of the overlays. The elastic properties of the overlay material are

characterized by the elastic modulus E; and Poisson's ratio vi. The parameter
go(y1) determines the intensity of the periodic load acting in the horizontal

direction

A source: [25]

Solution method. Taking into account the boundary conditions (2) and analyzing
the shift of points on the boundary of the band in the interaction zone y,€[-a,a] at the
boundary y,=0, when y,=0, we arrive at the classical system of integro-differential

equations of the following form:

a

d fah —t t)dt fh — Na(t)dt| = 0
dy, J 117 Dp(t) +_a 121 —)q(®) = 0;
: ah Y dt + ah — del =
dy, _f 21(y1 — Op(D)dt _f 22(y1 — tDq(t)dt]| =
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= [2 /72 a@®dt — Qoo ()]

at—a <y, > a,
After performing the substitution 4;(i,j=1,2) and the transformation, introducing
the function X(t) = p(t) + i§(t) and replacing (=) 6§ = nTa , we obtain a singular

integral equation with a Hilbert kernel:
8 8

§—n
i@+ [ X5y~ [ 1, 6 =Xy -
) =5
8 8 8
~i [ Lo =Xy = [ Ly 6 =m0 adn +, [ 1X) = K] dn =
-5 ) -6
= i[B20:(5) + A Jdt — 22 (-6 < £ < &), (50)
For the boundary condition
[ Xy == (51)
The solution of equation (3) in the form of a series of Jacobi functions:
X(©) = w@) T % B (ctg Stad), 1€l <, (52)

where {Pn(a'ﬂ )(ctgg —tg g)} n=o — Jacobi polynomials on the interval [-8;5] with

respect to weight

2 2 2

a=——=—1liaq =—=++1ia; a4 =
5 1 B 5 1, A1 o

c44 — parameter that determines the initial stress state in the strips.

w(é) = Sec§<sin 0~ E)a (Sin ot E)ﬁ )

As a result of the transformations, we arrive at a quasi-regular system of linear
algebraic equations:
1) ¢ 2) T 0 1 2) v
D%+ DX, | = = [D + DY Xy + DX, |
(m=12..).

L Xm + L=t (33)

Ln, D,(,?,LD,(,?,ID,(,?),D,%),D,%), (m=1,2...) — known quantities that depend on the

previously stressed state.
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The computational experiment was performed using two specific types of elastic
potentials, namely: harmonic and Bartenev-Khazanovich models (the corresponding

results are shown in Figure. 2 and 3).

: : ' E v, fa
-1 -08-06-04-0.2 0 02 04 06 08 1 t

Figure 2 - Results studying the pattern of distribution of normal and tangential
contact stresses along the connection line for harmonic potential (compressed

bodies)
A source: [25]

: : ’ v, fa
1 08060402 0 020406 08 1° '/

Figure 3 - Results of the pattern of distribution of normal and tangential contact
stresses along the connection line for the potential of Bartenev-Hazanovich

(incompressible bodies)

A source: [25]
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2.4 Features of the dynamic behaviour of a two-layer half-space under the action

of preliminary stresses under conditions of a moving load

Today, several key vectors are actively developing within the framework of the
dynamics of elastic media with preliminary stresses. Among them are: analysis of wave
transmission mechanisms in bodies with variable geometry [16, 26-28]; the study of
the physics of propagating cracks in both homogeneous structures [5, 29, 30] and at the
interphase boundaries of heterogeneous materials [31, 32]; and the study of the
dynamic response of systems to moving loads [2, 33].

When formulating the basic principles of linearized mechanics of deformable
media, the main emphasis is placed on the specifics of deriving the governing equations
for materials with elastic and elastic-plastic properties. Verified analytical solutions are
obtained using the mathematical tools of complex variable function theory. The method
of introducing these variables allows the parameters of initial (residual) stresses to be
directly taken into account in the structure of complex arguments.

In this section, based on the theoretical basis [2, 33] and using the integral Fourier
transform, a general solution to the problem is derived. The results obtained cover cases
of compressible and incompressible media, and also take into account scenarios of rigid
and sliding types of contact interaction at the boundary between the layer element and
the base.

Problem statement. An elastic layer with a thickness 2/ located on an infinite
half-space is being studied. The basic stress-strain state of this system is described by
the corresponding components of the displacement vector and the components of the
generalized stress tensor as follows:

u) =68;;(4 +Dx; 07 #0 (4,7 =1,2,3), (54)

A,

where % — elongations (Ai = const

) along the axes of the Lagrangian coordinate

system i, which coincides in the natural state with the Cartesian coordinate system.

Let us introduce the Cartesian coordinates i of the initial deformed state, related to

& =AX;

the coordinates i by the relations

MONOGRAPH 65 ISBN 978-3-98924-129-9



AT
TS
Science and education as the basis for the modernization of the world order 2025 Part 2 %

A load moving at a uniform speed v and maintaining invariance with respect to

the coordinate <y acts on the unsecured surface of the layer. Such a force causes the
occurrence of a plane strain mode in the studied layered array.

In order to find a solution, we apply the apparatus of linearized elasticity theory
for compressible media under the influence of preliminary stresses [34]. Based on the
assumption that in a coordinate system moving synchronously with an external force,

the deformation field is stationary (unchanging over time), we formulate the following

J’pyz)

propositions: ( , where V1~ < VL, Y, = 52, the equation of steady motion of a

half-space through the function (y pY 2) can be written as

20% | 2\ (,29% L\ (h_qog i
(M3t (Bt 52)xP =0, j=12. (55)

The roots 71 and 72 are determined from the equation

n*+24n* + A, = 0, (56)

where the coefficients 4 and “i for compressible material are determined from the
relationships
248722202112 = @222 (@1111 — PV?) + B112(B1221 — PV?) —
—(@1122 + D1212)% (57)
2A1@2322 02112 = (Wr111 — PV?) (@1221 — PV?);  PpAid A5 = p;
and in the case of incompressible material from the ratios
24G5,R2112 = Gi1Ra222 + G52 (Ri111 — PV?) — 2411022 (Ri122 + R1212);
2A1c7§2122112 = 51121(’€1221 — pv?); dij = 5ij/1iql'i p =p; (58)
In expressions (57) and (58), the parameter p denotes the density of the half-space
medium in its base (unstressed) state. Let us assume that the dynamic behaviour of the
layer can be described by a mathematical model of plate theory, which integrates the
effects of rotational inertia and transverse shear deformation. For the case of normal
and tangential surface forces acting on the plate, the necessary calculation

dependencies are given in [34].

In the coordinate system (y Y 2) , the equations of plate theory are written as
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2G, ;) 0%u
2h< — p1V )—2—T=P1;
dy;

02w o
2h(kG, — 2Y—= — 2kG,h———qg = P,;
(kG; — pyv )aylz KGq 3y, 2

2h? (261 25\ 079 w_ N_+—0
- (1—1/1 RE ay%+2;c01(ayl 9)—7=0; (59)

In equations (6) G, , 1 and @ are, respectively, the shear modulus, Poisson's ratio,

and density of the plate material; ¥ and W are the displacements of the mid-surface of

the plate (y 2= O) ,and % is a constant that takes the value 1 or 0 depending on whether
the rotational inertia of the plate is taken into account or neglected when deriving
equations (6); ¥ is the angle of rotation of the plate cross-section; # is the Timoshenko

shear modulus; ¢ and 7 are the normal and tangential stresses acting on the interface

B and © are the tangential and

between the plate and the half-space, respectively;
normal components of the load on the free surface of the plate.
The bending moment within the plate is calculated using the following analytical

relationship:

4 G h® do
3 1—V1 dJ/1

M = (60)

Let us analyse two scenarios of boundary coupling of a plate with a half-space,
assuming that y, = —h:
hard contact
Q=7 Qun=q¢ u=w;, u; =u+hg; (61)
soft contact
01=0; 7=0; Qp=q; u;=w. (62)
Consequently, the scientific problem under consideration is transformed into the
need to find solutions to equations of motion (55) and (59), supplemented by boundary
conditions (61) or (62). Based on the mathematical model of the plate (59) and
dependencies (61), (62), the boundary requirements can be expressed in a unified

analytical form:
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6,6, (dzuj - hdz(f> — 0 = 8,7y
dyy dy;
63 Z:Z — 2K hG1 sz =P, (63)
9;F¢+mﬁ«mh— )—&Qm=0
dyyf dy,

Here are the entries:

2G,
1_V1

2h% / 2G
- .01172); 0, = _< — — 50[31172); 03 = 2h(kGy — p1v?).

0 =2h<
1 3 \1—v,

0,

The parameter “! is 1 for rigid contact and 0 for non-rigid contact.

The nature of the functions i (V) and 7 (V) determines the specifics of the
structure of the dynamic equations (55), which directly predetermines the methodology
for constructing the desired solutions. The kinematic effect of load displacement on the
distribution of roots of expression (56) for models of compressible and incompressible
half-space is systematically described in detail in scientific works [35]. Let us present
the analytical result of the problem in a unified form, covering scenarios with both
multiple and different roots of equation (3).

Stresses, displacements, and displacement velocities in half-space through

(/)
functions X ' are determined by the formulas [35]:

- 02 92\ ay® 02 92\ ayW
12 22 11 21
Qij=<ai(j )—2+ai(j ) > +<ai(j )—2+a.(. ) ;

ayl 63’22 ay2—5ij a}’1 Y ayZZ ayl+5ij
i,j =12; (64)
(i) 9*x® () 92 () 92 C Ao, o
—Bi' 3555, 8y10y, ('811 ay? + B3 dy )X(])’ Li=12; i#]); (65)
_ @ *xO (L) 8% | L) 82\ o
W=y [’8"1 9y$0y, ('8"1 oz TP a)’zz) 0y ] Lp=La L# ) (66)
where in the case of compressible material
11 ~ ~ ~ ~ ~ ~
l(l ) = = Wjj22(@D1111 — PUZ) — @ij11(@D1212 + D2211);
12 ~ ~ ~ 21
l(l ) = = 0111 (@D1221 — Pvz)i a( ) = Wijp2@Wp112;
22 ~ ~ ~
l(l ) = = @ii11@2222 — Dijna (D112 + Bp121);
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(11) — ~0,2Y. (22) _
Q;j = @ij21(D1111 — PV°); ;i = @ij12Wz222;

a1 — ~ 2 ~ ~ ~ _
Qi - = wu12 (@1221 — PV°) — wij21(w1122 + @3121);

(21) _ ~ ~ ~ .
A1y = Djjp1W2112 — wij12(w1212 + ©3211);

W _ p@ _p_ =~ ~ . D _~ . pl_ ~ ~ 2,
11 21 =B = Wi212 + Bp211; By = Wrjj2; B’ = Wqjj1 — PV

Lj=12, i+j;

and in the case of incompressible material
(i) _ — 1, D)
a; = (—1)lq” Kiz12 — 5]2pv2q111, Qjj

-2 ~—1(7~ ~ .
- q”(hl (Kiiii 12.077 ) + K]]]]q” q;i (2K1122 + K1212),

1(112) qz_zl’fuzb 1(122) = qﬁl’fznz: 1(}1) q Kij21;
eV = —GiiRipg =12 i#J;
Q%Z) = 23 (Ryz21 — pV?); afl ) = f7115~12_21“§§2): aﬁl) = G1iR112;
“gzl) = 522@1_110~’£1 ),
1(1) = 1(2) =B = qi1; z(i) = 2(1) = 512_21, 1(? = 2(‘? = 0;

Considering (64) and (65), boundary conditions (63) can be written as

[59 <ﬂ<z>a_2+[;<z>"’_2> 9 (am)a +a<22>ﬁ>lx<z>_
Troyz\"Mt oy T T2 ayz) oy, \ Pt ayp 2t 0y2

93 92 92 \]1ay® 92¢
9] (11 (21) — .
—_ [6191311 aylzayz + <C¥21 ay + 0.’21 ay22>] - 5191}1 —_ 51P1,

d¢p ) 0° (12) 0° (22) az a)((z)
—2;chGlay1 [93321 ayfay2+ a,, ayl —tay, ayl +

(1) 9° Moy _ 8 (,ano® @) N a)_p.
[936 2([))21 oy} + B2 ayg) ayz(a22 ayz T %2z ayg)]x = Fa; (14)

0%¢p 02 9% 1ox®
. _ZKGl‘p_l(z"Glﬁﬁ)+51“§112))ay2+51 e e
02 92 1ay®
1 _ (11) 1 (21)
2kG 2KG = 0.
[( K 1ﬂ 21 )a 2 ( K 1B 21 )ayzl ayl

To summarize the above, the scientific problem concerning the steady-state

displacement of a two-layer compressible array under the influence of a moving force
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)
factor is transformed into a procedure for finding potential functions: £ and # for
boundary conditions (67).
Constructing a solution in the space of transformations. The analytical result of

the problem is found by applying the apparatus of integral Fourier transforms with

respect to the variable N, Applying the Fourier transform to equations (55), we obtain:

(dd; _k 771) (7 _ kznz)X(J)F =0; j=1,2; (68)

Let us formulate the general analytical result of the study, taking into account
scenarios with both multiple and distinct roots. This will cover various options for
contact interaction between the layer and the half-space array at any speed modes of
force displacement (in particular, subsonic, transonic, and supersonic). In the
transformed Fourier space, the boundary conditions (67) take the following
mathematical form:

d3 d? d
(22) (2) (12) (2)
< a21 E - k26191ﬁ12 d_:yzz + k2a21 dyz k46101ﬂ11 )X(Z)F -

d? d
—ik (agiﬂ y k25191[>’(1) k2a§111)> ¥ OF 4 k25,0, h¢pF = §,PF;
J’2 dy,

d? d
—2ikkhG " + ik( al?? — ol k20,82 — + kzagZ)))((z)F —
Vs

5 21 dyz
(agzzl) ds3 +k293[>’(1) al2 K2a (11) dd _ k%0 '8(1)))((1)F = PF; (69)
dZ d)((Z)F
2 2 (2 (12) (22) *
(k%6, + 2kG,) " !k (ZKGl[)’ + 6, ) d105; d}’zzl &,
dZ
+ik k2 2kG 1 _ (11) 2kG 1) -5 (21) (DF = 0.
1 (208 = 8,0537) = (2618~ 5,057) 1

The solution to the modified equation (68) will be sought based on the criterion

of attenuation of functions at infinity in the following analytical form:

XFU) = [1 - 6j2(1 771772)] {CU) kaky (2 +h) + [ N2 (yZ + h) +1-

)

yina | O k024 (70)

CcY (j,m=12)

where constant integration,
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_ : (0, m #ny (0, j=1
vi =fkmy j=12; 5771772—{1, =1, 51'2—{1, j=2

Let us introduce integration constants
cV=ic; cV=ic,; cP=c; cP=cy (71)

Substituting (70) and (71) into (69), we obtain a system of algebraic equations
with respect to the unknowns Ci G and a4
k(a +kaD) o+ (afy) +kal +,2a5)) €, + 1397 = k=26, P
k? (agll) + kagi)) C,+k (aglz) + kagzz) + kzag?) Cy, + ayz0f = —ik™1PF;  (72)
k3a3,C; + k? (aglz) + kagzz)) C, + (aé? + kzag?) of = 0;
where aﬁ) = _Vz(il) + 5171772)’1)’2(51)? aﬁ) = 0,6, (577117291(21) - [’)1(1))’1)?
o = by [57 + 27, (a7 - 70,)]
o =~ 518000 (B0 + 2627) + (1= 5,0 )27
ag) = _5191[))1(1))’2(1 - 5771772); a3 = 6,0:h;
D = P+ 8 =0, (06 + 5,0,
o = b, 27~ 27 (50 4 2
agzz) = Oy,9,03 ( 2(? - 2:32(?)/2) + (1 - 5771772))/2)/2(;2);
ag? = 9392(12)(1 — 6,71,72); A,z = —2KkhGy;
az; = 2kGq (92(11) + 5771172)’1,32(?) + 6, (5171772)’1)’2(%1) - Vz(il))}
agzz) = (1 - 5171772) (ZKGlez(lz) - 51)’2(%2))?
o) = 8,5, (206 (8 — 21280) + 51 122 + 20 (o537 — a02)] )

1 2
ag3) = —2kGy; a§3) = —0,;

kj k k j 1 2 .
Om” = Bund = BuaV[5 Yk = e’ = i Vi3 Jolm =12

Solution of system (19)

s, PFuDyipFyd 8,PFU,+iPFU
C':111 22_]:1’2; F:111 292,

J A(k) ’ ¢ A(k) ’ (73)

MONOGRAPH 71 ISBN 978-3-98924-129-9



»,

'%ﬁu

7

Science and education as the basis for the modernization of the world order 2025 Part 2

where A(k) = k2(by + kb, + k2b, + k3bs + k*b, + k5hs);

U =kt (b9 + kb% + k26D + 13bF) + k*b )
D _ (D 1 1pD 1 k20 AV ) 4 ) Y.
U == (b3 + kb$) + k2bF) + k3b%)); Uy = k2 (b + kb + k2bY));

j=12;

— (@ 1 1 (D)),
by = as; (a11 Az — Q12 Az ) ;

— (2 1) (2) (@) 1) _(2) (2) (1) (1) 1) (1)),
by = as; (a11 Azp T 0pp A1 — Ay App — Qg5 Ay ) T ay3 (a31a12 — 041 A3 ) ;

— (2 (2 (3) (1) (2) (2) 3) 1)
b, = az; (azz Ayy Ty Ay — Qg App — gy Ayg ) +

2 1) (2 2) (1
+ass (a31a§2) - a§1)agz) - ail)agz)) +
) (,@ @) 1 (1) (1) (1) DY,
Tas; (a11 Az — Q12 Az ) T a3 (a21 A3 — 3143 ) ;

— @ (@ @) (2) (1) 1 () () (1)
b; = az; (a11 App + 0z A1y = Q13 Ay — Qg5 Ay ) +

1) (2 2) (1 2 3 2) (2
a3 (ag1)agz) + ag1)agz) - a31a§2)) T az3 (a31a§2) - a§1)a§2)) +

@ (,3) 2 (3) ().
tas; (azz (11 — Q12 Az ) ;

— ,@(,2 (2 1 _(3) (2) (2) 3) 1)
by = az; (a11 App T 011Gy — Ay App — g3 Ayg ) +

() (2) (3) . — @ 3 (2 3 2.
a3 (a21 A3z — Gy a31)' bs = a; (azz 11 = Q12 Ay )'

by = azyass; biy = ag;a5) — axsasy;
by = ag;ass +a53 ag; —axasy; byy =az3agy; by = aiagy;
b = ayyas; by =aiag); by =aay) +agan) - assas)
by = agiay;) - asay); by =aga);
by = a3 asy; by =5 055 — @aatays by, =ap)asy; byy = ay)as)
by = ayasy; by =aiyasy; by =airagy —aisae; by =g asy;
by = apyasy — g asy; by = agYay) + a4y as) — agag;

1) _ (2,02 (3) )
by, = ay1 a3y — Gy A3q;

2 _ @ (1 €Y) ) 2 _ @) (2 ) () (2) }
by = a5 az; —aq, azy; by =agyaz; ajyas, —ayasg;
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2 2 2 3
b = af¥al? - a2

Apply the Fourier transform to (60), (64), and (66):

2 2=8im)F
O = ("‘2“35'5""” b 2 )dX( -
j) ] dyz dyZ
. (1148 im) (21+6im) d? ) .
bk (kP "™ 4 ap T ) OO m = 1,2; (74)
dyVF
u]F — —ikv( kzﬂ(m) + 'B(m) >X(m)F k2v :8(]) : j,m =1,2; i+m;
J’2 dy,
; 3
F_ 4ikGih oF
3 1 - Vl

Based on provisions (70), (71), and (73), the structure of analytical dependencies

(74) can be converted to the following form:
Qhy = (=Dmik2a~2 (k) (8,PF 1) + iPE L)
uf = 27 Tvk?a7 () (8,PFL° +iPELP); mj = 12; (75)
MF = ke~ (k) (i6,PETY = PELP);
where F,,(l],% =k (yly(ll) + 57711727’1512;1)) Uj(l)ek)’1(3’2+h) { . [2)/2 (Yza( R
+al2) = Vi |~k {Oyin, 02 + B) (Variam + oo ) + (1=
nlnz)VzV(lz)}} Uj<2) kv +h),
Fn(ljrg =k (Y‘rgllnl) 57717127/1)/1512111)) Uj(l)ekh(y2+h) +

{21 (32 - a50) 2]

2 22 12 2
Tk [6"1"2 (2 + h) ()/,gm) )/zl/,gm)) + (1 - 6771772)yr(nn) }Uj( )ek)/z(y2+h);
(]) 4 Glh U

To summarize, the analytical result of the problem describing the steady-state
dynamics of a two-layer elastic array with pre-tension under the influence of a moving
force factor in the Fourier transform space is expressed by formula (75). Based on the

analysis of expression (75), it can be stated that the parameters describing the stress-
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strain state of a two-layer elastic array demonstrate unlimited growth when certain

critical values are reached 2(K) ™0 1p 4 situation where the characteristic equation

has real positive multiple roots, there is a possibility of resonance effects occurring [1].

The results of studying the function A(k) for models of compressible and
incompressible arrays when varying the conditions of interaction between the plate and
the base are described in detail in scientific publications [7, 36, 37]. Based on the data
presented in these sources, it can be concluded that the number of critical load
displacement modes is directly determined by the level of preliminary tension of the
half-space, the elastic properties of the contacting elements, and the specifics of their
coupling. The effect of initial stresses on critical speeds is most pronounced in cases
where relatively flexible plates are used or when a non-rigid type of contact is
implemented. It should be emphasized that the minimum critical speed threshold for a
flexible (non-rigid) connection is invariably lower than the corresponding indicator for
rigid fixation conditions.

Two models were selected to demonstrate practical application: a compressible
array described by an elastic harmonic potential, and an incompressible medium with
a Bartenev-Khazanovich potential. In the simulation, the initial state of deformation
was assumed to be flat, provided that there was no external pressure on the surface.
The presented computational data refer to the case of a concentrated linear force, in
which the normal and tangential components are calculated based on the following
dependencies:

P, = P§(yy)cosa; P, =P6(y,)sina; P =Gq; (77)

where « — angle of inclination of the load to the axis On,

2.5 Prospects for further research
Systematization of the obtained data indicates that the preliminary tension of the

array is a key factor determining the nature of the distribution of dynamic stresses,

velocity indicators of displacements in the half-space, and the magnitude of the
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bending moment in the plate. The nature of this effect varies depending on the distan;
between the point under study in the multilayer system and the area of direct
application of the external force. Numerical indicators of the stress-strain state in the
local area of the layered medium are determined by the level of initial stresses, the
spatial position of the point, and the specifics of the boundary coupling of the elements.

In the pre-critical high-speed range of load displacement, the rigid fixation mode
is characterized by lower stress values, displacement velocities in the array, and
bending moment in the plate compared to a flexible (non-rigid) connection. At the same
time, in the analyzed parameter range, the intensity of the increase in the amplitudes of
the sought values under compression conditions exceeds the similar indicators under
tension. The process of dissipation (attenuation) of disturbances as they move away
from the zone of force application during preliminary compression is less intense. The
effect of initial stresses increases radically in proportion to the increase in the speed of
movement of the force factor, which is most pronounced in compression load
scenarios. It should be noted that with monolithic contact, the sensitivity of the system
to speed regimes and initial stresses is weaker than in the case of a non-rigid
connection.

Taking into account rotational inertia within the limits of the considered surface

load speeds and values A

1 in the case of rigid contact introduces a negligible correction
(less than 2.6%), but in the case of non-rigid contact, the difference in results will be
very large (up to 30%). It is especially necessary to take into account rotational inertia

at 21 <1 and high load movement speeds.

The analysis demonstrates that intensification of the velocity regime leads to
progressive symmetry disruption. At the same time, the frontal wave dissipates much
more actively and becomes practically invisible in the supersonic range, although it is
not completely eliminated. This effect is probably due to the structural heterogeneity
(layering) of the array. With a monolithic (rigid) phase coupling, the leading wave
attenuation occurs more forcefully than under conditions of compliant contact.

Four-matrix linear finite elements are used in the process of discretization of the

studied areas. Software tools based on the FORTRAN algorithmic language were
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developed for the numerical implementation of dependencies (67) and (70). This
software provides the ability to monitor load dynamics and calculate the corresponding

stress increments at arbitrary moments in time.
Conclusions

This section presents the analytical results of a study of contact interaction, which
is of strategic importance for the modern construction and mechanical engineering
industries. In particular, the scientific problem of the pressure of a pair of preloaded
half-spaces on an elastic cylindrical ring in a state of initial stress, under the condition
of'ideal sliding (without friction), has been solved. The mathematical description of the

results is presented in the form of series expansions through an infinite set of constants

e (k=0.12..) The latter are calculated by applying the method of reduction to a system
of linear algebraic equations.

The results obtained allow us to deepen the theoretical basis in the field of
mechanics of deformable media. It is obvious that under conditions of mutual sliding,
the mechanical connection between the structural components of the composite is
neutralized. The speed at which torsional waves propagate within each layer is
determined by its elastic characteristics, geometric dimensions, and the level of
previous loads. Within the long-wave approximation, the phase velocities of
propagation of both symmetric and asymmetric torsion waves in individual layers
coincide with the velocities of shear waves in a homogeneous material with
corresponding initial stresses for each layer separately.

Thus, within the scope of this work, an analysis of the mechanisms of torsional
wave propagation in incompressible multilayer composites subjected to initial stresses
under interlayer sliding conditions has been performed. The processes of radial
propagation of torsion waves parallel to the planes of the layers are investigated. The
scientific problem is transformed into finding solutions to the differential equation for
the amplitude function, taking into account the requirements of continuity at the

boundaries between media and the principles of periodicity in accordance with the
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provisions of Flocke's theory. For cases of symmetry and asymmetry of Wa\;
processes, dispersion dependencies are derived and their long-wave approximations
are formulated.

Under conditions of interlayer sliding, the mechanical connection between the
components of a layered composite is completely eliminated. The speed at which
torsional waves are transmitted within each element is determined by the elastic
characteristics of the medium, its geometric thickness, and the level of previous loads.
Within the long-wave approximation, the phase velocities of both symmetric and
asymmetric wave processes in each layer coincide with the velocities of shear waves
in a homogeneous array with similar initial stresses for both layers separately.

Analysis of the computational experiment data allows us to formulate a number
of key conclusions: the presence of prior stresses significantly modifies the main
parameters of contact interaction. This effect is particularly pronounced for
incompressible media (in particular, for the Bartenev-Khazanovich potential)
compared to models of compressible materials; in the absence of initial loads, the
results obtained fully correlate with classical theoretical positions (see Figures. 2 and
3, dotted line); the approximation of initial stresses to critical limit values (for the
Bartenev-Khazanovich potential A,“=3-0.5, where A, is the elongation coefficient)
provokes the emergence of surface instability. In other words, the applicability of the

developed model is limited to the range where A,“>3-0.5.
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